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In the present study, an analysis has been carried out for a particle laden boundary 
layer flow with existence of electrification of particles has been studied over an inclined 
permeable stretching sheet. In most of the MHD fluid flow problems, either the plate 
is externally supplied by the magnetic/electric field or the fluid is electrically 
conducting. In the present problem, neither the plate is electrified nor the fluid is 
electrically conducted, but due to the random motion of the particles, collision of 
particle-particle and particle–wall, the particles are electrified. This electric field affects 
the fluid flow and heat transfer of the flow problem. Again, in the previous literatures, 
Buoyancy force is considered in momentum equations of fluid phase only. But in 
reality, both the phases are affected by the buoyancy force. For this reason, a 
reasonable mathematical model for two-phase buoyancy driven flow has been 
formulated with the consideration of electrification of particles in both fluid and 
particle phase. The governing system of PDEs are transferred to system of ODEs by 
applying similarity transformations and then computed by implementing Runga-Kutta 
method. The impact of electrification and other fluid parameters on flow and heat 

transfer has been studied. The results are represented through graphs and tables. 
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1. Introduction 
 

Heat transfer phenomena of two-phase flow [1] over a stretchable surface have huge applications 
in engineering process and manufacturing plants. The concept of unsteady two-phase flow that 
occurs due to suddenly stretching of sheets is very much used at fiber technology and in extrusion 
process. Many industrial applications based on stretching sheets are such as the extrusion of plastic 
sheet in aerodynamic industry, extrusion of polymer sheet in dying industry and sedimentation 
applications.  The quantity of heat flux over a plane is very much essential for determining quality of 
the product. The rate of stretching is also having a great role for getting good quality materials. As 
the area of applications is very large; many people are interested to work on the topic “boundary 
layer flow and heat transfer over a stretching sheet”.                                                                                                                                                     

Gurbkaand Bobba [2] has investigated for the heat transfer phenomena in the flow over a 
stretchable sheet. Similarity solution of unsteady flow and heat transfer over stretchable surface has 
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been studied by Sharidan, Mohmood and Pop [3]. With existence of magnetic field, a mixed 
convection of power law of fluid past over a stretching sheet was analyzed by Chen [4]. Rashidi et.al 
[5] have investigated on the “free convective heat and mass transfer for MHD flow over a vertical 
stretchable sheet”. Hady, Mohamed and Hilal [6] analyzed on the impacts of deformation on MHD 
viscoelastic fluid flow over a nonlinear stretchable sheet. Mukhopadhaya and Anderson [7] have 
studied a viscous incompressible fluid flow problem in cylindrical coordinate system with presence 
of uniform magnetic field. Reddy, M. Reddy and Naramgiri [8] have given a numerical computation 
result of heat and mass transfer in a clear fluid over a permeable stretchable sheet. Electrification of 
the solid particle always happens when particles are contact with each other and apart from each 
other in different surface conditions. In the fluid flow, electrification occurs by the collision of particle 
with each other and hitting of particles with the wall of the boundary layer. Since the electrification 
of particle have a great effect on boundary layer flow like skin friction, heat transfer etc. so it is very 
much important to merge these phenomena in the modeling of fluid flow problem. Tripathy et al., 
[9] has studied heat transfer in permeable stretching sheet. Samantara [10-12] have studied impact 
of electrification of particles in flow geometry of horizontal plate and jet flow.Also many researchers 
like Ishak et al., [13], Abel et al., [14] and Gireesha et al., [15] have given a great contribution towards 
the research process of fluid flow over a stretching sheet with presence of non‐uniform heat 
source/sink and radiation. 
 
2. Modeling of the Problem 

 
A boundary layer dusty flow near a “permeable” inclined unsteady stretching sheet is assumed in 

Figure 1. The wall is stretched with a linear, due to the application of two-interacting opposite forces 
on the wall. x-axis is considered along the flow and y-axis is normal to it. Due to tribo-electrification, 
both the phases are influenced by electric force. 

 

 
Fig. 1. Geometrical configuration of flow problem 

 
The prevailing equations are  
 
  ∂u

  ∂x
+

∂v

∂y
= 0              (1) 

 
 ∂

  ∂t
ρp + 

 ∂

  ∂x
(ρpup) +

∂

∂y
(ρpvp) = 0           (2) 
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With boundary conditions  
 

u = Uw(x, t) =
cx

1 − at
 , v = Vw(x, t) = −

v0

√1 − at
 at y = 0  

ρp = ωρ, u = 0 , up = 0 , vp → v   as y → ∞                (8) 

 
where ω is the density ratio in the main stream. 
 

