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In the current study, cross-temperature and concentration gradients are used to model 
the 𝑑𝑜𝑢𝑏𝑙𝑒  𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑣𝑒  𝑛𝑎𝑡𝑢𝑟𝑎𝑙  𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛  𝑓𝑙𝑜𝑤  in a binary fluid contained in an 

angled square cavity. Using a 𝑓𝑖𝑛𝑖𝑡𝑒 − 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒  method, the 𝑚𝑎𝑠𝑠 , 𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑚 , 

and 𝑒𝑛𝑒𝑟𝑔𝑦  conservation equations were numerically solved. The 45°  inclined cavity 
under equal solutal buoyancy and thermal forces was the subject of the study (𝑁 =

1). Since the horizontal components of the thermal and singular volume forces were 

equal but opposed to one another, an equilibrium solution for this situation that 
corresponds to the rest state of the immobile fluid is feasible. However, this 

equilibrium solution becomes unstable above a specific critical value of the 

𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ  𝑛𝑢𝑚𝑏𝑒𝑟 , leading to vertical density stratification inside the enclosure. The 

results are shown using the 𝑎𝑣𝑒𝑟𝑎𝑔𝑒𝑑  𝑁𝑢𝑠𝑠𝑒𝑙𝑡  and 𝑆ℎ𝑒𝑟𝑤𝑜𝑜𝑑  𝑛𝑢𝑚𝑏𝑒𝑟𝑠  as well as 
the 𝑡ℎ𝑒𝑟𝑚𝑎𝑙  𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ  and 𝐿𝑒𝑤𝑖𝑠 𝑛𝑢𝑚𝑏𝑒𝑟𝑠  for the flow intensity. The existence of 

the commencement of convection is demonstrated in this work, and both natural and 

anti-natural flow solutions are obtained. Subcritical convection has also been seen for 

the natural solution when the 𝐿𝑒𝑤𝑖𝑠 𝑛𝑢𝑚𝑏𝑒𝑟  is more or less than unity. For the start 
of supercritical and subcritical convection, the 𝑡ℎ𝑒𝑟𝑚𝑎𝑙  𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ  number's critical 

values are identified. As the 𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ 𝑛𝑢𝑚𝑏𝑒𝑟  climbed, so did the flow's intensity and 

the rates at which heat and mass were transferred.  Reducing flow intensity and 
accelerating mass transfer are the results of raising the 𝐿𝑒𝑤𝑖𝑠 𝑛𝑢𝑚𝑏𝑒𝑟 . Different flow 

patterns are shown for an aspect ratio of 4, and the existence interval of the oscillatory 

solutions is calculated. 
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1. Introduction 
 

The studies of the natural convective thermal transfer and the double -diffusive natural 
convective (DDNC) thermal and mass exchange inside a porous medium enclosure have been the 
subject of an extensive number of experimental, analytical and numerical investigations during the 

last years using different models. Recently, the conjugate heat transfer phenomena in porous cavities 
have received a special attention due to their practical importance such as separators in the 
petroleum field, during the creation of the underground crude, during the storage of radioactive 
waste, when storing liquid gases, seawater desalination operations, crystal growth, during phase 

change mechanisms of metals when the micrographic structure and the mechanical and thermo-
physical properties of alloys affected directly by convection, and so on [1-4]. 

Combined buoyancy driven flows due to both temperature and concentration variations in 

inclined cavities, which tend to be more complex, have not been investigated extensively as the 
vertical porous medium enclosures, therefore more researches are needed for studying the inclined 
porous cavities. In the last decade, most research studies into this area have been achieved with the 

theoretical approach [5-10]. 
Benhadji and Vasseur [11] compared their numerical and analytical analyses for DDC (double-

diffusive convection) of non-Newtonian type fluid saturated a shallow porous cavity, where the 

power-law model is used to describe the new Newtonian behavior.  Bahloul et al., [12] offered a 
comparison between numerical and analytical linear stability analysis of a binary Newtonian fluid 
saturated horizontal porous layer with DDC. The outcomes of the analytical and numerical analyses 

were quite similar. Another article by Bahloul  et al., [13] that examined the Soret-induced convection 
of a Newtonian binary mixture under the influence of cross heat fluxes saturated a horizontal porous 
type channel. The results demonstrated that the separation parameter and 𝐿𝑒 (Lewis number) have 
a role in the migration through subcritical bifurcations for both numerical and analytical study.  The 

rest state stability of Dupuit-Darcy natural convection of a binary fluid saturated vertical porous layer 
was examined by Rebhi et al., [14] using numerical and analytical analysis. Their primary discovery 
was that the from drag effect, which serves as a stabilizing impact, considerably affects Hopf 

bifurcation and subcritical convection. Linear instability and nonlinear stability were used by Kumar 
et al., [15] to analyze the double-diffusive instability in an inclined porous layer with and without an 
internal heat source dependent on concentration. The Papanastasiou model for explaining the 

rheological behavior, Saxena et al., [16], and the lattice Boltzmann method were used to simulate a 
2D DDNC. He discovered that an increase in porosity strengthens heat and mass transmission and 
gradually weakens the unyielded section for a fixed value of the 𝐷𝑎 (Darcy number). The double-

diffusive free convection of a power-law non-Newtonian fluid filled in a horizontal rectangular 
container was explored analytically and numerically by Bihiche et al., [17]. There were multiple steady 
state solutions obtained, and there was also good agreement between the numerical and analytical 
results. 

