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This study introduces a mathematical model aimed at investigating the intricate
dynamics of infectious diseases, incorporating vaccination and quarantine
interventions. The model comprises a system of ordinary differential equations that
delineate interactions among susceptible, infected, and recovered individuals,
alongside the impacts of vaccination and quarantine measures. The disease
transmission rate is contingent on the count of infected, asymptomatic, and
quarantined individuals. The model undergoes a comprehensive analysis to ascertain
pivotal equilibrium points—disease-free and endemic. Additionally, the stability of
these equilibria is rigorously examined to discern their resilience in the presence of
interventions. Furthermore, the model serves as a strategic tool for crafting effective
disease control strategies. The study underscores the potential potency of synergistic
vaccination and quarantine interventions by minimising infection rates. Employing
sophisticated numerical optimization techniques, the study tackles the equations'
complexity. The findings underscore the substantive impact of coordinated vaccination
and quarantine strategies in curtailing disease spread. These insights furnish
policymakers and health authorities with empirically grounded methodologies to
formulate robust responses to infections such as hand, foot, and mouth diseases.
Ultimately, this research contributes to the armamentarium of tools that empower the
formulation of effective strategies to safeguard public health.

1. Introduction

Hand, foot, and mouth disease (HFMD) is a viral iliness that primarily affects young children. It
is caused by a group of viruses known as enteroviruses, most commonly the coxsackievirus A16 and
enterovirus 71. The disease is typically characterized by a fever, sore throat, and painful sores or
blisters on the hands, feet, and mouth, sometimes on the buttocks. It is highly contagious and can
spread quickly among children in daycare or school settings [1,2]. The first known outbreak of HFMD
occurred in Toronto, Canada in 1957. Since then, numerous outbreaks have been reported
worldwide. Several studies have been conducted to understand the epidemiology, clinical features,
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and management of HFMD [3,4]. A study conducted in Singapore found that enterovirus 71 was
responsible for more severe cases of HMFD, with a higher risk of neurological complications such as
meningitis and encephalitis. Another study [5] in China found that the incidence of HMFD was
highest in children under the age of five and that outbreaks were more common during the summer
and fall months. There is currently no specific antiviral treatment for HMFD. Prevention measures
include good hand hygiene and avoiding close contact with infected individuals. overall HFMD
remains an important public health concern, particularly in countries with high population
densities and limited healthcare resources. Continued research into epidemiology and
management is needed to reduce the burden of this disease on children and their families. The
outbreak of HFMD typically occurs in the summer and fall months [6,7]. During epidemics of
HFMD, it is recommended that patients be either hospitalized or quarantined at home, as the
virus can spread rapidly through various modes of transmission, including aerosols, ingestion,
and contact with contaminated objects [8]. This precaution is taken to minimize direct contact
with infected individuals. HFMD has also created significant social and economic challenges,
leading to the closure of schools and other public places and disruptions to parents’ work and
childcare arrangements. While efforts are made to encourage parents to keep their children
away from public areas during outbreaks, additional societal and economic issues arise during
disease outbreaks, which are difficult to quantify [9].

Mathematical models have been extensively used to study the transmission dynamics of
infectious diseases, and have been instrumental in the development of control strategies.
Various models have been developed, ranging from simple compartmental models to more
complex individual-based models.

The SIR (Susceptible-Infected-Recovered) model is one of the most well-known and widely
used models for infectious disease transmission. In recent years, several studies have
incorporated the effects of vaccination and quarantine into infectious disease models.
Vaccination is a highly effective intervention in reducing the spread of infectious diseases and
has been widely used in controlling outbreaks. Quarantine, on the other hand, has been used to
restrict the movement of individuals who have been exposed to an infectious disease, to prevent
further transmission [9].

Another study by Gerardo et al, [10] investigated the effectiveness of quarantine in
controlling the spread of Ebola virus disease in West Africa. The study found that the
implementation of quarantine was an effective intervention in reducing the number of cases.

In summary, the incorporation of vaccination and quarantine into infectious disease models
has become increasingly important in the development of effective control strategies. In this
work, we present a mathematical model for the transmission dynamics of a hypothetical
infectious disease (HFMD), which includes the effects of vaccination and quarantine, to derive
the model equations and analyse the properties of the model, to study the impact of
vaccination, quarantine interventions and trend of the infection on disease transmission
dynamics.

