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This study investigates the entropy generation and heat transfer of water density 
inversion region in a square cavity with the different relative positions of hot and cold 

walls by numerical simulation. Mathematical models are solved using the EES 

(Engineering Equation Solver) program. A physical model is a 38 mm square cavity filled 

with water, with cold and hot wall temperatures maintained at 0oC and 10oC. Results 
indicated that the Nusselt number of cases 1 (cold and hot walls on both sides) is higher 

than case 2 (hot wall above, cold wall below) and case 3 (cold wall above, hot wall 

below) by 1.582 and 1.059 times, respectively. The average total generation per unit 

volume in case 1 increases by 1.577 times and 1.059 times, respectively, compared to 
cases 2 and 3, which almost correspondingly increase with heat transfer capacity. 

Entropy generation by fluid friction is negligible.  
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1. Introduction 

 
Natural convection is a form of heat transfer applied in many technical fields, such as 

refrigeration, insulation, and solar equipment. Many studies have focused on the natural convective 

properties of fluids. For water, the density of water has an unusual change at a temperature of 4oC. 
In this region, the convection mechanisms are complex; they strongly influence the temperature field 
and the convection flow. Natural convection of water near maximum-density region has been 

investigated in many studies. Michalek et al., [1] tested four different numerical methods to 
determine a benchmark solution for natural convection in a square cavity. The result shows that the 
finite volume method with a sufficiently fine mesh size is the best option, and the temperature and 

velocity profile reference has been found. N. Seki et al., [2] experimentally and numerically 
investigated a rectangular vessel filled with water. They reported that de nsity inversion significantly 
influences natural convective heat transfer and the highest heat transfer corresponds to the 

dimension ratio of 0.81.5. Lin and Nansteel [3] numerically investigated a water-filled square cavity. 
These authors found that the density distribution parameter significantly influences heat transfer, 
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and the high heat transfer with the density distribution parameter is less than or equal to 0.5. Hu et 
al., [4] proposed and examined an annulus with a cylinder and an elliptical body inside. These 

researchers concluded that the higher Rayleigh number leads to the more potent the natural 
convection, and the elliptical body position does not affect the heat transfer. Li et al., [5] analyzed an 
annulus with horizontal cylinders. They reported that the density distribution parameter, 

eccentricity, and Rayleigh number significantly influence the heat transfer process. Sivasankaran [6] 
conducted a numerical study of the wavy porous cavity with filled water. The findings sugges t that 
the undulation and amplitude of the wavy wall significantly affect the heat transfer. Hossain and Rees 
[7] numerically examined a rectangular cavity with an internal heat source. They claim that the 

internal heat source significantly affects heat transfer, and the high heat source can change the flow 
direction. The above studies show that heat transfer properties of water near maximum density 
regions have been investigated by experiment and simulation in many different configurations.  

Heat transfers are an irreversible process that leads to entropy generation. The entropy 
generation destroys the energy of the system. Thus, reducing entropy generation has been 
considered an optimum method for designing thermal systems [8, 9]. Some studies related to the 

entropy generation of water density inversion region can be found in previous literature. Phu and 
hap [10] investigated the entropy generation of a cavity with a circular and elliptical body inside. They 
reported the largest entropy generation for the cavity with the circular body and the  smallest for the 

hollow cavity. Some studies related to nanofluid in the largest density regions can be found in studies 
by Kashani et al., [11] Mahmoudi et al., [12] Mirzaee and Lakzian [13]. 

Previous literature shows that heat transfer characteristic and entropy generation of the largest -

density water region was investigated in different physical models. However, the specific assessment 
of entropy generation in the square cavity as the physical model suggested in studies [1, 3] with the 
different relative positions between the hot and cold surfaces has not been investigated. Thus, to 
provide more data on this issue, the Nusselt number, local heat transfer coefficient, and entropy 

generation were investigated by numerical simulation. The results can be referred for the actual heat 
transfer process, such as system thermal energy storage, movement of the ocean, ice forming, and 
ice melting. 