In a square porous type cavity that is isothermally heated from below and cooled from the top 
and whose vertical boundaries are subject to a horizontal solutal gradient,  Bourich et al., [18] 
researched the thermosolutal convection. To ascertain the specifics of heat and mass exchange in 

limit instances corresponding to thermal or solutal driven flows, they carried out an analysis based 
on the scaling law technique. In a thin, vertical, porous hollow that is salted on the sides and heated 
from below, Bahloul et al., [19] did an analytical assessment for stowing the DDNC. Their findings 

demonstrated that the solution takes the shape of a typical Bénard bifurcation in the absence of a 
horizontal solutal gradient (𝑁 = 0). Bourich et al., [20] investigated the situation in which a porous 
enclosure is partially heated from below while being continuously cooled at the top. There is a 
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horizontal concentration gradient applied to the porous matrix's vertical walls. They investigated how 
the various steady solutions were affected by the solutal buoyancy forces. Their results demonstrated 

an asymmetric bicellular flow at a predetermined vertical border of the heated side  (𝛿 = 0.5). 
Additionally, they stated that at threshold values of 𝑁, the solutal buoyancy forces brought on by 
horizontal concentration gradients may eliminate the numerous solutions provided by pure thermal 

convection. According to research by Kramer et al., [21], distinct flow regimes were observed for 
various values of the governing parameters for DDNC in an enclosure exposed to cross GsCT 
(gradients of concentration and temperature). Chamkha et al., [22] looked into the scenario of a 
binary fluid mixture flowing laminarly thermo-solutally in a porous enclosure that was inclined. The 

cavity's two opposing surfaces are subjected to mixed fluxes of heat and mass along with conditions 
of uniform T and concentration. They observed a decrease in Sherwood and Nusselt numbers with 
an increase in the enclosure tilting angle. They noticed a decline in 𝑆ℎ𝑒𝑟𝑤𝑜𝑜𝑑  and 𝑁𝑢𝑠𝑠𝑒𝑙𝑡 values 

as the tilt of the enclosure increased. 
Balla and Naikoti [23] looked at the effects of 𝛼 angle of cavity inclination, Soret effects, and 

Dufour impacts on the DDNC in a square type cavity. Heat is delivered to the cavity's two horizontal 

surface, and solute transverse gradients are used. It was found that when the 𝛼 increased, the 
thermal fields significantly changed and the flows adopted vertical patterns rather than horizontal 
ones. In a 3D porous type enclosure subjected to cross GsCT, Ouzaouit et al., [24] observed 

thermosolutal convection. Balla et al., [25] used numerical analysis to investigate the effects of the 
cavity's inclination angle on the flow in the case of the magnetohydrodynamic natural convection of 
a porous saturated medium supplied with nanofluid in a square  type cavity. The same author re-

examined the same issue. Balla et al., [26] used the Darcy model to study the magneto-hydrodynamic 
convection inside a cavity supplied with a flow of nanofluid and affected by viscous dissipation, with 
the resulting equation being solved using the finite element.  DDC having cross variations on heat and 
mass transmission in a cubical type enclosure including adiabatic cylinde r type obstacles was 

statistically investigated by Chakkingal et al., [27]. Rebhi et al., [28] looked at how inertial forces 
affected convection in an angled square type cavity under the influence of a magnetic field. According 
to a study by Ouazaa et al., [29] of DDNC in a cavity of square type with an angled permeable medium 

exposed to cross GsCT, an equilibrium solution relating to the rest state is possible for the case where 
the buoyancy forces are equal and the inclination angle is 45°, and the resulting onset of motion can 
be either supercritical or subcritical. 

Based on the Buongiorno's mathematical model, Ghiasi and Saleh [30], their key conclusion is 
that viscous dissipation and the resistive Lorentz force have a significant impact on the thermal 
boundary layer thickness. Khdher et al., [31] explored the case of a secondary flow inside a square, 

straight type duct using 𝐻2𝑂 as the base fluid and three different kinds of nanofluids (𝐴𝑙2𝑂3, 𝑇𝑖𝑂2, 
and 𝐶𝑢𝑂) with constant heat flux in the top and bottom surfaces. The nanofluid containing 𝐶𝑢𝑂 
nanoparticles had the greatest 𝑁𝑢 number in their investigation, followed by 𝑇𝑖𝑂2 and 𝐴𝑙2𝑂3, 
respectively. Khan et al., [32] demonstrated that, for a vertical permeable sheet, the lowered 

coefficient of friction, and local 𝑁𝑢𝑠𝑠𝑒𝑙𝑡 value rise with rising heat source parameters as well as 
chemical reaction and characteristics. Yusof at al., [33] examined the steady Casson fluid flow at the 
stagnation point and radiative transfer of heat as it crossed a slippery, exponentially porous Riga 

plate. In a porous media with the presence of heat radiation and viscous dissipation, Wahid et al., 
[34] explored analytically the magnetohydrodynamic slip Darcy flow of viscoelastic fluid  across a 
stretching surface. Mahrous et al., [35] went over how the CFD models of cerebral aneurysms 

differed between non-Newtonian and Newtonian modeling methodologies. They noticed that the 
non-Newtonian model could most accurately depict blood flow in an intracranial aneurysm. Other 
similar studies are cited in these referenced numericals simulations [36,37]. 
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Paliwal and Chen [38,39] investigated the impact of a fluid layer's inclination on the threshold of 
thermosolutal convection. In this problem, they imposed an initial solutal stratification in the vertical 

direction and then a lateral heating was used on the cavity's vertical walls. In the first part, an 
experimental study was carried out by altering the angle of inclination that is taken into account in 
relation to the horizontal plane through a range of angles of inclination (– 75° to +75°: a negative 

angle indicates a heating of the upper wall and a positive angle denotes heating of the lower wall), 
the results demonstrated the periodic formation of convective cells whose structure and regime 
strongly depend on the angle of inclination of the system. Regarding the critical thermal Rayleigh 
number, the results showed that they are non symmetrical with respect to the horizontal state (θ =

0°); heating the bottom wall is more stable than heating the top wall.  
Recently, Bodduna et al., [40] studied numerically the activation energy process in biconvection 

nanofluid flow through porous cavity. The Darcy model was applied to model the convection flow. 

Also, the Pedley and Kessler model is utilized for the concentration equations of gyrotactic 
microorganisms. It was demonstrated that the Peclet number and activation energy show a 
destabilizing effect on the iso-concentrations of nanoparticle volume fraction and microorganisms. 