The organization of this work is as follows:

i. Chapter 1 provides an introduction to the study of infectious disease transmission
dynamics and the use of mathematical models in disease control.

ii.  Chapter 2 presents the model diagram and equations for the transmission dynamics of an
infectious disease with vaccination and quarantine interventions. The properties of the
model are analysed, and the endemic equilibrium is derived.
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iii.  Chapter 3 discusses the mathematical model analysis, the reproduction number and the
local stability of the disease-free equilibrium of the model.

iv.  Chapter 4 presents the global stability of disease-free equilibrium, endemic equilibrium
point, estimation of the model parameters using data fitting, bifurcation analysis of the
model and showing the impact of vaccination and quarantine interventions on disease
transmission dynamics.

v.  Chapter 5 summarizes the main findings of the study and provides recommendations for
future research.

2. Methodology

HFMD is a viral infection that primarily affects young infants, making them more vulnerable to
the disease. This puts them at risk of spreading the virus quickly, potentially leading to a widespread
outbreak. The disease is most contagious within the first week of symptoms appearing, and initial
symptoms include fever, sore throat, reduced appetite, and malaise. Within a short time, the person
affected will develop painful blisters in the mouth and on the hands, feet, and other areas of the
body [11,12]. These blisters eventually break and form ulcers. Once the fever and rash subside, the
patient is considered to have clinically recovered from HFMD.

2.1 Introduction

In an attempt to stop the spread of HFMD, the SIR concept was explored in Sarawak [12].
However, the model only showed good accuracy when real data was pushed one week ahead,
making it difficult to convincingly demonstrate its ability to forecast the actual infectious behaviour.
To improve prediction accuracy, a new mathematical model called SVEQIAR was developed by
including compartments for the vaccinated group, quarantine, and the asymptomatic group.
MATLAB simulations were used to compare the new model with the earlier SEIPR model. The study
aimed to describe the disease’s quantitative behaviour by incorporating the vaccinated,
asymptomatic, and quarantine groups in the model. This model of compartments is displayed. The
parameters are:

i.  Susceptible (S): Individuals who are not infected with HFMD and are susceptible to the
virus.
ii. Exposed (E): Individuals who have been exposed to the virus and are in the latent period
of infection during which they are infected but not yet infectious themselves.
iii. Infected (l): Individuals who have been infected with the virus and are infectious and
display symptoms.
iv.  Quarantine (Q): Individuals who have been quarantined with the virus and are
experiencing severe symptoms such as meningitis, encephalitis or acute flaccid paralysis.
v.  Asymptomatic (A): Individuals who have been infected with the virus, were asymptomatic
and have recovered from the infection.
vi.  Vaccinated (V) is the number of individuals who have been vaccinated against the disease.
vii.  a Natural birth rate.
viii.  p: Natural death rate.
ix.  6:Proportion of individuals that move from exposure to infectious.
X.  w: Rate of vaccine coverage at which a clinically recovered individual fully recovers per
unit of time.
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xi.  y:Proportion of infected individuals that are clinically recovered.
xii.  m: Rate at which a recovered individual loses its immunity.

xiii.  &§: Death rate caused by the disease.
xiv.  f:Transmission rate of the disease.
xv.  T:Scaling factor of the vaccine efficacy.

xvi.  D;: Modification parameter associated with asymptomatic individuals.
xvii.  D,: Modification parameter associated with quarantined individuals.

xviii.  K: Rate at which infected individuals recover.
xix.  &:Rate at which quarantined individuals recover.

The diagram presented (Figure 1) along with the subsequent set of differential equations
illustrate how individuals transition between various compartments.
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2.2 Mathematical Model Analysis
2.2.1 Disease-free equilibrium

At the disease-free equilibrium (DFE), when E =1 =A = Q = 0, it follows that R = 0. The
equilibrium values are given by:

a

5= Grw (8)
V= aw
(1(w + ) (9)

The equilibrium state is:

(S, V', E",I',A",Q",R") = ((wjm,(ﬂ(a‘fi 0y 00.0,0, o) (10)
2.3 Reproduction Number

Let
A = B + DiA+ D;Q). (11)

The column vector of the infected class of Eq. (3) to Eq. (6) is given as:
F = [pU + D;A + D,Q)S + (1 — ©)BU + D;A + D,Q)V,0,0,0]" (12)