 
2. Methodology  
2.1 Mathematical Modeling 

 
The entropy generation by heat transfer and fluid friction for the two-dimensional model can be 

determined [9, 14, 15]: 
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The total entropy generation is calculated as follows [9, 16]: 
 

𝑠𝑔𝑒𝑛,𝑡𝑜𝑡𝑎𝑙 = 𝑠𝑔𝑒𝑛,𝑡ℎ𝑒𝑟𝑚𝑎𝑙 + 𝑠𝑔𝑒𝑛,𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛               (3) 

 
Average total entropy generation per unit volume [10]: 
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𝑠𝑔𝑒𝑛,𝑎𝑣𝑒𝑟𝑎𝑔𝑒 =
1

𝑉
∫ (𝑠𝑔𝑒𝑛,𝑡ℎ𝑒𝑟𝑚𝑎𝑙 + 𝑠𝑔𝑒𝑛,𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛)𝑑𝑉𝑉                (4) 

 
where ux, uy, k (Wm-1K-1), V (m3), T(K) and μ (kgm-1s-1) are horizontal velocity, vertical velocity, thermal 

conductivity, volume of computational domain, temperature, and dynamic viscosity, respectively.  
The heat transfer rate can be determined [17]: 

 

𝑄 = ℎ𝐴(𝑇ℎ − 𝑇𝑐 )             (5) 
 
where h (Wm-2K-1), Th(K), Tc(K), and A (m2) are natural convection heat transfer coefficient, 

temperature of hot and cold surface, and surface area, respectively.  Nusselt number is calculated as 
follows [17]: 

 

𝑁𝑢 =
ℎ.𝐿

𝑘
              (6) 

 

where L(m) is distance between hot and cold wall . The local heat transfer coefficient is calculated by 
the formula [10, 17]: 

 

x-axis direction: ℎ𝑐𝑏 = −𝑘
𝜕𝑇/𝜕𝑥

(𝑇ℎ −𝑇𝑐)
               (7) 

 

y-axis direction:  ℎ𝑐𝑏 = −𝑘
𝜕𝑇/𝜕𝑦

(𝑇ℎ−𝑇𝑐)
                         (8) 

 
2.2 Numerical Methodology 
 

In this study, the physical model is a 38 mm square cavity filled with water at a pressure of 101325 
Nm-2, with cold and hot surface temperatures maintained at 0oC and 10oC. The relative positions of 
walls and boundary conditions are described in Figure 1.  

 

 
Fig. 1. Physical model and boundary conditions 
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It is detailed as follows: 
 

Case 1: Cold and hot wall on both sides (Figure 1a) 
𝑇(𝑥 ,𝑦) = 𝑇ℎ , 𝑇(𝑥𝐿 , 𝑦) = 𝑇𝑐 , 𝑥 = 0, 𝑥𝐿 = 𝐿          (9) 
 
𝜕𝑇

𝜕𝑦
(𝑥, 𝑦) =

𝜕𝑇

𝜕𝑦
(𝑥, 𝑦𝐿) = 0, 𝑦 = 0, 𝑦𝐿 = 𝐿                                   (10) 

 
Case 2: Cold wall below, hot wall above (Figure 1b) 
𝑇(𝑥, 𝑦) = 𝑇𝑐 , 𝑇(𝑥, 𝑦𝐿) = 𝑇ℎ , 𝑦 = 0, 𝑦𝐿 = 𝐿                    (11) 

 
𝜕𝑇

𝜕𝑥
(𝑥, 𝑦) =

𝜕𝑇

𝜕𝑥
(𝑥𝐿 , 𝑦) = 0, 𝑥 = 0, 𝑥𝐿 = 𝐿                                  (12) 

 

Case 3: Cold wall above, hot wall below (Figure 1c)  
𝑇(𝑥, 𝑦) = 𝑇ℎ , 𝑇(𝑥, 𝑦𝐿) = 𝑇𝑐 , 𝑦 = 0, 𝑦𝐿 = 𝐿                    (13) 
 
𝜕𝑇

𝜕𝑥
(𝑥, 𝑦) =

𝜕𝑇

𝜕𝑥
(𝑥𝐿 , 𝑦) = 0, 𝑥 = 0, 𝑥𝐿 = 𝐿                                 (14) 