For solving Eq. (6) and Eq. (7), the non –dimensional temperature boundary conditions can be 
considered as below  

 

T = Tw = T∞ + T0
cx2

ν(1−at)2  at y = 0andT → T∞  , Tp → T∞  as y → ∞      (9) 

 

For most of the gases τp ≈ τT  ,  ks = k
cs

cp

μs

μ
 ,  

cs

cp
=

2

3Pr
 

 
The non-dimensional variables used to solve Eq. (1) to Eq. (7) 
 

u =  
cx

1−at
f ′(η)  ,   v = −√
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ρ
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ρ
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c
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Where, 
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 Pr =
μcp

k
    , β =

1−at

cτp
    , ϵ =

νs

ν
  , φ =  

ρp

ρs
, A =

a

c
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μ

ρ
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√cν
,  

 

 θ(η) =
T−T∞

Tw−T∞
 ,  θp(η) =

Tp−T∞

Tw−T∞
  ,    

 

Where T = T∞ + T0
cx2

ν(1−at)2 θ(η) , Tp = T∞ + T0
cx2

ν(1−at)2 θp(η) 

 
We get the following 
 

 f ′′′ = A (f ′ +
η

2
f ′′) + f ′2

− ff ′′ +
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1
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2
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) −
3

2
Pr Ec MF

]                            (14) 

 

H′ = −(HF + HG′)/ (
η

2
A + G)                                          (15) 

 
3. Numerical Computation 
 

The system of Eq. (10) to Eq. (15) with the conditions Eq. (8) and Eq. (9) are computed by applying 
Runge-Kutte 4th order method with BVP4C tool of MATLAB. By considering finite value of 𝜂 → ∞ say 
𝜂 = 15 with a particular tolerance level of less than 𝑂(10−06). The investigations of numerical 
computations has been  made for the impact of different physical parameters like unsteady  
parameter(𝐴), Electrification parameter(𝑀), Prandtl number(𝑃𝑟), Eckret number(𝐸𝑐), Inclination 
parameter( α)  and  Buoyancy parameter(𝜆) are represented graphically. 

In Table 1 the results are also matched with the results available in previous literature. Here the 
values of rate of heat transfer are matched with the previous authors. So it proves the validation of 
our program. 
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Table 1 
Result validating table 
Prandtl 
number, 
Pr 

Ishak et 
al., [13] 

Able et 
al., [14] 

Giressha et 
al., [15] 

Chen [4] Gurbka et 
al., [2] 

Mukhopadhya et al., 
[7] 

Current 
Study 

0.72 ---------- 1.0885  1.0885 1.0885 1.0885 1.0885 1.0884 

1.0 1.3333 1.3333 1.3333 1.3333 1.3333 1.3333 1.3333 

3.0 2.5097 --------- 2.5097 2.5097 ---------- 2.5097 2.5097 

10.0 4.7969 4.7969 4.7969 4.7969 4.7969 ---------- --------- 

 
4. Result 
4.1 Effect of Prandtl Number (𝑃𝑟) 
  

Prandtl Number signifies the ratio between momentum boundary layer and thermal boundary 
layer of a flow field. In this problem, the momentum and energy equations are coupled with bouncy 
and electrification terms. So, the velocity as well as thermal distribution of the flow problem is 
influenced by variation of Prandtl number which is shown in Figure 2 & 3. The values of Pr can be 
chosen as 0.71, 1.0 and 7.0, as are Prandtl number of air, electrolyte solution and water respectively 
Figure 2&3 represent the variation of temperature profile of both phase with respect to Pr. From the 
figure it is observed that the “temperature profile” decreases with increasing of Pr value. It signifies 
that the flow of fluid along with particle is very high in case of air rather than electrolyte and water. 
In air, the thermal diffusion dominant momentum diffusion. For electrolyte solution, the momentum 
and thermal diffusion are equal, and the momentum diffusion dominant the thermal diffusion in case 
of water. 
 

 

 

 

Fig. 2. Effect of Prandtl number (Pr) 
on fluid temperature 

 Fig. 3. Effect of Prandtl number (Pr) on 
particle temperature 

 
4.2 Effect of Eckert Number (𝐸𝑐) 
  

Figure 4 & 5 represent the variant of temperature contour of fluid and particle phases respectively 
with respect to Ec. From the figure it is concluded that the temperature profile of both the phase 
increase with rising of Ec value. In case of particle phase, the impact of Ec clearly visible where as in 
case of fluid phase it is less distinguished. 
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Fig. 4. Effect of Eckert number (Ec) on 
fluid temperature 

 Fig. 5. Effect of Eckert number (Ec) on particle 
temperature 

 
4.3 Effect of Electrification Parameter (M) 
  

Figure 6 & 7 represent the variant of velocity contour of both the phases with respect to 
electrification parameter M.  From the figure it is marked that the velocity profile in both the-phase 
increases with enhance of M value. It is prominent in case of particle phase as compare to fluid phase. 
Figure 8 &9 represent the disparity of temperature profile of both phases with respect to M 
respectively. From the figure it is concluded that the temperature profile of both the phase increase 
with increasing of M value but the deviation is negligible in case of fluid phase but very much 
prominent in case of Particle phase. 
 