The DDC on the peristaltic flow of hyperbolic tangent nanofluid inside a non-uniform type duct with 
generated magnetic field was investigated by Akram et al., [41] using numerical and analytical 
methods. The impact of volume fraction of nanoparticles, axial induced magnetic field, magnetic 

force function on the concentration, temperature, stream function, pressure rise and pressure 
gradient was presented. With six constant Jeffreys acting, as the base fluid, through an asymmetric 
type duct, Saeed et al., [42] looked into the theoretical impact of slip barriers on the double diffusion 

over the peristaltic flow of a nanofluid. By considering the impact of nanomaterial effects on 
magnetic field induction and DDC on the peristaltic flow of 𝑃𝑟𝑎𝑛𝑑𝑡𝑙 nanofluids in an inclined 
asymmetric type duct, Akram et al., [43] re-examined the same issue. Phu and Thao [44] looked into 
the effect of 𝑅𝑒 and inclination angle in the flat tube on the thermos-hydraulic performance. Using 

the Carreau-Yasuda model to simulate the rheological behavior of a non-Newtonian fluid, Lounis et 
al., [45] examined the impacts of the Dufour and Soret effects on a DDC inside an angled square  type 
enclosure. Their primary discovery was that the 𝐿𝑒𝑤𝑖𝑠 number boosts heat and mass exchange for 

various power-law index values. 
The study of Mebrouki et al., [46], in which the authors investigated the DDNC flow in a binary 

fluid enclosed in a slanted square type enclosure susceptible to cross solute and heat fluxes, served 

as the inspiration for the current investigation. The authors demonstrated through numerical analysis 
that when the 𝐿𝑒𝑤𝑖𝑠 number was greater or less than unity, the commencement of motion from the 
rest state was subcritical. Additionally, they showed that there are numerous solutions, both natural 

and anti-natural, for a certain set of governing factors. The same issue has been looked at for the 
situation when the thermal and solutal buoyancy forces are equal (𝑁 = 1) and competing with one 
another in order to support their findings. To the best of the authors' knowledge, comprehensive 
research into the impact of cross-fluxed heat and solute on the rates of heat and mass transfer within 

a slanted square type cavity has not yet been done. The current study demonstrates the presence of 
multiple solutions for the case where the buoyancy forces are equal (𝑁 = 1) by showing that two 
steady-state solutions, i.e., natural and anti-natural, coexist for the same governing parameters. 

Furthermore, a relationship between the 𝐿𝑒𝑤𝑖𝑠 number and the threshold of convective instability 
is shown. The formulation of the issue and the numerical approach utilized to resolve the full set of 
nonlinear governing equations are covered in the next section. The results are addressed as a 

function of the governing parameters and are provided in terms of 𝑠𝑡𝑟𝑒𝑎𝑚 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 
𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒  𝑝𝑟𝑜𝑓𝑖𝑙𝑒𝑠 , and ℎ𝑒𝑎𝑡  𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟. Some final thoughts are contained in the last section. 
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2. Mathematical Details 
 

The case study is an inclined square cavity, as shown in Figure 1 [46]. The fluid being employed is 
a binary mixture, considered Newtonian. Two of the cavity's parallel walls were mass impermeable 
subject to regular heat fluxes, 𝑞′, while the other two walls were adiabatic and susceptible to constant 

mass fluxes, 𝑗′ . 
 

 
Fig. 1. Geometry and coordinates system for flow setup 

 
Under the previous assumptions, the equations governing the double -diffusive convection are 

detailed below (continuity, momentum, energy and solute concentration conservation equations). 
They are given in dimensionless form using a stream function-vorticity (ψ, ω) formulation (see for 

instance, Paliwal and Chen [39], Mamou et al., [47] and Lee and Hyun [48]): 
 
𝜕𝛻2𝜓

𝜕𝑡
−  

𝜕𝜓

𝜕𝑥

𝜕𝛻2𝜓

𝜕𝑦
+

𝜕𝜓

𝜕𝑦

𝜕𝛻2𝜓

𝜕𝑥
= 𝑃𝑟𝛻4𝜓 − 𝑃𝑟 𝑅𝑎 𝑇 (sin Φ

𝜕(𝑇+𝑁 𝑆)

𝜕𝑥
+ cos Φ

𝜕(𝑇+𝑁 𝑆)

𝜕𝑦
)     (1) 

 
𝛻2𝜓 = −𝜔              (2) 

 

𝛻2𝑇 =
𝜕𝑇

𝜕𝑡
−  

𝜕𝜓

𝜕𝑥

𝜕𝑇

𝜕𝑦
+

𝜕𝜓

𝜕𝑦

𝜕𝑇

𝜕𝑥
            (3) 

 

𝛻2𝑆 = 𝐿𝑒 (
𝜕𝑆

𝜕𝑡
−

𝜕𝜓

𝜕𝑥

𝜕𝑆

𝜕𝑦
+

𝜕𝜓

𝜕𝑦

𝜕𝑆

𝜕𝑥
)           (4) 

 

𝑢 =
𝜕𝜓

𝜕𝑦
 ;     𝑣 = −

𝜕𝜓

𝜕𝑥
             (5) 

 
Where, 
𝑅𝑎𝑇: the 𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ, 

𝑃𝑟: the 𝑃𝑟𝑎𝑛𝑑𝑡𝑙 𝑛𝑢𝑚𝑏𝑒𝑟, and 
𝐿𝑒: the 𝐿𝑒𝑤𝑖𝑠 𝑛𝑢𝑚𝑏𝑒𝑟. 
 

These are the corresponding dimensionless conditions to the limits (see for example, Paliwal and 

Chen [39], Mamou et al., [47] and Lee and Hyun [48]): 
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𝑦 = ±
1

2
    𝜓 =

𝜕𝜓

𝜕𝑥
= 0,       

𝜕𝑇

𝜕𝑦
= 0          

𝜕𝑆

𝜕𝑦
= −1

𝑥 = ±
1

2
    𝜓 =

𝜕𝜓

𝜕𝑦
= 0,        

𝜕𝑇

𝜕𝑥
= 1           

𝜕𝑆

𝜕𝑥
=  0

}         (6) 

 
Where, 

𝜔: the 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠 𝑣𝑜𝑟𝑡𝑖𝑐𝑖𝑡𝑦, 
𝜓: the 𝑠𝑡𝑟𝑒𝑎𝑚 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 
𝑇: the 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒, and 
𝑆: the 𝑠𝑜𝑙𝑢𝑡𝑒 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛. 

