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into a system of non-linear ordinary differential equations using similarity transformation,
then the non-linear ordinary differential equations are solved using shooting method with
fourth-fifth order Runge-Kutta Fehlberg method (RKF45). The influence of non-
dimensional governing parameters such as velocity ratio parameter, magnetic field
parameter, volume fraction of the nanoparticle, volume fraction of the dust particle, mass
concentration of the dust particle, fluid particle interaction parameter for velocity, fluid
particle interaction parameter for temperature and Biot number on the velocity and

Keywords: temperature profiles for fluid and dust phases of CuO-water and Al,Os-water dusty
MHD; Dusty fluid; Nanofluid; Moving nanofluids are discussed and presented through graphs. The skin friction coefficient and
plate; Convective boundary condition Nusselt number are discussed and presented in tabular form.

1. Introduction

The fluid flow and heat transfer over a moving plate have a range of applications in applied
science and engineering areas such as transportation, nuclear reactors, biomedicine and electronics.
In present times, the convectional heat transfer fluid suffered different issues in engineering
electronic devices due to relatively low thermal conductivity. Thus, some research focused on mixing
nanometer-sized particles or micrometer-sized conducting dust particles in the base fluid to solve
the defect in the fluid. The base fluid will become nanofluid when it is permeated with nanometer-
sized particles while it will become dusty fluid when it is permeated with dust particles. These
methods help to enhance the heat transfer performance of the fluid. The study of dusty fluid
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becomes necessary because of its importance in the applications such as sedimentation, blood
rheology and environmental pollution and flow through packed bed.

Saffman [1] was the first person who discuss the laminar flow of a dusty gas. Then, the
characteristics of dusty gases at different conditions was analysed by Marble [2]. Madhura et al., [3]
studied the motion of the unsteady dusty fluid through porous media in an open rectangle channel.
The convective heat transfer characteristics of an incompressible dusty fluid over a vertical stretching
sheet was observed by Gireesha et al., [4]. Sulochana and Sandeep [5] illustrated the flow of MHD
dusty nanofluid toward a porous shrinking cylinder at different temperature. The natural convection
flow of a two-phase dusty nanofluid along a vertical wavy frustum of a cone was examined by Siddiga
et al., [6]. The gyrotactic bioconvection of dusty nanofluid along a vertical isothermal surface by using
numerical method was studied by Begum et al., [7]. Gireesha et al., [8] analysed the Hall effects on
dusty nanofluid two-phase transient flow past a stretching sheet.

The convective heat transfer and flow characteristics of the nanofluid in a tube was considered
by Li and Xuan [9]. Kwak and Kim [10] investigated the viscosity and thermal conductivity of copper
oxide nanofluid for the dispersion in the ethyleneglycol. After that, Jang and Choi [11] carried out the
influence of the various parameters on the thermal conductivity of the nanofluid. The MHD flow of a
dusty fluid near the stagnation point over a permeable stretching sheet was studied by Ramesh et
al., [12] by considering the effect of non-uniform source. Sandeep et al., [13] observed the unsteady
MHD radiative flow of a dusty nanofluid over an exponentially pervious stretching surface. Kumar
and Varma [14] published a study about the stagnation point flow of MHD nanofluid over a stretching
surface through a porous medium in the presence of radiation and dissipation. The MHD Carreau
dusty fluid over the stretching surface with exponentially decomposing heat source was illustrated
by Mamatha et al., [15].

Soundalgekar and Ramana Murty [16] studied the boundary layer flow over a continuously
moving plate. The boundary layer flow of a second-grade viscoelastic fluid over a continuously
moving plate was explored by Sadeghy and Sharifi [17]. Then, Wang [18] presented the stagnation
slip flow and heat transfer on a moving plate with partial slip condition. Najib [19] investigated the
stability analysis for the flow and heat transfer over a moving plate. The problem of hydrodynamic
and thermal boundary layers over a flat plate with convective boundary condition was explained by
Aziz [20]. Rahman and Eltayeb [21] inspected the heat transfer of the hydromagnetic nanofluid over
a non-linear stretching sheet with the effect of radiation and convective boundary condition. The
study of stagnation point of hydromagnetic flow of dusty fluid toward stretching sheet heated by
convection was analysed by Isa et al., [22].