 
For simplicity of numerical analysis, the following assumptions are made: the incompressible 

fluid, two-dimension, unsteady form, and water density varies only in the buoyancy term. The 

equations governing can be summarized as follows [1, 3]: 
 

Continuity:  

 
𝜕𝑢𝑥
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Momentum:  
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Energy: 
 
𝜕𝑇

𝜕𝑡
+ 𝑢𝑥

𝜕𝑇

𝜕𝑥
+ 𝑢𝑦

𝜕𝑇

𝜕𝑦
= 𝛼𝑇                                  (18) 

 

where x, y, g, ρ, ρ, p, t, and α (m2s-1) are dimensional horizontal coordinates, dimensional vertical 
coordinates, gravitational acceleration, density of fluid, reference density of fluid, pressure, time, and 

thermal diffusivity, respectively. The initial conditions are as follows [8,11]: 
 
+ u=v=0 initial velocity of the water 

+ ρ=999.8 kgm-3 is the reference density of water 
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The approach of false-transient was used to obtain a steady-state solution. Therefore, the above 
problem can be considered the steady form [1, 3]. This problem can be solved by ANSYS FLUENT with 

the setups as follows [1]: 
 

i . Steady-state heat transfer. 

ii . Equations governing were set up in the second-order-upwind scheme. 
iii . The coupling velocity-pressure was conducted with the SIMPLE algorithm. 
iv. Double precision was used to improve the accuracy of the result. 

 

Figure 2 shows the mesh generation and mesh enhancement of the computational domain. Mesh 
sizes from 0.5 to 0.1 mm were performed to test the grid independence. A mesh size of 0.1 mm was 
chosen because the result was a good fit for the published literature [1] (Figure 3). Simultaneously, 

the results show the reliability of the present simulation. The turbulence model in this simulation i s 
laminar [3]. The thermophysical properties of water are shown in Table 1, exported from EES 
software [18]. The residual equation of continuity, equation of energy, and velocity are 10-6. In this 

study, dimensionless variables were used. The following dimensionless scales  [1, 3, 19]: 
 

Dimensionless horizontal coordinates: 𝑋 = 𝑥/𝑥𝐿 , 𝑥𝐿 = 𝐿                               (19) 

Dimensionless vertical coordinates:  𝑌 = 𝑦/𝑦𝐿 , 𝑦𝐿 = 𝐿                   (20) 
Dimensionless horizontal velocities: 𝑋𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = 𝑢𝑥. 𝑥𝐿/𝛼, 𝑥𝐿 = 𝐿                             (21) 

Dimensionless vertical velocities: 𝑌𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = 𝑢𝑦 . 𝑦𝐿/𝛼, 𝑦𝐿 = 𝐿                  (22) 

 
                     Table 1 
                     Thermophysical properties of water according to absolute temperature (K) [18] 

No. Property 

1  Specific heat: cp=4212 (Jkg-1K-1) 

2 Density: = -11289.1+164.178T-0.825887 T2+0.00185663T3-1.5762.10-6 T4  (kgm-3) 

3 Thermal conductivity: k=0.566 (Wm-1K-1) 

4 Viscosity: =0.0017888 (kgm-1s-1) 

 

 
            Fig. 2. Mesh generation and 

refinement mesh 
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Fig. 3. Grid independence test and validation with previously published results [1] 

 
3. Results  

 
Figure 4 shows the temperature field, velocity distribution, and total entropy generation 

distribution of water in the square cavity corresponding to case 1. The results show that high-

temperature water distributes close to the hot surface and top of the cavity; low-temperature water 
is concentrated near the cold surface and bottom of the cavity (Figure 4 (a)). The appearance of a 
temperature gradient leads to changes in the density distribution of the water, thus forming natural 

convection movement inside the cavity. The highest velocity of water in the cavity is 0.00085 ms-1; 
the high-velocity water flow is close to the heat exchange surfaces and the intersection of the two 
convection currents (see Figures 4 (b) and 4(c)). 