 
The 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑁𝑢𝑠𝑠𝑒𝑙𝑡 equation describing the thermal exchange rate is as follows: 
 

𝑁𝑢𝑚 = ∫
1

𝑇
(

1
2

,𝑦)
−𝑇

(−
1
2

,𝑦)

𝑑𝑦
+

1

2

−
1

2

            (7) 

 
As measured by the rate of mass exchange, the 𝑆ℎ𝑒𝑟𝑤𝑜𝑜𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 is given by: 

 

𝑆ℎ𝑚 = ∫
1

𝑆
(𝑥,−

1
2

)
−𝑆

(𝑥,
1
2

)

𝑑𝑥
+

1

2

−
1

2

            (8) 

 

3. Computational Solution 
 

The SFD approach (𝑠𝑒𝑐𝑜𝑛𝑑 − 𝑂𝑟𝑑𝑒𝑟 𝐹𝑖𝑛𝑖𝑡𝑒 − 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒) with uniform grids was used to 

arrive at the numerical solution of the complete governing equations. A 𝑡𝑖𝑚𝑒 − 𝑎𝑐𝑐𝑢𝑟𝑎𝑡𝑒 technique 
based on the ADI method (𝐴𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑛𝑔 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝐼𝑚𝑝𝑙𝑖𝑐𝑖𝑡) was used to solve the 
𝑑𝑖𝑠𝑐𝑟𝑒𝑡𝑖𝑧𝑒𝑑 𝑣𝑜𝑟𝑡𝑖𝑐𝑖𝑡𝑦 (Eq. (1)), 𝑒𝑛𝑒𝑟𝑔𝑦 (Eq. (3)) and 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛 (Eq. (4)). 

Using the SOR method (𝑆𝑢𝑐𝑐𝑒𝑠𝑠𝑖𝑣𝑒 − 𝑂𝑣𝑒𝑟 − 𝑅𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛) and known temperature and 

concentration distributions, the 𝑠𝑡𝑟𝑒𝑎𝑚 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 (Eq. (2)) was solved. The temporal terms included 
in the governing equations were discretized using a FOBFD approach (𝐹𝑖𝑟𝑠𝑡 −
𝑂𝑟𝑑𝑒𝑟 𝐵𝑎𝑐𝑘𝑤𝑎𝑟𝑑 𝐹𝑖𝑛𝑖𝑡𝑒 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒). LLT method (𝐿𝑖𝑛𝑒 − 𝑏𝑦 − 𝑙𝑖𝑛𝑒 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑣𝑒) was used to 

solve the algebraic equations. 
The approach used a TMI (𝑇𝑟𝑖 − 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑀𝑎𝑡𝑟𝑖𝑥 𝐼𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛) to solve the system of equations 

that was produced by sweeping the integrated domain along the axes, 𝑋 and 𝑌. 

The SOR method's convergence requirement was taken into account, 
∑|(𝜓𝑖,𝑗

𝑘+1 − 𝜓𝑖,𝑗
𝑘 )| ∑|(𝜓𝑖,𝑗

𝑘+1)|⁄ ≤ 10−6, with 𝑘 denoting the 𝑘𝑡ℎ iteration and 𝑖, 𝑗 denoting the 

position of the grid node. 
Any further lowering of the criterion of the convergence below 10−6 was found to have no 

discernible impact on the outcomes. For the majority of the examples investigated in this study, the 
grid size of 81 ×  81 was chosen, with the time step ∆𝑡 varying from 10−4 to 10−3, which provides 

a suitable compromise between the execution time and the calculation accuracy; may be seen in the 
determined analytical solution and the numerical findings, as presented in Table 1. 
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Table 1 
Grid sensitivity study for RaT =105 and Le = 1 
Nx × Ny 21 × 21 41 × 41 61 × 61 81 × 81 101 × 101 121 × 121 
ψ0  11.456 11.336 11.288 11.272 11.273 11.275 
Num  4.274 4.238 4.209 4.198 4.198 4.198 
Shm 3.684 3.614 3.593 3.574 3.575 3.575 

 

The validation of the numerical technique was conducted for natural convection phenomenon in 
a square enclosure against the results of Davis [2] for 𝐴 = 1, 𝑃𝑟 = 0.71, 𝐿𝑒 = 1 and 𝑁 = 0, and 
Mamou et al., [47] for 𝐴 = 1, 𝑅𝑎 𝑇 = 106, 𝑃𝑟 = 7.0, 𝐿𝑒 = 10 and 𝑁 = 1 as demonstrated in Table 2 

and Table 3. 
 

Table 2 
Comparing the 𝛹0  and 𝑁𝑢𝑚 using some formerly examined numerical findings for 𝐴 = 1, 𝑃𝑟 = 0.71, 
𝐿𝑒 = 1, 𝑁 = 0 and various values of 𝑅𝑎𝑇 

 Ψ0 Num 

RaT Davis [2] Current 
analysis 

Current analysis 
vs. Davis [2] (%) 

Davis [2] Current 
analysis 

Present analysis 
vs. Davis [2] (%) 

103 1.174 1.174 0.00 1.118 1.118 0.00 
104 5.071 5.069 3.94 × 10-2 2.243 2.248 2.22 × 10-1 
105 9.111 9.104 7.68 × 10-2 4.519 4.549 6.63 × 10-1 

 
Table 3 
Comparing the 𝛹0 , 𝑁𝑢𝑚, 𝑆ℎ𝑚, 𝛥𝑇𝑚𝑎𝑥  and 𝛥𝑆𝑚𝑎𝑥  with a few previously researched 
numerical results for 𝐴 = 1, 𝑅𝑎𝑇 = 106, 𝑃𝑟 = 7.0, 𝐿𝑒 = 10 and 𝑁 = 1 

 Mamou et al., [47] Current analysis Current analysis 
vs. Mamou et al., [47] (%) 