The MHD flow of a double stratified micropolar fluid across a vertical shrinking sheet in the
presence of suction, heat source effects and chemical reaction was analysed by Khan et al., [23]. Zokri
et al., [24] explored the influence of viscous dissipation and suspended nanoparticles on mixed
convection flow of Jeffrey fluid from a horizontal circular cylinder. Moreover, a Bingham non-
Newtonian fluid flow in Forchheimer porous medium subjected to Hall current was modified by Ewis
[25]. Ferdows et al., [26] investigated steady free convective boundary layer viscous fluid flow and
heat transfer towards the moving flat plate subjected to suction and injection effects.

All the references above studied either dusty or nanofluid flows through different channels.
However, no study has been done on the flow and heat transfer characteristics of MHD dusty
nanofluid over the moving plate by considering convective boundary condition. Therefore, MHD flow
of dusty nanofluid toward moving plate with convective boundary condition is studied. In this
research, the governing equations of the flow and heat transfer are considered. Then, the partial
differential governing equations will be transformed into a system of nonlinear ordinary differential
equations using similarity transformation. At that point, the numerical solutions to the nonlinear
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ordinary differential equations will be obtained by using shooting method with fourth-fifth order
Runge-Kutta Fehlberg method (RKF45).

2. Methodology
2.1 Flow Analysis

Consider a two dimensional laminar, incompressible and electrically conducting boundary layer
flow toward a moving plate in the dusty nanofluid as shown in Figure 1. The flow is generated by two
equal and opposite forces along the x-axis and y-axis that is normal to it. The plate (situated at y =0

) is moving with the constant velocity U, and U_ be the fluid velocity outside the boundary layer.
The flow field is exposed to the influence of external magnetic field strength B along x-axis. The

fluid and dust particle clouds here supposed to be static at the beginning. The dust particles are
assumed to have uniform size. Spherical shaped nano and dust particles are considered. The number
density of dust particles along with volume fraction is taken into account. Then, the number density
of dust particles is assumed to be constant throughout the flow. It is assumed that the external
electric field due to the polarization of charge is negligible. The drag force is taken into account for
fluid and particle interaction. Under the above assumptions by Sandeep and Saleem [27] and Bachok
et al., [28], the boundary layer equations that governs the flow are given by

ou ov
4+ — =

oy 0 (1)
0 0 o’ 2
Pni (1_¢p)(ua_::+vauj= (1_¢p)/unf gl:‘*‘ KN (Up —u)—oBsu (2)
ou ou K
upa—x”+vpg":a(u—up) (3)
%+%=O (4)

with boundary conditions

U:UW, V:O at y:o
u_)Uoo' up_)UOO,Vp_)VaS y—)OO (5)
where (u,v) and (u,,v,) are velocity components of the nanofluid and dust phase in the x and y

direction respectively, ¢  is the volume fraction of the dust particle, x, is the kinematic viscosity of

p
the nanofluid, K is the stokes resistance, m is the mass of the dust particle, N is the number density
of the dust particles, p, is the density of the nanofluid, o and B, are the electrical conductivity,

induced magnetic field respectively. The nanofluid constants are

P =1=B)p; +dp, (6)
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where ¢ is the volume fraction of the nanoparticle, the subscripts nf' f and S refer to the
properties of nanofluid, fluid and solid respectively [29].
For similarity solution, the similarity variables are introduced as follow

1/2
= y(iJ (10)
V, X
v = (v, xU)" £ () (11)
w, = (v, xU)"F () (12)

where U is the composite velocity defined as U =U ,+U_ [30]. y is the stream function defined
as u=0y /oy and v=—0y /ox, which identically satisfies Eq. (1) to Eq. (4). By applying Eq. (10) —
Eqg. (12), Eq. (2) and Eq. (3) are reduced into

(1_¢p) " 1 _ _ Ps " e o
Tt ¢p){1 ¢+¢{pf H ff "+ aB(F'= f)—Mf '=0 (13)
FF"-2p(F'—f)=0 (14)

with the transformed boundary conditions
=1 t()=0,7n=0
') —=>1-12 F'@)—>1-24 F)—> 1) 55 1> (15)

where a = Nm/ p, is the mass concentration of the dust particle, f=Kx/mU is the fluid particle

interaction parameter for velocity, M = GBOZX/pr is the magnetic field parameterand A =U , /U

is the velocity ratio parameter. The case 0 < A <1 is when the plate and the fluid move in the same
direction, but when 4 <0 and A >1, they move in the opposite direction. If A <0, the free stream
is directed toward the positive x-axis, while the plate moves toward the negative x-axis. If 4 >1, the
free stream is directed toward the negative x-axis, while the plate moves toward the positive x-axis.
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Fig. 1. Schematic diagram of the two dimensional
boundary layer