 

 
Fig. 4. Temperature (a), velocity magnitude (b), velocity vector (c), and total entropy 
generation (d) of case 1 

 
Figure 5 shows the local heat transfer coefficient (LHTC) and local total entropy generation (LTEG) 

on the hot and cold surfaces of case 1. At Y = 0.04013 (point A) and Y = 0.9474 (point C), LHTC is the 
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largest and reaches 160.7 Wm-2K-1 and 259 Wm-2K-1, respectively (see Figure 5(a)). They are the re-
attach point of convection current on the cold and hot surfaces, with high-velocity water and the 

high-temperature difference between the incoming water stream and the surfaces (see Figure 4), 
which leads to the highest heat transfer at those locations. Corresponding to those points, LTEG is 
the largest and reaches 56.94 Wm-3K-1 and 158.9 Wm-3K-1, respectively. It can be explained that: Along 

the hot wall, at point A, the water layers near the hot surface have a high-temperature difference; 
meanwhile, the thickness of the water layers is the smallest (see Figure 4(a), so the temperature 
gradient is the highest, leading to the entropy generation by heat transfer or total entropy generation 
is the highest at this location. The same explanation for point C on the cold wall. LHTC and LTEG are 

the smallest at Y=1 (point B) and Y=0.724 (point D). Those points have the slightest temperature 
gradient due to the water layers near surfaces having negligible temperature differences (see Figure 
4(a)). Details of the local entropy generation along walls are indicated in Figure 5(b). The entropy 

generation by fluid friction is negligible due to the velocities of natural convection currents being 
small, with no appreciable difference between water near the surface s and water far from it. 

 

 

 
Fig. 5. Local heat transfer coefficient and entropy 
generation at hot and cold surfaces of case 1 

 

The temperature field, velocity distribution, and total entropy generation of case 2 are shown in 
Figure 6. The temperature has stratification and symmetry (Figure 6(a)). The highest velocity of water 
in the cavity is 0.00073 ms-1; the high-velocity water stream is near the left wall, right wall, and cavity 
center; the low-velocity water stream is close to the hot and cold surfaces (see Figure 6(b)). The cavity 

has two convection currents of equal size, and the contour of entropy generation has symmetry at 
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X=0.5 (see Figures 6(c), 6(d)). These symmetries may be due to the temperature stratification of the 
water layers from top to bottom. When the heat transfer process is stable, at the center region (X = 

0.5), the water layers have a temperature of about 4oC (see Figure 6(a)), the highest density leads to 
the appearance of a water stream moving from top to bottom (under gravity), which creates the 
symmetries. 

 

 
Fig. 6. Temperature (a), velocity magnitude (b), velocity vector (c), and total 
Entropy generation (d) of case 2 
 

Figure 7 shows the distribution of LHTC and LTEG at hot and cold surfaces of case 2. At X = 0.06 
and X = 0.94 (points A and A') and X=0.5 (point C), LHTC is the largest and reaches 66.7 Wm-2K-1 and 

73.63 Wm-2K-1, respectively (see Figures 6, 7(a)). Corresponding to those points, LTEG is the largest 
and reaches 9.8 Wm-3K-1 and 12.84 Wm-3K-1, respectively. They are the re-attach point of convection 
current on the cold and hot surfaces, with high-velocity water and the high-temperature difference 

between the water flow and the surfaces. At X = 0 and X = 1 (points D and D') and X = 0.5 (point B), 
LHTC and LTEG are the smallest. These are points located at the corner and the region of the water 
stream leaves the hot surface, with low-velocity water and a slight temperature difference between 

the water flow and the surface (see Figures 6, 7(a)).  Figure 7(b) shows local entropy generation along 
surfaces. The local entropy generation on the cold surface is more significant than on the hot surface. 
This trend is suitable for the cold surface location below. It results from the significant difference in 

temperature and velocity of water layers near the cold surface. The data lines are symmetric through 
the X=0.5 line, which perfectly agrees with the contour results in Figure 6(d). 
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Fig. 7. Local heat transfer coefficient and entropy generation at hot and cold surfaces of case 2 