Differentiating F partially with respectto E, I, 4, Q

0 BS+A—-7)V) DiS+A—=1)V DS+ —-1))V
0 0 0 0
1
0 0 0 0 (13)
0 0 0 0
Ba(u+(1-Dw) phia(p+(1-Dw) Flra(+(1-1)w)
pu(w+p) u(w+p) u(w+p)
VF=]|0 0 0 0 (14)
0 0 0 0
0 0 0 0
_ Ba(p+(1-1w) _ BDia(p+(1-7m)w) _ BDya(ut(1-1)w)
let 4, = ww+p) 2 u(w+p) and As u(w+p)
Also, from the infected model equation, we have
(6 +wE
K+A+6+u)l—060E
. ( 1) a (15)

y+6+wA—-(1-06)cE
(e+8+wQ —Al
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6+ 0 0 0
_ —fo (K+A+6+w 0 0
Wl 1) 0 4 +6+w 0 (16)
0 —-A 0 (e+d8+uw
We obtained the eigen values from the matrix’s relation |F * Vv — AI| = 0, we have
A =4, = 13 = 0 and 1, =The Reproduction Number, obtained as
_ Do
Ro = Tk rorsr oo mErs TR 17)
where
Dy = Bac(u+ A —-—1w)*(OF+6d+w)*D,0+e+6+uw+D, (1 -
OK+w+d6d+wpwE+6+w (18)

2.4 Local Stability of Disease-Free Equilibrium

In mathematical modelling, local stability refers to the behaviour of a system in the vicinity
of an equilibrium point. An equilibrium point is a point where the values of the variables do not
change over time. Local stability analysis is important in determining the behaviour of a system
in the long term.

To determine the local stability of the system, we need to linearize the system about an
equilibrium point and examine the eigenvalues of the resulting Jacobian matrix. Let
(§*,V*,E*, I",A*,Q*,R*) be an equilibrium point of the system, i.e., a point where all the
derivatives are zero. We then compute the Jacobian matrix J at this equilibrium point by
computing the partial derivatives of each equation with respect to each variable and evaluating
themat (S*,V*,E*, I*,A*,Q*,R")

- -Ba -BD1x -BDyx
“letw 00 o) o) i) ”
w —u 0 -f(1-1)aw -fD1(1-7)aw -BD(1-7)aw 0
w(w+p) u(w+p) u(w+p)
Ba(u+(1-1)w) BaDi(pt(1-T)w) PaD(p+(1-1)w)
0 0 —(o+u) p(w+u) u(w+p) u(w+p) 0
0 0 0o —(K+A+6+p) 0 0 0
0 0 (1-06)o 0 —y+6+w 0 0
0 0 0 A 0 —(e+6+uw 0
L0 0 0 K y € —(m + )
—C; 0 0 —C, —Cg —Ci, T
w —U 0 —Cs —Cy —Ci3 0
0 0 —-C, (4 Cio Cia 0
=| 0 0 6 —C; 0 0 0 (19)
0 0 Cs 0 —Ci4 0 0
0 0 0 A 0 —C5 0
0 0 0 K y € —C6.
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Then, we calculate the characteristic equation of the Jacobian matrix: || — AI| = 0 and obtained
the following values of 4

M=Ci=F+6+uw, 4, =-Ce=(+u),A, = pand

4 (Cy + C, + Cpy + C)B®+ (C,C + CCy + CCis — C3Cyp + C,Cyy +
C;Cis + €11 G5 — (B0 Cg + (5 ClO))AZ + (CZC11C7 + (0,05 + G005 +
C;C11Cis — (00Ciy + 00CsCyy + 80 CyCis + C3CCop + C3CloCl5))/1 -

(0 0 C14C11 + 00 CsCi1Ci5 + C5C;C14Ci5) = 0

The above equation can be started as
b4/14 + bgﬂ,g + bz/’lz + bl)l + bo == 0 (20)
We use Routh-Hurwitz criterion [13] which stipulate that all polynomial roots have a negative

real component if and only if the coefficients a; are positive and the determinant of the matrices
H; > 0fori =0,1,2,3,4 thus,

H1:1:b1+b2+b3+b4>0 (21)
by b, .
HZ = 1 bz] == b3b2 - bl > 0 lff b3b2 > bl (22)
by b, 0
b, b 1 b
H3 = 1 bz bo] = b3 [bz bo] - bl [0 bO] = b3(b1b2 - b0b3) - blz
0 b3 bl 3 1 1
Hy = bybybs — (bob2 + b2) > 0 if f bybybs > byb2 + b2 (23)
by by 0 0
1 b, by, O
Hy = 0 bz b: ol~ bs[bob, b, — b3bg] — by (bob1)
0 1 b, by
= bobyb,bs — (bgb? + b3b3) > 0 if f byb,b,bs > (byb? + b3b3) (24)

Therefore, all the eigen values of the polynomial have negative real parts, implying that 4; < 0,
for i =1,2,3,4 when Ry <1, we conclude that the disease-free equilibrium point is locally
asymptotically stable.