2.2 Heat Transfer Analysis

The governing boundary layer heat transport equations for dusty nanofluid are

or T o’T  Ny(c,) N
(PCo )t (U&JfVEj:knfWﬂ“lr—pf('rp—'rﬂf—l(up—u)z (16)
T v
oT  oT N, (c.)
e u, Gy )
]

where T and T, are the temperature of the nanofluid and dust particles respectively, K, is the
effective thermal conductivity of the nanofluid, (c,), ¢, are the specific heat of the fluid and dust
particles respectively, N, = Nm is the density of the particle phase, 7; is the thermal equilibrium

time, 7, =m/K is the relaxation time of the dust particle. Then, the temperature boundary
conditions are considered in order to solve Eq. (16) and Eq. (17) as

« =, T, -T)
ay at y=0
T —>Tw' T Yy (18)

where T, is the hot fluid temperature and h; is the heat transfer coefficient.

To obtain the similarity solutions of Eq. (16) and Eqg. (17), the non-dimensional variables are
introduced as follow

T-T,
T, -T

00

0(n) = (19)

(20)
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Using Eq. (19) and Eq. (20) in Eq. (16) and Eq. (17), the nonlinear ordinary differential equations
are obtained as

1[ 1% }«9"+lf6"+[ L ][aﬂT(e -0)+Ecaf(F'-£)]=0  (21)
Pri1-¢+4(pc,), ! (pC,) 2 1-g+¢(pc,), (pC,), P
FO,'-2yB,(0,-6) =0 (22)

subjected to the transformed boundary conditions
0'(n) =Bi[o(m -1] , n=0
o(n) >0 6,(n)—>0 a5 1—>® (23)

where Pr= . (c,); /k; is the Prandtl number, g =x/z;U is the fluid particle interaction
parameter for temperature, Ec=U? /(c,)¢ (T —T,) is the Eckert number, y =(c,), / c, is the ratio
of the specific heat of the nanofluid to the dust particles and Bi=(h, /k)(vx/U)"* is the Biot

number.
For the engineering interest, the skin friction coefficient C,; and the local Nusselt number Nu,

are defined as

T Xq
C = w NUX :—W
f pnfU ? knf (TW _Too) (24)

’

where the surface shear stress “ and the surface heat flux % are given by

ou Gl
T = Myt (5) Ow = _knf (gj (25)
y=0 y=0

Using Eq. (10), Eqg. (11), Eq. (12), Eq. (19) and Eq. (20), we get
ve_ 1 o NUReZ = 5(0)
CiRe," = ) (0) NuRe:” = K, (26)

where Re, =Ux/v, is the local Reylonds number.
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3. Results and Discussion

The system of coupled ordinary differential equations as in Eq. (13), Eq. (14), Eq. (21) and Eq. (22)
subject to boundary conditions (15) and (23) are solved by using shooting method with RKF45. The
numerical solutions are obtained to study the effects of non-dimensional governing parameters such
as velocity ratio parameter A, magnetic field parameter M, volume fraction of the nanoparticle ¢,

volume fraction of the dust particle ¢,, mass concentration of the dust particle «, fluid particle

interaction parameter for velocity /3, fluid particle interaction parameter for temperature S, and

Biot number Bi on the velocity and temperature profiles for fluid and dust phases of CuO-water and
Al,0s-water dusty nanofluids are presented graphically with 0<7 <10. For numerical results, the

parameters are considered as A=M =1, ¢= $,=0.1, a=p =02, p=05, Pr=1, Ec=3,
Bi =10 where these values are kept as common in this study except the varies values presented in

figures. The thermophysical properties of water, Copper Oxide, Aluminium Oxide are given as shown
in Table 1 [28].