Ψ0 6.268 6.261 1.11× 10-1 
Num 6.536 6.539 4.58× 10-2 
Shm 15.318 15.377 2.01× 10-1 
ΔTmax 0.440 0.438 4.55× 10-1 
ΔSmax 0.185 0.181 2.18× 100 

 
4. Findings and Analysis 

 
The case of the enclosure tilt angle Ф = 45° and 𝑁 = 1 was considered in this survey. The impact 

of the 𝑅𝑎 and 𝐿𝑒 on the hydrodynamic and thermal and mass exchange rates were investigated. The 

situation corresponding to 𝑁 = 1 and Ф = 45° could result in stable motionless state, which became 
instable above certain critical Rayleigh numbers. In the motionless state, there was a vertical density 
stratification within the enclosure due to the same magnitude of solutal and thermal forces but in 

opposite directions. This situation was studied experimentally and theoretically in the past by Paliwal 
and Chen [38,39] in a tilted slender fluid layer. Overall, there was a supercritical Rayleigh number for 
the occurrence of convection, below which subcritical convection existed when thermal and solutal 

diffusivities were not equal (𝐿𝑒 ≠ 1). Obviously, the thresholds for the occurrence of supercritical or 
subcritical convection depended on the 𝐿𝑒 number. For moderate 𝐿𝑒 values of, the natural and anti-
natural solutions of convection coexist. 

The natural solution was defined for the fact that it prevails during the initiation of convection 

from a still state. When the 𝐿𝑒 number was greater than unity, the natural solution was induced by 
the thermal effect and the convective cell circulated counterclockwise, as the thermal diffusion effect 
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prevailed. When the 𝐿𝑒 number was less than unity, the natural solution was induced by solute 
effects and the convection cell circulation was clockwise. 

The following typical ranges are covered by the numerical results in this study:  0.1 ≤ Le ≤ 10, 
102 ≤ RaT ≤ 105, 1 ≤ A ≤ 4 and Pr = 7.1. 

 
4.1 Square Enclosure (𝐴 = 1) 
 

Above the onset of supercritical convection, Figure 2 to Figure 5 display the streamlines, 
isotherms and solute iso-concentrations, for 𝑅𝑎𝑇 = 105  and different 𝐿𝑒 values. As shown for the 

two values of 𝐿𝑒 numbers; 0.1 and 10, the absence of the anti-natural solution is illustrated in Figure 
2. For 𝐿𝑒 = 1, as shown in the Figure 4, the natural and anti-natural convective cells are identical but 
circulating in opposite direction, this result has been also predicted by Mebrouki et al., [46]. As the 
thermal and solutal diffusivities are equal, the two solutions have the same potential occurrence. For 

the solution where the cell was counter-clockwise, the convective flow is driven by the thermal effect 
and by solutal effect when it is in clockwise direction. Owing to this driving effect, the solution led to 
different rates of thermal and mass exchange. The natural convective solution is defined for the fact 

it prevailed when initiating the convective flow from a motionless state. 
In this regard, when the 𝐿𝑒 number is bigger than unity, the natural solution is driven by a thermal 

effect and the convective cell is counter-clockwise, as the thermal diffusivity effect prevailed. When 

the 𝐿𝑒 number is smaller than unity, the natural solution is driven by solutal effect and the convective 
cell circulation was clockwise. On the other hand, the anti -natural solution is obtained by forcing the 
flow in the opposite direction. Usually, at moderate 𝐿𝑒 number, the anti-natural solution could be 

sustained for a significant range of 𝑅𝑎 𝑇. However, it becomes unstable as it approaches the threshold 
for supercritical convection and a jump to the natural convection solution occurs prematurely.  
 

 
(a) 

 
(b) 

Fig. 2. 𝛹, 𝑇, and 𝑆 contours for 𝑅𝑎𝑇 = 105: (a) 𝐿𝑒 = 0.1, 𝛹0 =
46.652, 𝑁𝑢𝑚 = 5.087, and 𝑆ℎ𝑚 = 2.326; (b) 𝐿𝑒 = 10, 𝜓0 =
11.276, 𝑁𝑢𝑚 = 4.056, and 𝑆ℎ𝑚 = 8.032 
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(a) 

 
(b) 

Fig. 3. 𝛹, 𝑇, and 𝑆 contours for 𝑅𝑎𝑇 = 105 and 𝐿𝑒 = 0.5: (a) 
𝛹0=20.264, 𝑁𝑢𝑚 = 4.212, and 𝑆ℎ𝑚 = 2.879; (b) 𝛹0 = −20.369, 
𝑁𝑢𝑚 = 3.965, and 𝑆ℎ𝑚 = 3.554 

 

 
(a) 

 
(b) 

Fig. 4. 𝛹, 𝑇, and 𝑆 contours for 𝑅𝑎𝑇 = 105 and 𝐿𝑒 = 1: (a) 𝛹0 =
15.767, 𝑁𝑢𝑚 = 4.197 and 𝑆ℎ𝑚 = 3.574; (b) 𝛹0 = −15.767, 
𝑁𝑢𝑚 = 3.574 and 𝑆ℎ𝑚 = 4.197 

 

 
(a) 



CFD Letters 

Volume 15, Issue 5 (2023) 97-119 

106 
 

 
(b) 

Fig. 5. 𝛹, 𝑇, and 𝑆 contours for 𝑅𝑎𝑇 = 105 and 𝐿𝑒 = 2: (a) 𝛹0 =
12.935, 𝑁𝑢𝑚 = 4.164, and 𝑆ℎ𝑚 = 4.472; (b) 𝛹0 = −13.835, 
𝑁𝑢𝑚 = 3.241, and 𝑆ℎ𝑚 = 4.957 

 
To investigate the convective behavior of the natural and anti -natural solutions, the flow 

intensity, 𝛹0, and heat and mass transfer rates, 𝑁𝑢𝑚 and 𝑆ℎ𝑚, are givens in Figure 6 as functions of 
𝑅𝑎𝑇  and different values of 𝐿𝑒. Regardless the value of 𝐿𝑒, both natural and anti-natural solutions 
showed an increase of 𝛹0, 𝑁𝑢𝑚 and 𝑆ℎ𝑚 with the increasing of 𝑅𝑎𝑇, a similar trend has been 

reported by Mebrouki et al., [46]. 
 