2.5 Global Stability of the Disease-Free Equilibrium
Using the Castilo-Chavez conditions in [14], we examine the global asymptotic stability of the

disease-free equilibrium for the model Eq. (1) to Eq. (7).
Lemma 1: Consider a sample system that takes the form
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ax
L =FXY)
= =G(X,Y),(X,0)

(25)

Where X = {S,V,R} and Y = {E,I,A,Q} with the components X € R3 signifying the
population that is unaffected and the population Y € R* that is sick. The current notation for
the disease-free state is £, = (X*,0), where X* = a/(w + p), aw/(u(w + ).

To ensure worldwide asymptotic stability, the following requirements must be met. Suppose
that,

H,:dX/dt = F(X*, 0),X" is globally asymptotically stable;

H,:G(X,Y) = PY — GX,Y),G(X,Y) = 0 for(X,Y) € T

Where P = D,G (X, 0) is an N-matrix (the off-diagonal elements of P are non-negative) and
I' the area where the concepts make biological sense. If so then E, is guaranteed to be globally
asymptotically steady provided that R, < 1 (Castillo-Chavez et al.,).

Theorem 1:

The model Eq. (1) to Eq. (7) at the point (X*,0) is globally asymptotically stable provided
that Ry < 1and Hy, H, hold.

Proof

We need to show that the conditions H; and H, hold when Ry, < 1. From our model Eq. (1)
to Eq. (7) we have, for the group that is not infected

a+r—A+w+p)s
F(X,0) = wS — A1 — 1) (26)
Kl +yA+€Q — (m+ pu)R
a aw

therefore X* = (—,—,
w+p” p(w+p)

demonstrated below,

O) is asymptotically steady across the board. This can be

S(t) = (wiﬂﬁ (5(0) — =) exp(@+mr)

(@)
V) = + (v - e ) exp=(orit) (27)

u(w+p)

aw

p(w+p)

R(t) = R(0)exp~#t

aw

Ast - 0,5 — a,V—> X 0
W+ u(w+p)
« . . a aw . .
Hence x* convergence is global in 1. Therefore (_w+u'—u(w+u)'o) is globally asymptotically

stable and satisfied H
The second condition of the theorem G(X,Y) = PY — G(X,Y),G(X,Y) = 0, wherepis
anm X m matrix, Y is a column vector formed from the infectious classes. Recalled
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AS+ (1 —D)AV — (o + WE E

00F — (K +A+8 + p)l I
A
Q

CE= 10y —(+6+wa|'¥ = |a|2d
AN —(e+6+w)Q
—(o+p) 0 0 0
_ Oo —(K +A+6 +p) 0 0
P=la-6)0 0 s+ 0 (28)
0 A 0 —(e+d8+p)
Thus
_AS— (1 — DAV
GA(X,Y) = 8 (29)
0

Since G(X,Y) <0, H, is not fulfilled. It follows from this that Eymay not be universally
asymptotically stable when R, < 1, therefore the model may exhibit backward bifurcation.

2.6 Endemic Equilibrium Point (EEP)

To find the Endemic Equilibrium Point (EEP), we need to solve the system of equations for the
values of S*,V*, E*, I",A*,Q* and R*, that satisfy the condition that the time derivatives of
SV E*I",A*,Q" and R* are all zero. This results in a set of equations that we solve
simultaneously to obtain the values of S*, V*, E*, I*, A*, Q" and R* at the EEP. The EEP is also referred
to as a steady state or a fixed point.

We obtain:

a+nR - A+ w+ wuws =0 )
wS — (1 —A+pwV =20

AS+ @A —-—1AV — (6 + wWE =0
00F — (K +w+6 +pwl =0 > (30)
1AQ—-6)E - +56§+wWA =0
wl —(e+6d+wQ =0
KI+yA+eQ — (m+ wR =0 )

Solving this system of equations, we obtained the values of the variables at the EEP, denoted by
S VSE*I",AQ" R*.,, let y = 0§ + A+ K+, a3 =c+6+u o=y + w + u;
as =y +w+wag =n+pag=y+6+wa, =+ 346+

v (K+A+8+pW)I

E 6o (31)
« _ OoE"

I"= K+A+8+u (32)
. —(O-D)(K+A+E+)I

T (33)
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* (A1
Q _(£+6+u) (34)
2
S* = mly“aq i mlya, + TIAIE + K1 _|_i (35)

asasagh asasag asasa; auas ay

V= “((m((-Kag+tva)b-ya)ag—0Aeasl—abasasay) w) (36)

(as ((Cay—ag)Ba; —DABag(tr—1)I1+pbagay)ay

_ (1—9)a11D1 D2/\I
/1_[9( i . 22 +1) (37)
p* = KI'tyA'+eQ (38)
T+

At EEP, we have C;—Et = 0, which gives C;—i =AS+ (1 —1)AV — (6 + WE = 0.