 
Figure 8 describes the temperature field, velocity distribution, and total entropy generation 

distribution of case 3. The cavity has two convection currents of different sizes; the large convection 
current is deflected to the left (Figure 8(c)). This formation may be due to the unusual temperature 

field distribution, with the water layer having a temperature of about 4C with the highest density in 
region X=2/3 line, even though the hot and cold walls are set perpendicular to the direction of gravity 
(see Figure 8(a)). The maximum velocity of water is about 0.00097 ms-1. The region with the high 

velocity is near the left surface, the right surface, and the intersection of convection flows (Figures 
8(b), 8(c)). The total entropy generation is the largest at re-attachment points (points A and C) on the 
walls (see Figure 8(d)). 

 

 
Fig. 8. Temperature (a), velocity magnitude (b), velocity vector (c), and total 
entropy generation (d) of case 3 

 

Figure 9 shows the distribution of LHTC and LTEG at hot and cold surfaces of case 3. At X = 0.6842 
(point A) and X = 0.1849 (point C), LHTC is the largest and reaches 117.4 Wm -2K-1 and 134.5 Wm-2K-1, 
respectively (see Figures 8, 9(a)). These are points where the flow begins attachment to the wall with 
the highest velocity. Corresponding to those positions, LTEG is the largest and reaches about 30.37 
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Wm-3K-1 and 42.86 Wm-3K-1, respectively. At X=0 (point B) and X= 0.6776 (point D), LHTC and LTEG 
are the smallest. Those points are located at corners and the region where two convection currents 

leave the cold surface. Figure 9(b) shows detailed local entropy generation along the hot and cold 
surfaces, entropy variation along the walls is quite complex; it may result from forming two 
convection currents of different sizes in the survey domain.  

 

 

 
Fig. 9. Local heat transfer coefficient and entropy 
generation at hot and cold surfaces of case 3 

 

Figure 10 compares the Nusselt number and the average total entropy generation per unit 
volume for the cases. Nusselt number of cases 1 is the largest, and Nusselt number of cases 3 is the 
smallest. Heat transfer of case 1 is higher than that of case 2 and case 3 by 1.582 and 1.059 times, 
respectively. The average total entropy generation of case 1 is higher than that of case 2 and case 3 

by 1.577 and 1.059 times, respectively. The results show that the entropy generation almost 
correspondingly increases with heat transfer capacity, which is appropriate because the entropy 
generation due to friction is negligible in the survey cases.  
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Fig. 10. Nusselt number and average total 

entropy generation per unit volume 
 

4. Conclusions 
 

This study investigated the entropy generation and heat transfer of water density inversion 

region in a square cavity with the different relative positions of hot and cold surfaces. Numerical 
analysis was performed on a two-dimensional model. The main findings are as follows: 

 
i. Nusselt number of cases 1 (cold and hot walls on both sides) is higher than case 2 (cold 

wall below-hot wall above) and case 3 (cold wall above-hot wall below) by 1.582 and 1.059 
times, respectively. 

ii. The average total entropy generation per unit volume of case 1 is higher than case 2 and 

case 3 by 1.577 and 1.059 times, respectively. The entropy generation almost 
correspondingly increases with heat transfer capacity.  

iii. Entropy generation by fluid friction is negligible. 

iv. For case 1: The local heat transfer coefficient and local total entropy generation are the 
smallest at Y = 1 (hot surface) and Y = 0.724 (cold wall), which is the largest at Y = 0.04013 
(hot wall) and Y = 0.9474 (cold wall). 

v. For case 2: The local heat transfer coefficient and local total entropy generation are the 
smallest at X = 0.5 (cold wall) and X = 0.5 (hot wall), which is the largest at X = 0.06 and X 
= 0.94 (hot wall) and X = 0.5 (cold wall). 

vi. For case 3: The local heat transfer coefficient and local total entropy generation are the 

smallest at X = 0 (hot wall) and X = 0.6776 (cold wall), which is the largest at X = 0.6842 
(hot wall) and X = 0.1849 (cold wall). 
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