  
(a) 

  
(b) 
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(c) 

Fig. 6. Natural (left) and anti-natural (right) solution bifurcation diagrams: (a) flow 
intensity, 𝛹0 ; heat and mass transfer rates: (b) 𝑁𝑢𝑚 and (c) 𝑆ℎ𝑚, as functions of the 
𝑅𝑎𝑇, for various 𝐿𝑒 values 

 

Concerning, the 𝐿𝑒 effect, the figure shows that |Ψ0| decreases and 𝑆ℎ𝑚 increases when 𝐿𝑒 
increases for both natural and anti-natural solutions. However, 𝑁𝑢𝑚 of the anti-natural solution is 
decreased with the increase of 𝐿𝑒. Far from the onset of convection, 𝑁𝑢𝑚 of the natural solution 
seemed not significantly affected by the 𝐿𝑒 variation, but near criticality, the threshold of the onset 

of convection increased with decreasing 𝐿𝑒. Consequently, as can be observed from Figure 6, at 
moderate 𝐿𝑒 numbers, the anti-natural solution can be maintained over a wide range of 𝑅𝑎 numbers. 
However, it becomes unstable as it approaches the supercritical convection and a jump to the natural 

convection solution occurs prematurely. As explained earlier, both natural and anti-natural 
convective solutions bifurcated from the rest state solution at a given critical 𝑅𝑎. The threshold of 
supercritical convection was obtained accurately using a linear analysis by marching the solution in 

time for extremely weak convective flows. The flow intensity could be expressed as 𝜓0 = 𝑞. 𝑒𝑝𝑡 , 
where 𝑞 is the amplitude at 𝑡 = 0 (i.e., 𝛹0 = 𝑞 at 𝑡 = 0). Typically, the value of 𝛹0 within the range 
of 10−6˂𝛹0 ˂10−4 was considered and judged small enough to assume infinitesimal amplitude. 

When 𝑝 < 0 the flow decaying and when 𝑝 > 0 the flow was amplified. After knowing 
approximately, the location of the threshold number, using the fully nonlinear solution, the solution 
is computed for two amounts of 𝑅𝑎; one above and one below the threshold. Above the threshold, 

the numerical solution marched in time from the rest state solution. However, below the threshold, 
the solution is initiated with a weak convective flow. 

As displayed in Figure 7, the solution is amplified above the threshold and decayed below. The 

time evolution of the flow intensity is displayed in Figure 7 [46]. A curve fitting using exponential 
function was performed and the growth rate was computed. For 𝐿𝑒 = 1, the two Rayleigh number 
values are 1100 and 1250 and the corresponding obtained growth rate are −0.7798 and 0.5640 , 

respectively. The threshold for the onset of convection is obtained when 𝑝 = 0, so by interpolation, 
it is found that 𝑅𝑎𝑇𝐶

𝑠𝑢𝑝
= 1187.04. Redoing the calculations for various 𝐿𝑒 number, see Table 4, it is 

found that 𝑅𝑎𝑇𝐶
𝑠𝑢𝑝

obeyed the following relationship with a great accuracy (as predicted in the past by 

Mebrouki et al., [46]): 
 

𝑅𝑎𝑇𝐶
𝑠𝑢𝑝

=
2374.08

𝐿𝑒+1
             (9) 
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Fig. 7. Natural flow intensity vs. the time for 𝐿𝑒 = 1 

 
Table 4  
Computed subcritical and supercritical 𝑅𝑎 numbers vs. 𝐿𝑒 
Le 0.1 0.5 1 2 10 
𝑅𝑎𝑇𝐶

𝑠𝑢𝑝
 2152.5 1581.5 1187.04 789.2 206.5 

𝑅𝑎𝑇𝐶
𝑠𝑢𝑏 1830 1480 … 740 185 

 

The analytical expression of 𝑅𝑎 𝑇𝐶
𝑠𝑢𝑝

, Eq. (9), and the numerical results are depicted in Figure 8 with 

a very good agreement [46]. The threshold of subcritical convection existed only for the natural 

convection when 𝐿𝑒 ≠ 1, and the values are tabulated in Table 4. The values are obtained by 
decreasing progressively the 𝑅𝑎 number using a small increment until a jump to conductive state 
occurred. Both the subcritical and supercritical values decreased with increasing 𝐿𝑒 number. At 𝐿𝑒 =
1, subcritical convection is absent. 

 

 
Fig. 8. Supercritical, 𝑅𝑎𝑇𝐶

𝑠𝑢𝑝
 vs. Le 

 

Figure 9 displays the bifurcation diagram for 𝐿𝑒 = 2. Below 𝑅𝑎𝑇𝐶
𝑠𝑢𝑏, the system was 

unconditionally stable and the solution was characterized by a pure conductive state. Between the 
critical values, 𝑅𝑎𝑇𝐶

𝑠𝑢𝑏 and 𝑅𝑎 𝑇𝐶
𝑠𝑢𝑝

, the convective could be triggered only by a finite amplitude 

perturbation. The conductive state remained stable to infinitesimal perturbation. Above 𝑅𝑎𝑇𝐶
𝑠𝑢𝑏, the 
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conductive state became unconditionally instable. Any perturbation, regardless its amplitude, could 
trigger a convective state. Over stability convection has not been observed in the present 

investigation. 
 