Simplifying and expressing the equation in descending power of I we obtain the equation in
form of

2113 +2212 +Z31 = 0
:lez +Z21 +Z3 = O (39)

Where Z;and Z, are coefficient of I? and I, obtained as

Z1 == T[ﬁZO' (_Dlg a1a7 + D2A9a6 + _D1a1a7 + 9a6a7)2(7.- - 1)(1(9(16 + /189616 +
y*aia; — vy 6 aa;) (40)

Z2 = —(((((ka(r—1DHa5 - Kn(wt —p —w))adb + D1fa(r — 1)a5 +
ny(wt —pu— w)al))d — (—a4a5( — 1)ab + D1fa(r — a5 + ry(—yu +
wtT — w))al)o + ala4a5abu(t — 1))a7 —ocwab0 D2La(r — 1)a5 + t(wt —
U — w))Pa6a70 ((Dlal — a6)8 — D1lal)a7 — D2 w 0 ab)) (41)

Zy=(c+wWEK+w+6d+wy+od+wE+6+wl—Ry (42)
2.7 Bifurcation Analysis

Theorem 2:

If Ry < 1and ay, = 0 then the system Eq. (1) to Eq. (7) exhibit a backward at R, = 1. If

the inequality holds reversed, then the system exhibits a forward bifurcation at R, = 1 then

Bz = (L@+W+ WK +w+8+u)(y+8+u)(e+8+p))
ad(p+tw-TtTw)P1(A1-0)(pU+d+e)K+w+85+w)+0(u+s+e)(y+u+d6)6+06wbD2(y+u+d)95)

m

(43)
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[ —Pma —PmD1x —BmD2x
CREDEI 0 (w+0) (@+1) (@+1) T
—Pm(1-1)aw —PmD1(1-D)aw —PmD2(1-T)aw
- _— 0
@ K 0 p(w+p) pulw+p) plw+p)
Bma(p+(1-Dw) BmaD;(p+(1-T)w)  PmaD,(u+(1-1)w)
- 0
0 0 (@ +41) p(w+p) pulw+p) pulw+p)
0 0 Bo —(K+A+6+p 0 0 0
0 0 (1-06) 0 —(y+6+uw 0 0
0 0 0 A 0 —(e+d6+ 0
| 0 0 0 K y € —(m + w)

From the characteristic equation of the Jacobian matrix: |J] — AI| = 0, we obtained an
expression in the form

a4_/14 + a3/13 + a2/12 + a1/1 + ao == 0 (44)
M=C1=F+6+u),A, =—C=+u),A, = pand
M+ (C, + C, + Cy + Cx)A3+ (C2 C, + C,Cy + C,Cis — C3C + C,Cyy +

C7 ClS + Cll ClS - (90_66 + C3 CIO))AZ + (C261167 + 6267615 + 62611615 +
C7C11615 - (80-614_ + 90_66 Cll + 90_66 ClS +C3610C10 + 63610615))2, -

(00 C14Ci1 + 00 CsCy1Ci5 + C3C;C14Ci5) = 0 (45)
(1-0)cK+w+8+wW)PmCla(p+(1-1w)(e+6+u)  (whoCa(u+(1-1t)w) (Y +46+u)
a0: + +
. u(w+ (0 +w)
+(9aﬁ’ma(u+(1—T)w)(y+5+u)(s+5+u)) (46)
(0 +w)
Hence
c+uwwK+w+d+pny+d+pE+d6+ W@ —Ry (47)

a, = 0, therefore (a,A* + azA3 + a,4% + a;)A = 0, we can observe that the seven eigen are real
and negative and that 1, = 0, now we denote by w = (w;, w,, w3, w,, Ws, wg, w;)T the right eigen
value correspond to 4, = 0.