 

 

 

Fig. 6. Effect of Electrification parameter 
(M) on fluid velocity 

 Fig. 7. Effect of Electrification parameter 
(M) on particle velocity 
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Fig. 8. Effect of Electrification parameter 
(M) on fluid temperature 

 Fig. 9. Effect of Electrification parameter (M) 
on particle temperature 

 

4.4 Effect of Unsteady Parameter (A) 
  

Figure 10 & 11 represent the variation of velocity profile of both the phases with respect to 
unsteady   parameter “A”.  From the graph it is concluded that the velocity profile in both the phase 
decreases with increase of value of A up to certain distance then its effect reversed. Figure 12 & 13 
represent the deviation of temperature contour of both the phases with respect to unsteady 
parameter “A”. From the figure it is concluded that unsteady parameter “A” has negligible impact on 
the temperature profile of fluid phase whereas has effect on particle phase. 
 

 

 

 
Fig. 10. Effect of Unsteady parameter (A) 
on fluid velocity 
 

 Fig. 11. Effect of Unsteady parameter 
(A) on particle velocity 



CFD Letters 

Volume 15, Issue 5 (2023) 134-144 

141 
 

 

 

 
Fig. 12. Effect of Unsteady parameter 
(A) on fluid temperature 

 Fig. 13. Effect of Unsteady parameter (A) 
on particle temperature 

 
4.5 Effect of Angle of Inclined (𝛼) 
 

Figure 14 & 15 represent the variation of velocity profile of both the phases with respect to   
inclination parameter  "𝛼" .  From the figure it is concluded that the velocity profile has direct effect 
on inclination parameter  𝛼 for both the phases. Figure 16&17represent the variant of temperature 
profile of both the phases with respect to inclination parameter  𝛼 respectively. From the graph it is 
observed that the temperature profile of both the phase decrease with increase of inclination 
parameter"𝛼". 

 

 

 

 

Fig. 14. Effect of Angle of Inclined (𝛼) 
on fluid velocity 

 Fig. 15. Effect of Angle of Inclined (𝛼) on 
particle velocity 
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Fig. 16. Effect of Angle of Inclined (𝛼) 
on fluid temperature 

 Fig. 17. Effect of Angle of Inclined (𝛼) on 
particle temperature 

 
4.6 Effect of Bouncy Parameter (𝜆) 
  

Figure 18 &19 represent the variant of velocity profile of both phases with respect to bouncy     
parameter  𝜆 .  From the figure it is concluded that the bouncy   parameter  𝜆 has direct effect on 
velocity profile of fluid phase. But has reverse effect on particle phase. Figure 20 & 21 represent the 
variation of temperature profile of both the phases with respect to bouncy parameter𝜆. From the 
figure it is concluded that the temperature profile of both the phases falls with increasing the value 
of bouncy parameter𝜆. 
 

 

 

 

Fig. 18. Effect of Bouncy parameter (𝜆) 
on fluid velocity 

 

 Fig. 19. Effect of Bouncy parameter (𝜆) on 
particle velocity 
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Fig. 20. Effect of Bouncy parameter (𝜆) 
on fluid temperature 

 Fig. 21. Effect of Bouncy parameter (𝜆) on 
particle velocity 

 
4.7 Skin Friction and Nusselt Number 
 

Due to accelerating flow field, the temperature of both the phases rapidly increases along the 
surface. i.e. the fluid-particle interaction is more for accelerated fluid and causes the stronger electric 
field, which significantly enhances the temperature and it occurs more heat transfer on the surface 
of the stretching surface, shown in Table2. 

 
Table 2 
Effect of “Prandtl number”, “Eckret number”, “Angle of 
inclination” of the sheet and “Electrification parameter” 
on skin friction and Nusselt number. 
𝑃𝑟 𝐸𝑐 𝛼 𝑀 𝑓′′(0) −𝜃′(0) 
0.71 0.36 𝜋/4 0.5 -0.70052 0.95802 

1.0 -- -- -- -0.73621 1.15040 

7.0 -- -- -- -0.90060 3.26596 

0.71 0.36 𝜋 4⁄  0.5 -0.70052 0.95802 

 0.5   -0.69711 0.94442 
 1.0   -0.68557 0.89775 

0.71 0.36 0 0.5 -0.56578 0.98516 

  𝜋 6⁄   -0.62664 0.97332 

  𝜋 4⁄   -0.70052 0.95802 
  𝜋 3⁄   -0.80015 0.93548 

  𝜋 2⁄   -1.06634 0.85917 

0.71 0.36 𝜋 4⁄  0.1 -0.71345 0.95527 

   0.5 -0.70052 0.95802 
   1.0 -0.69862 0.95891 

 
5. Conclusion 

 

From above graphs and result discussions, it is concluded that the presence of particles in fluid 
has greater impacts on flow and heat transfer profiles. 

 
i. The presence of particles in fluid collides with each other and with the wall, thus generates 

electric force that helps in accelerating body force which acts in the direction of electric field. 
It results in reducing the skin friction on the surface of stretching sheet. 
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ii. It significantly enhances the temperature and it does more heat transfer on the surface of the 
stretching surface. 
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