  
(a) (b) 

Fig. 9. 𝐵𝑖𝑓𝑢𝑟𝑐𝑎𝑡𝑖𝑜𝑛 𝑑𝑖𝑎𝑔𝑟𝑎𝑚 in terms of (a) intensity of flow [46]; and (b) 𝑁𝑢𝑚, as 
function of 𝑅𝑎𝑇 for 𝐿𝑒 = 2 

 
To investigate the convective behavior of the natural and anti -natural solutions, 𝛹0, 𝑁𝑢𝑚 and 

𝑆ℎ𝑚, are givens in Figure 10 as functions of 𝐿𝑒 and different values of 𝑅𝑎𝑇. Regardless the value of 
𝐿𝑒, both natural and anti-natural solutions showed an increase of 𝛹0, 𝑁𝑢𝑚 and 𝑆ℎ𝑚 when 𝑅𝑎 𝑇 
increases. Concerning, the Lewis effect, the figure shows that the ampli tude of the flow for the two 
natural and anti-natural solutions as well as the heat transfer for the natural solution decrease with 

increasing 𝐿𝑒 and subsequently tend towards constant values. However, the mass transfer for the 
natural and anti-natural solutions increases with 𝐿𝑒. Heat transfer for the anti-natural solution 
increases with 𝐿𝑒 for Lewis values 𝐿𝑒 < 1 and the inverse for 𝐿𝑒 > 1. The existence of anti-natural 

solution corresponding to the 𝑅𝑎 𝑇 values, 𝑅𝑎 𝑇 = 5. 103,104 and 105, has been found in the 
following intervals of Le; 0.7 ≤ 𝐿𝑒 ≤ 1.73 , 0.5 ≤ 𝐿𝑒 ≤ 2.25 and 0.23 ≤ 𝐿𝑒 ≤ 2.89, respectively. The 

direction of rotation of the flow is related to the Lewis number value. As shown in Figure 10, the 
direction of rotation of the flow in the natural solution is clockwise (Ψ0 < 0) when 𝐿𝑒 < 1.0, and 
trigonometric (Ψ0 > 0) when 𝐿𝑒 ≥ 1.0. To explain the direction of rotation of the flow, one takes the 

case of the natural solution with the value of the thermal Rayleigh number RaT = 104. Consider the 
case of 𝐿𝑒 > 1, in this situation, the thermal diffusivity, 𝛼, is greater than the mass diffusivity, 𝐷, 
therefore, the natural solution is induced by the thermal effect and the convective cell circulates in 

counterclockwise. In this situation, the quantity of the mass transported by convection along the 
walls where the mass flow is imposed and is greater than that of the heat transported along the walls 
where the heat flow is imposed. 
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(a) 

  
(b) 

  
(c) 

Fig. 10. Natural (left) and anti-natural (right) solution bifurcation diagrams: (a) 𝛹0 ; (b) 
𝑁𝑢𝑚; (c) 𝑆ℎ𝑚, vs. 𝐿𝑒 and for various 𝑅𝑎𝑇 

 
This is clarified by the numerical results which are expressed by the average Sherwood and 

Nusselt numbers corresponding to the value of 𝐿𝑒 = 1.14 (Shm = 2.61 and Num = 2.14). In the case 

of 𝐿𝑒 < 1, the natural solution is induced by the mass effect and the convective cell circulates in a 
clockwise direction, and the amount of heat transported by the convection along the walls where the 
heat flow is imposed is greater than that of the mass transported along the walls where the mass 
flow is imposed. 

As an example, the 𝑁𝑢𝑚 and 𝑆ℎ𝑚 numbers are 𝑁𝑢𝑚 = 2.34 and 𝑆ℎ𝑚 = 2.26 for 𝐿𝑒 = 0.8. The 
convective cell of the anti-natural solution circulates clockwise for 𝐿𝑒 > 1, and counterclockwise for 
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𝐿𝑒 < 1. We observe that for the value of 𝐿𝑒 = 1, the convective cell of the natural solution circulates 
in an anti-clockwise direction, and that of the antinatural solution circulates in the opposite direction. 

The quantity of heat transported by natural convection expressed by the Nusselt number (𝑁𝑢𝑚 =
2.26), is equal to the quantity of mass transported by antinatural convection expressed by the mean 
Sherwood number (𝑆ℎ𝑚 = 2.26 ). The quantity of mass transported by natural convection expressed 

by the average Sherwood number (𝑆ℎ𝑚 = 2.40), is equal to the quantity of heat transported by the 
antinatural convection expressed by the average Nusselt number (𝑁𝑢𝑚 = 2.40). As it is presented in 
the figures below for 𝑅𝑎𝑇 = 103  we notice the existence of only one solution and the heat and mass 

transfer are purely diffusive (𝑁𝑢𝑚 = 𝑆𝑚 = 1) for the low values of 𝐿𝑒 (𝐿𝑒 < 2), thereafter the mass 
transfer increases with the increase of 𝐿𝑒, and the heat transfer tends towards a constant value from 
𝐿𝑒 = 3. The flow intensity is low for this value of 𝑅𝑎𝑇. 

 
4.2 Slender Cavity (A = 4) 
 

The flow intensity, 𝛹0, as well as the thermal exchange rate, 𝑁𝑢𝑚, vs. 𝑅𝑎𝑇 are shown in Figure 

11. In general, the strength of convection (𝛹0) and thermal exchange rate (𝑁𝑢𝑚) increase as the 
Rayleigh number, 𝑅𝑎 𝑇, augments, for the different amounts of 𝐿𝑒. Regarding the Lewis effect, the 
figure shows that near the threshold, 𝛹0 increases as 𝐿𝑒 increases and the reverse occurs far from 

the convection threshold. However, far from the convection threshold, 𝑁𝑢𝑚 does not appear to be 
significantly affected by the variation of 𝐿𝑒, but near the threshold, the convection increases with 
increasing 𝐿𝑒. 

 

  
(a) (b) 

Fig. 11. (a) Flow intensity; (b) heat transfer rate, as function of the RaT for various Le values, 
with A = 4 

 

Table 5 presents the supercritical Rayleigh number, 𝑅𝑎 𝑇𝐶
𝑠𝑢𝑝

 for 𝐴 = 4 and various 𝐿𝑒. These results 

show that the convection in this case; i.e., for 𝐴 = 4, is triggered for the supercritical 𝑅𝑎 smaller than 

for the case of a square cavity, 𝐴 = 1. 
 