Wy T — wy G — w, Oy — ws (g — W Ci; = 0y
Wy U+ =Wy w—w, Cs —ws Cg—wg Ci3=0
—w3 Cy +wy Cg +ws Cig +wg Ciy =0

w300 —w,C; =0 > (48)
w3C30 —ws €1 =0

WyA —wg Cis =0

EWg +yws —w, Cig + K =0 J

Thus at w, = 1, we have
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(Ba(K+/1+6+u)D1(s+6+u)+0(y+6+u)(AD2+w4(s+5+u))) )
W1 = ((w+u)29 (y+6+u)(s+6+u))
_((£+6+u)(71:K9(y+6+u)(T[+u)+n'y(K+/1+6+u))+7t)l£9(y+6+,u))
@ ((w+w)y+é+w)(m+p)(e+d+u)
w _(Baa)(l—r)( 1 DL (K+A+6+w) (ADy) )_wzw
2 ur2 W+ @ @+w)F+8+w)  (w+p) (E+6+u) u
_ K+A+8+w) \ (49)
3 6o
_ (K+A+5+p)
Ws T ew+rorn
_ A
W6_(s+6+u)
e Y(K+A+6+u)
W7:K )
(e@+w+é@m+w+pu(@m+pu) OF¥+6+u) (w+p

The left eigen vector v = (v4, Uy, V3, Uy, Us, Ve, V7) satisfying vw = 0, is given by

wvy, — 1,0, =0 )
—v,u=0
Oov, — C,v3 + C3v5 =0
Kv, + Avg — C4vy — Csv, + Cev3 — Cov, = 0 (50)

Yv; + Cgvy — Covy + C1gv3 — C11v5 =0
€V; — Cy2V; — C13V; + C14v3 — Ci5v6 = 0

7-[171_616177:0 )
1.71:172:177:0,1]4:1 \
V. = (y+8+wWbop(w+w)
37 (w+w (Y +8+ W (c+W+DloaB (n+(1-1) ) (1-6)
pe = (BaD1(n+(1-1) w) 0 0) \ (51)

H+Wy+d+wW(@+wW+BaD; (1-6)(n+ (1-1) W)
(B?2Dz%0 (p+ (1 - Dw)%a?)
((w+u)(£+8+u)(u(m+u)(v+8+u)(0+u)—B(u+(1—t)w)(1—9)aD1)))

Vg =

From the bifurcation process, we have to compute A and B, where

62
A:Zku 1 VkWiWw ]0 10%; fkandA Zkl} 1 Vk me (52)

Letx; =S, x, =V, x3=E, x4, =1,x5 = A,x¢ = Q and x; = R.
Since v; = v, = v, = 0, then

2 2 2
7 0“f3 7 0%fs 7 0% fy
VU3 Zi,j:lWin axiaxj + Us Zi,j:l Win axiaxj + Ve Zi,j:l wiw j dx 6 + Z =1 WiW j dx: Bx] (53)
2 2 2
7 0°fs 7 0% fe 7. 0°fa
Therefore
62 02 62 62 2f3

0%f; 3 f3 f3 f3 0
Zv(ww— wiw WiWe —=— + WoW, —=— + WoWs ——— + W, W )
3\"1 ™4 559 T WiWs o 10x + 1 6axlaxé-}_ 2 46x26x4+ 2 56x26x5+ 276 9x,0x6 (55)
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f3 =B D1xs + Dxg + x4)x; + B(1 — T) (D1Xs + Dxg+ x4) X3 — (0 + W) X3 (56)

We have the following expressions

9%f. 9% f. 0%f3
: =B, ; ﬁl’axax ,szaxax B(1 — 1), F ax—B(l_T)D1and

0x10x4 0x10x5
OB _ g1~ D (57)
0x,0x¢ 1
Also
% fs . %fs _ 0%fs  _ _
xadxg x (1 T)xz;—aXSOXB =Dix; +(1 T)D1 x5, dxgdxp Dyx; + (1 T)D; x; (58)
All the remain partial derivatives are zero, hence we have
HEt+)@+y+w(c+wW+ DloaB(u+(1-1) w)(1-6))
_ ((K+A+6+u)Dy D, A ) .
M, —( TYET) £+6+#+W4 w + (A —-1)wy) (60)
_ (x@oc(D1+D2+ 1) (—wT+p+w)(Y+5+1) (61)
M@+ y+s+w@+w+DloaB(u+(1-1)w)(1-6))
M, =w +(Bocu)(1—1:))( 1 Di(K+A+8+ ) Dy A )
2 51 : u2 @+ T @@IWETEH) et tuErst)
(K+A+8+p K+A+8+u A Ace K+A+8+p _
6o +W4+9(y+8+p.) £+8+u+K+£(1‘t+u)+8(1‘[+u)+u(1‘[+u) O(y+86+pw(m+p