Table 1
Thermophysical properties of fluid and nanoparticles
p(Kgm™) k(Wm™K™) c,(JKg'K™)
H,O 997.1 0.613 4179
CuO 6320 76.5 531.8
ALO, 3970 40 765

Figure 2 and 3 display the velocity and temperature profiles of fluid and dust phases for various
values of velocity ratio parameter A. From Figure 2, it is noticed that the velocity of the fluid and
dust decrease when A >1. However, no solution exists when A <1. Figure 3 shows that an increase
in A enhances the temperature profiles of fluid but reduces the temperature of dust phase. Figure
4 and Figure 5 illustrate the velocity and temperature profiles of fluid and dust phases for various
values of magnetic field parameter M . The results show that there is a depreciation on the velocity
profiles and improvement on the temperature profiles for both phases when M increases. An
increase in M generates the opposite force to the flow, which is Lorentz force. This force declines
the velocity boundary layer and enhances the thermal boundary layer.
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Fig. 2. Velocity profiles of fluid and dust phases for

various value of 1

Fig. 3. Temperature profiles of fluid and dust

phases for various value of 4
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Figure 6 and Figure 7 show the velocity and temperature profiles of fluid and dust phases for
various values of volume fraction of the nanoparticle ¢. It is clearly seen that an increase in ¢
enhances both velocity and temperature of the fluid and dust phases. It is also noticed that the
temperature profiles of dust phase has a very slight enhancement compared to fluid phase. This
proved that the increasing values of ¢ has good interaction with the fluid particles than dust particles
in enhancing the thermal conductivity of the fluid. Figure 8 and Figure 9 depict the velocity and
temperature profiles of fluid and dust phases for various values of volume fraction of the dust particle
¢, - Itis observed that as ¢, increases, the velocity profiles decreases but the temperature profiles

increases for both phases. This situation occurs due to the enhancement of the volume occupied by
the dust particles when there is an increase in ¢, volume fraction of dust particle. These particles

cause shear stress near the layers and depreciates the velocity profiles.

l

oen Blue: CuO-water Blue: CuO-water
1
0.8fh Red: Al,Os-water Red: Al,Os-water
1
o7 %
|}
" -
200 & Fuid s $=0.1,0.2,03
Los "| '3. =

<. AN 4=01,02,03

oW

Fig. 6. Velocity profiles of fluid and dust phases for  Fig. 7. Temperature profiles of fluid and dust
various value of ¢ phases for various value of ¢

50



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences
Volume 89, Issue 2 (2022) 43-55

0.9 “‘ Blue: CuO-water |7 09\ Blue: CuO-water
08k Red: AlbOs-water || oak \ Red: AlL,Os-water
\ \ Fluid
LA 4 L
%71\ Fluid
1
=06\ =
Foutl (T o
L osf =
z |\\ ¢,=01,01502 2
“o4af\ ) =
L
o3k A A
Ay
L Y
0.2 \\ Y
L

Fig. 8. Velocity profiles of fluid and dust phases for ~ Fig. 9. Temperature profiles of fluid and dust
various value of ¢, phases for various value of ¢,

The velocity and temperature profiles of fluid and dust phases for various values of mass
concentration of dust particle « are displayed as shown in Figure 10 and Figure 11. The results show
that an enhancement of « declines both velocity and temperature profiles of both phases. This
concluded that the increasing values of « reduces the boundary layers of velocity and temperature.
Figure 12 and Figure 13 reveal the velocity and temperature profiles of fluid and dust phases for
various values of fluid particle interaction parameter for velocity £ . From Figure 12, it observed that
the velocity profiles of the dust phase enhanced but the velocity of the fluid phase depreciated when
[ increases. This is due to the interaction between the fluid and particle phase is high and the
development of the opposite force from the particle phase to the fluid phase happens until the
particle velocity reaches the fluid velocity. From Figure 13, it is clear that the enhancement in S
increases the temperature profiles of the both phases. This verified that there is higher interaction
between the fluid and particle phase and it will improve the thermal conductivity of the flow.
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Fig. 10. Velocity profiles of fluid and dust phases for  Fig. 11. Temperature profiles of fluid and dust
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Figure 14 depicts the temperature profiles of fluid and dust phases for various values of fluid
particle interaction parameter for temperature f; . It is evident that an increase in S, reduces the

temperature of fluid phase but enhances the temperature of dust phase. This is because the effect
of convective heat transfer in dust phase strengthen the interaction between the nanoparticle and
dust particle phase. Figure 15 shows the temperature profiles of fluid and dust phases for various
values of Biot number Bi. It is obviously seen that the increasing of Bi increases the temperature
profiles of both phases. This concluded that the effect of Bi is to increase the thermal boundary layer.
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Fig. 14. Temperature profiles of fluid and dust Fig. 15. Temperature profiles of fluid and dust
phases for various value of £ phases for various value of Bi