Table 5 
Variation of the supercritical 𝑅𝑎 number for 𝐴 = 4 and 
different 𝐿𝑒 values 
𝐿𝑒 0.5 1 2 
𝑅𝑎𝑇𝐶

𝑠𝑢𝑝
 614.4183 433.8472 242.9157 
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Figure 12 shows the streamlines, isotherms and iso-concentrations obtained for 𝑅𝑎𝑇 = 104  and 
different values of 𝐿𝑒. For 𝐿𝑒 = 0.1, the flow circulation is clockwise. When 𝐿𝑒 > 1, the circulation 

of the convection cell is counterclockwise. 
 

   
(a) 

   
(b) 

   
(c) 

   
(d) 

Fig. 12. 𝛹, 𝑇 and 𝑆 contours for 𝑅𝑎𝑇 = 104: (a) 𝐿𝑒 = 0.1, 𝛹0 = −19.500, 
𝑁𝑢𝑚 = 3.278 and 𝑆ℎ𝑚 = 0.488; (b) 𝐿𝑒 = 1, 𝛹0 = 7.207, 𝑁𝑢𝑚 = 2.975 and 
𝑆ℎ𝑚 = 1.550; (c) 𝐿𝑒 = 5, 𝛹0 = 5.697, 𝑁𝑢𝑚 = 2.916 and 𝑆ℎ𝑚 = 3.196; (d) 
𝐿𝑒 = 10, 𝛹0 = 5.386, 𝑁𝑢𝑚 = 2.899 and 𝑆ℎ𝑚 = 4.161 

 
This is visible just when we compare the isotherms and iso-concentrations of Figure 12(a), and 

those of Figure 12(b). The amplitude of flow and thermal exchange decrease with increasing 𝐿𝑒. 

However, mass transfer increases with 𝐿𝑒. 
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Taking the solution of the pure conduction as initial conditions, temporal evolution of stream 
function at the enclosure center and the stream function contours are shown in Figure 13 for an 

aspect ratio 𝐴 = 4, 𝑅𝑎𝑇 = 800 𝑡𝑜 104 , 𝑃𝑟 = 10, 𝐿𝑒 = 1 and 𝑁 = 1. It is found that an oscillatory 
flow occurs within the limit of the thermal Rayleigh number 𝑅𝑎𝑇 = 925 − 1135. Outside this 
interval, the convective solution converges to a stable solution and the structure of the flow is 

unicellular. 
 

  
(a) 

  
(b) 

  
(c) 

  
(d) 
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(e) 

  
(f) 

  
(g) 

Fig. 13. 𝛹 contours (left), temporal evolution of 𝛹 in the cavity 
center (right): (a) 𝑅𝑎𝑇 = 800; (b) 𝑅𝑎𝑇 = 920; (c) 𝑅𝑎𝑇 = 925; 

(d) 𝑅𝑎𝑇 = 103; (e) 𝑅𝑎𝑇 = 1135; (f) 𝑅𝑎𝑇 = 1140; (g) 𝑅𝑎𝑇 =
104 

 
Figure 14 shows the oscillatory convective solution of the stream function over time between 𝑡 =

14.6 and 𝑡 = 16, for a constant value of the thermal 𝑅𝑎 number 𝑅𝑎 𝑇 = 103;. Two main types of flow 
structure are observed; a flow composed of three contra-rotating convection cells, where the value 

of the intensity of the flow at the enclosure center is positive 𝛹0 > 0, and a single-cell flow where 
𝛹0 < 0 (Figure 14). The other structure composed of two cells is an intermediate structure during 
the creation of the multicellular structure of the monocellular structure as shown in Figure 15, 
between 𝑡 = 14.8 and 𝑡 = 15. Also, during the inverse change of the multicellular structure to the 

mono-cellular structure Figure 15, between 𝑡 = 15.6 and 𝑡 = 15.8. 
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Fig. 14. Variation of 𝛹 with 𝑡 in the cavity 

center for 𝑅𝑎𝑇 = 103 

 

    
𝑡 = 14.6 𝑡 = 14.8 𝑡 = 14.85 𝑡 = 14.90 

    
𝑡 = 14.95 𝑡 = 15 𝑡 = 15.2 𝑡 = 15.4 

    
𝑡 = 15.74 𝑡 = 15.75 𝑡 = 15.76 𝑡 = 15.78 

 

  

 

 𝑡 = 15.8 𝑡 = 16  
Fig. 15. 𝛹 contours for 𝑅𝑎𝑇 = 103 and 14.6 ≤ 𝑡 ≤ 16 
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5. Conclusions 
 

In a square enclosure, thermosolutal convection was studied numerically. The circumstan ce 
where the enclosure was slanted 45 degrees and the buoyancy ratio was one ( 𝑁 = 1) was taken into 
consideration. The convective flow is governed by a different control parameter, namely 𝑅𝑎𝑇, 𝑃𝑟, 

𝐿𝑒, 𝐴, and Ф, of the cavity regarding the horizontal plane. The outcomes are shown in terms of 𝑁𝑢𝑚, 
𝑆ℎ𝑚, and intensity of flow as functions of 𝑅𝑎 𝑇 and 𝐿𝑒 numbers. The main conclusion of the present 
analysis are as follows: 

(i) The co-existence of natural and anti-natural convective solutions was demonstrated. 

(ii) The 𝐿𝑒 number determined the criteria for the beginning of supercritical and subcritical 
convection. 

(iii) The flow intensity and the thermal and mass exchange rates increased with increasing the 

Rayleigh number, 𝑅𝑎 𝑇.  
(iv) As the 𝐿𝑒 number increased, the flow intensity decreased and the masse exchange rate rose. 
(v) For an infinity layer, the convection is triggered for smaller thermal Rayleigh numbers than 

for a square cavity. 
(vi) For an 𝑎𝑠𝑝𝑒𝑐𝑡 𝑟𝑎𝑡𝑖𝑜  of 4, different flow patterns were observed and the interval of existence 

of an oscillatory solution was determined. 

(vii) It must be noted that the results in this research only applied to the scenario where the 
buoyancy ratio was equal to 1. However, in the case of helping and opposing flows, where 
buoyancy forces are friendly, the current hypothesis might also be applicable.  

(viii) In practice, fluids are not always Newtonian; to deepen knowledge in this area it would be 
interesting to repeat the same study for a non-Newtonian fluid. 
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