Since the coefficient of B is always positive, its the sign of the coefficient of A (M;) which decides
the local dynamics around the disease-free equilibrium at 3 = %, if the coefficient is positive then
the direction of the bifurcation is backward otherwise its forward. EEP is both locally and globally
asymptomatically stable when R, > 1, while DFE is locally asymptotically stable when R, < 1 but
it’s not globally asymptotically stable when Ry < 1

Figures 2 to 4 depict the influence of vaccine efficacy on the bifurcation diagram. As vaccine
efficacy increases, a noticeable transformation occurs in the bifurcation diagram, shifting it from a
backward pattern to a forward one.
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Plot of Infected vs Basic Reproduction Number

. Plot of Infected vs Basic Reproduction Number
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3. Global Stability of the Endemic Equilibrium

Theorem 3: if Ry > 1, the endemic equilibrium E, of the model is globally asymptotically
stable.

Proof: By Lyapunov’s direct method and Lasale’s invariant principle [15,16], we prove the
above theorem by defining a Lyapunov’s function

LS VL ES 1AL QL R) = (S=8 =5 )+ (V—v —vInD)+ (E-F - EF'mE) +
(A A — A 1nA7f) + (Q —Q* - Q*ln%*) + (1 Sy S 1n§) + (R — R — R*1n’§) (63)

. - . . dS dv dE dI dA dQ dR.
Differentiating L with respect to t and substituting the values of—,—,—,—,—,—Q,— into
dt’ dt’dt’dt’ dt’ dt’ dt

% and then simplify to get
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aL _

at
A* Q* R* S* S*

oE +7(y + 6 + WA +3(£ + 6+ wWQ+ ?(T[ + WR - (uS +tSa+TmR + pV +

o + S?*O\ + oou)S+V7*((1 — DA+ u)V+%*(G + WE +§(K + w+ 8+ Wl +

v* E* E* I* A*
+7(oS + (0 + WE +F7\S+F(1 — DDAV + (8 + u)l+790E + (6 + u)A+7(1 —
9)0E+(8+u)Q+%*(ol+uR+Bo) (64)

Which can be written as

dL

L=3 -3 (65)

Bo=2KI+5ya+%eq (66)

L <0iff3<T, (67)
dL

i Oifandonly if S=S5*,V=V*",E = E*\I=1",A =A",Q0 = Q",R = R* Therefore,
the largest invariant set in {(S*,V*, E*,I*, A*,Q*,R*) € Q}is the singleton set E; where Ex 0 is
the endemic equilibrium of the system (1). Therefore, by Lasalle’s Invariant principle, it implies that

Ej is globally asymptotically stable in Q if 3; < 3.
3.1 Global Stability of Threshold Analysis and Effect of Imperfect Vaccine

Given that we considered the HFMD vaccination was flawed, it is instructive to assess whether
or not widespread use in a community is constantly assured.

To measure the effect of such a vaccine on disease transmission, a qualitative approach can be
utilized as discussed in [19-21] by differentiating the expression R, with respect to the fraction of
individuals immunized at the steady state and permitting

-

0. =% (68)

As aresult, 0, can be regarded as a variable that decides R therefore

Observing that Ry < R, if w =0, i.e., 8; = 0 or T = 0, That is to say, even if the vaccine does
not work effectively, it is essential to note that as the rate of infection declines, so will the spread
of the disease. With w > 0 and 7 > 0 illness’s effect would be reduced. As a result, the prerequisite

for 0, is equally critical and sufficient for control, just as Ry < 1 is a necessary and sufficient
condition for disease elimination.

9*2%(1—%)):6,\ (70)

Combining the information from bifurcation analysis with theorem 3 yields the desired outcome.
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Lemma 2: HFMD is removable from the population if 8, > 0,. Our definition of the
percentage vaccinated at equilibrium point 6, is the same as that found in [19]. Figure 5 depicts
the crucial value, 8, , as a function of 7 for a variety of R values. According to Eq. (70), both the
vaccinated fraction, 8 and vaccine efficacy, T play important roles in reducing R, and both must
be high in order to reduce the value of Ryto less than one and thereby manage the disease.

Inequality can be confirmed as well.
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Fig. 5. Contour plot of the basic reproductive
number as a function of vaccine efficacy

3.2 Estimation of Parameters

The SVEIAQR model takes into account weekly fluctuations in government-imposed travel
restrictions and lockdown circumstances in Malaysia in 2021 due to COVID 19, Data were
gathered from [17,18] sources, estimated and incorporated into the model as functions of (t)
and I(t). We obtained time-series data on the number of infections, and positive rate for
Sarawak in Malaysian for the year 2021, from the ministry of economy department of statistics
Malaysia official portal (https://www.dosm.gov.my/portal-main/landingv2).