Table 2 and Table 3 represent the variation of non-dimensional governing parameters in skin
friction coefficient and Nusselt number for CuO-water and Al,0s-water dusty nanofluids. The results
from Table 2 and Table 3 show that the increasing values of M, ¢, and £ increases the friction
factor but depreciates heat transfer rate in both dusty nanofluids. An increase in ¢ shows a
decrement of both friction factor and heat transfer rate. There is an increment of friction factor and
the enhancement of heat transfer rate when « increases. Moreover, an increase in f; and Bi

enhances the heat transfer rate, but it does not show any effect on the friction factor for both dusty
nanofluids.
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Table 2
Variationin f "(0) and —€'(0) for CuO-water dusty nanofluid
M ¢ 9, a B Br Bi | £7(0) 1 -0'(0)
1 0.1 0.1 0.2 0.5 0.2 10 1.046877 0.274890
2 1.394885 0.243871
3 1.672692 0.224452
1 0.1 0.1 0.2 0.5 0.2 10 1.046877 0.274890
0.2 0.933776 0.238998
0.3 0.815324 0.212522
1 0.1 0.1 0.2 0.5 0.2 10 1.046877 0.274890
0.15 1.071418 0.272428
0.2 1.098388 0.269769
1 0.1 0.1 1 0.5 0.2 10 1.114823 0.300981
2 1.194272 0.326121
3 1.268711 0.346840
1 0.1 0.1 0.2 0.1 0.2 10 1.035974 0.281283
0.2 1.040538 0.275579
0.3 1.043582 0.273815
1 0.1 0.1 0.2 0.5 0.5 10 1.046877 0.283177
1 1.046877 0.286726
15 1.046877 0.287914
1 0.1 0.1 0.2 0.5 0.2 0.1 1.046877 0.070724
10 1.046877 0.274890
100 1.046877 0.282299
Table 3
Variation in f"(0) and —8'(0) for Al,Os-water dusty nanofluid
M ¢ é, o B Pr Bi | £7(0) 1 -0'(0)
1 0.1 0.1 0.2 0.5 0.2 10 1.031226 0.277651
2 1.383520 0.245375
3 1.663349 0.225407
1 0.1 0.1 0.2 0.5 0.2 10 1.031226 0.277651
0.2 0.907120 0.243031
0.3 0.781982 0.216900
1 0.1 0.1 0.2 0.5 0.2 10 1.031226 0.277651
0.15 1.056172 0.275069
0.2 1.083563 0.272286
1 0.1 0.1 1 0.5 0.2 10 1.100101 0.303116
2 1.180505 0.327678
3 1.255733 0.347999
1 0.1 0.1 0.2 0.1 0.2 10 1.020175 0.284198
0.2 1.024809 0.278355
0.3 1.027894 0.276551
1 0.1 0.1 0.2 0.5 0.5 10 1.031226 0.286279
1 1.031226 0.290019
15 1.031226 0.291278
1 0.1 0.1 0.2 0.5 0.2 0.1 1.031226 0.070871
10 1.031226 0.277651
100 1.031226 0.285216
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4. Conclusions

The numerical solutions for analyzing the flow and heat transfer characteristics of MHD dusty

nanofluid toward moving plate with convective boundary condition are discussed. CuO-water and
Al,Osz-water nanofluids permeated with dust particles are considered. The influence of non-
dimensional governing parameters on the velocity and temperature profiles of both fluid and dust
phases are presented graphically. Then, skin friction coefficient and Nusselt number for CuO-water
and Al;0Os-water dusty nanofluids are discussed in tabular form. The conclusions of this study as
follows

Magnetic field parameter has trend to develop opposite force to the flow and declines the
velocity boundary layer and improves the thermal boundary layer.

A raise in volume fraction of nano particle and volume fraction in dust particle enhances the
temperature profiles of the flow. CuO-water dusty nanofluid has higher effect than Al,0s-
water dusty nanofluid in this condition.

An increase in mass concentration of dust particle reduces the velocity and thermal
boundary layer thickness.

iv.  Fluid particle interaction parameter for velocity and temperature has trend to improve the
temperature profiles of dust phase.
v. Anincrease in Biot number enhances temperature profiles of the flow and heat transfer
rate.
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