Table 1

Summary of the parameter’s values
Parameters  Values Reference
a 0.0002923000 [18]

u 0.0001077000 [18]

D, 0.0000400000  Assume
D, 0.0000600000  Assume

w 0.0001010101 Assume

A 0.0001010101  Assume

14 0.0001000000 [17]

0 0.5000000000 Data fitting
6 0.0001731000  [18]

B 0.0000300000  [18]

T 0.0001010101  Assume

€ 0.1000000000  [17]

T 0.1000000000  [18]

(71)
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o 0.1042308906  Data fitting
I 53.371777754  Data fitting
E, 4.786108e+03  Data fitting
Ay 8.267797e+05  Data fitting
Ry 4.5329¢e-14

Figure 6 illustrates a Comparison Graph showcasing the Hand, Foot, and Mouth Disease (HFMD)
data from Sarawak, Malaysia, alongside the simulation outcomes generated by Model Eq. (1) to Eq.
(7). This visual representation offers a valuable comparison between the actual HFMD data and the
predictions produced by the mathematical model. By presenting real-world observations alongside
modelled results, Figure 6 provides insights into the model's performance and its ability to replicate
observed trends. This figure plays a crucial role in validating the model's accuracy and in assessing
its capacity to simulate HFMD dynamics in the Sarawak region.

350 T T T

T
== ‘Model
=== SARAWAK HFMD Data

Cumulative number of reported cases

0 10 20 30 40 50 60 70
Time (Weeks)

Fig. 6. The Comparison Graph of HFMD data in Sarawak (Malaysia) and Simulation
Results by Model Eq. (1) to Eq. (7)

4. Results
4.1 Graphical Representation

This section discusses the graphical results obtained from the model equations and the
parameters. The effects of K, T and m are discussed in the next sub section.

The graphical solution depicting the rates of exposure to infected (o), infected to recovery (K),
and recovery to susceptible (1) provides a dynamic insight into the disease transmission and
recovery processes.

i.  Infected to Recovery Rate (K): Figure 7 and 8 demonstrates the pace at which infected
individuals recover and transition to the recovered state. As K increases, it signifies a
swifter recovery process, reducing the number of infected individuals and contributing to
the overall control of the disease spread. The curve's behaviour reflects the interplay
between recovery rates, medical interventions, and the immune response.

i. Rate of Exposure to Infected (o): Figure 10 illustrates how the rate of individuals
transitioning from the susceptible state to the exposed state is influenced by factors such
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as contact rates and transmission probabilities. As the values of @ rises, it indicates an
increase in the rate at which individuals become exposed to the disease due to
interactions with infected individuals. This rate becomes a critical determinant in shaping
the course of an outbreak.

Recovery to Susceptible Rate (7r): The graph of the recovery rate (Figure 9.) provides a
visual representation of how quickly infected individuals transition to the recovered state.
It showcases the impact of medical interventions, immune responses, and other factors
influencing recovery time. As the recovery rate increases, the infected population
reduces, indicating a faster resolution of infections. This graph is essential in
understanding the effectiveness of treatments and the potential to control disease
spread. It offers valuable insights into the temporal dynamics of recovery within a
population and guides strategies for managing outbreaks and minimizing the impact of
infectious diseases.

By visualizing these rates collectively, the graphical solution underscores the intricate
balance between exposure, recovery, and immunity within the population. This dynamic
perspective aids in comprehending the interdependencies that govern disease
transmission and informs public health interventions aimed at mitigating outbreaks.
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5. Conclusions

From the given model equation and the data provided, we were able to simulate the dynamics
of the infectious disease and estimate the values of the parameters using curve fitting. The analysis
showed that the model exhibits a backward bifurcation, indicating that increasing the vaccination
rate alone may not be sufficient to eliminate the disease.

To effectively control the disease, a combination of control strategies, including vaccination,
guarantine, and increasing public awareness through education, should be implemented. The
control strategy should aim to reduce the basic reproduction number to below 1, thereby achieving
disease elimination.

The objective of the control strategy should be to minimize the number of infected individuals,
reduce the impact of the disease on public health and the economy, and prevent future outbreaks.
To achieve these objectives, there should be effective coordination and collaboration between
public health officials, policymakers, and the public.

In conclusion, the analysis highlights the importance of a multi-faceted approach to disease
control and the need for accurate data and modelling to inform decision-making.
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