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In this paper, magnetohydrodynamic laminar forced convection of nanoliquid 
in a rectangular channel with an extended surface, top moving wall and three 
cylindrical blocks is numerically studied. The Lattice Boltzmann method is 
used for the resolution of the governing equations. Validity of the numerical 
home elaborated FORTRAN code was made and good agreement was found 
with published results. It is interspersed in this work by the effects of the 
following parameters: Reynolds number (50≤Re≤200), Hartmann number 
(0≤Ha≤50), nanoparticles volume fraction (0≤φ≤4%) and Eckert number 
(0.25≤Ec≤1). The numerical solution shows that the local and average Nusselt 
numbers ameliorate when the value of Reynolds number, Eckert number, and 
the nanoparticles volume fraction are enhanced. But decreases when the 
Hartmann number is increased. The impacts of viscous dissipation on heat 
transfer rate and entropy generation are more noticeable in the presence of 
a magnetic field. The addition of 4% of nanoparticles enhances the local 
Nusselt number by about 7%.  
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1. Introduction 
 

The optimization of heat transfer is an objective to be achieved. Many researchers have been 
interested in this subject because of its importance in the industry. The addition of nanoparticles in 
conventional fluids is one solution among several to improve the heat transfer rate. This solution is 
called nanofluid, which was proposed for the first time by Choi et al., [1] The experimental results 
show that the addition of nanoparticles enhances the thermal conductivity of fluids. The impacts of 
solid volume fraction and temperature on thermal conductivity of DWCNT- ZnO/water-ethylene 
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glycol has been experimentally investigated by Mohammad et al., [2]. The results disclosed that the 
thermal conductivity of nanofluid enhances with increasing concentration of nanoparticles. The 
influence of addition of Cu nanoparticles in base fluid on the thermal entropy generation and the 
frictional entropy generation has been studied by Farzad et al., [3]. They concluded that the 
increasing of the nanoparticle volume fraction decreases the thermal entropy generation and 
increases the frictional entropy generation. The effects of addition of CNTs/Al2O3 nanoparticles in 
base fluid on thermal conductivity has been studied by Mohammad et al., [4]. The numerical solution 
shows that the thermal conductivity of nanofluid depends directly on the solid volume fraction. Also, 
many numerical and experimental studies have been carried out on the effectiveness of nanofluids 
taken from previous studies [2-14]. They concluded that the addition of any type of nanoparticles 
(with thermal conductivity higher than that of base fluid) to base liquids enhances the thermal 
conductivity. Other works which are interesting in the use of nanofluids in heat exchangers can be 
found in Ref. [15-20]. The results demonstrated that the use of nanofluids has a positive impact on 
heat transfer in heat exchangers. 

Applying a magnetic field to nanofluid forced convection has many effects on heat transfer. 
Magnetohydrodynamic (MHD) forced convection of nanofluid is one of the interesting topics for 
many researchers. This is due to important engineering applications such as nuclear reactors, heat 
exchangers, hydrodynamical machines, car radiators, and medical applications. In this context, the 
study of Karimipour et al., [21] investigated numerically the laminar MHD forced convection flow of 
nanofluid (water/FMWNT carbon nanotubes) in a microchannel imposed to uniform heat flux. The 
results have shown that the fully developed velocity profile varied with Hartmann numbers. This 
means that increasing the magnetic field strength in order to increase the heat transfer rate is 
applicable only in a limited range, and it is not effective beyond that range. Forced convective heat 
transfer of nanofluids in porous half-rings has been studied in the presence of a uniform magnetic 
field by Sheikholeslami et al., [22]. The results indicated that the Nusselt numbers decreased with 
the increase in Lorentz forces. The research work of Aminossadati et al., [23] studied the magnetic 
field impact on forced convection of Al2O3 -water in a partially heated microchannel. The results 
reported that the microchannels are better in terms of heat transfer for higher Reynolds and 
Hartmann numbers. The effect of a magnetic field on free convection of three types of nanofluids: 
(copper/water, alumina/water and silver/water) has been studied by Hamad et al., [24]. The 
numerical results show that the increase in the values of the magnetic parameters leads to a 
diminution of the velocity magnitude and to the parameter heat transfer rate for fixed values of 
nanoparticles concentrations. The influence of the external magnetic field on forced convection of 
ferrofluid (Fe3O4–water) is taken from the study by Sheikholeslami et al., [25]. They found that the 
Nusselt number is a decreasing function of the Hartmann number. Selimefendigil et al., [26] 
interspersed by the role of magnetic field in forced convection of CuO-water. The results 
demonstrate that the Hartmann number has positive effects on the average Nusselt number, and it 
was varied with the inclination angle of the lower branching channel. The magnetohydrodynamic 
mixed convection flow has been studied by Ishak et al., [27]. Their results show that the magnetic 
field parameter plays an important role in controlling the boundary layer separation. The numerical 
study of Selimefendigil et al., [28] discussed the role of magnetohydrodynamic on the forced 
convection of CuO-water nanofluid flow in a channel with four circular cylinder blocks. The results 
show that the average Nusselt number increases about 9.34% when the value of Hartmann's number 
is increased from Ha=5 to Ha=10. More discussions on the effect of the magnetic field can be found 
in Ref. [29-36].  

Viscous dissipation plays a role as an internal heat generation source in affecting energy transfer, 
which affects temperature distributions and heat transfer rates. This heat source is caused by the 
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shearing of fluid layers. In this context, Orhan and Avci [37] numerically studied laminar forced 
convection with viscous dissipation between two parallel plates. The results found that the variations 
of the temperature distributions directly depend on the Brinkman number. Increasing the Brinkman 
number increases the Nusselt number on the heated wall when the movement direction of the upper 
plate and the main flow are in the same direction, while the opposite is true for the movement of 
the upper plate in the opposite direction. The heat transfer and entropy generation of a 
magnetohydrodynamic flow of a viscous incompressible electrically conducting Casson hybrid 
nanofluid between two infinite parallel non-conducting plates in a rotating frame has been studied 
by Das et al., [38]. The results show that the minimization in entropy generation is achieved for 
Casson hybrid nanofluid in comparison with Casson nanofluid. The impacts of viscous dissipation on 
MHD flow of a fluid in a vertical plate has been studied by Khaled et al., [39]. The results show that 
the fluid velocity, fluid temperature, the shear stress, and the rate of heat transfer at the wall increase 
as the Eckert number, Grashof number, thermal conductivity, and the magnetic field increase. Two 
and three dimensional study of Joule and viscous heating effects of magnetohydrodynamics 
nanofluid Al2O3-water forced convection in microchannels were numerically studied by Mousavi et 
al., [40]. They showed that considering Joule and viscous heating effects increases with the 
enhancement of the magnetic field intensity. Sheikholeslami and Abelman [41] studied the two phase 
flow of nanofluid in the presence of an axial magnetic field. The effect of viscous dissipation is taken 
into account. The results show that Nusselt's number is directly related to the aspect ratio and 
Hartmann's number, but inversely related to Reynolds's number, Schmidt's number, Brownian 
motion, and Eckert's number. The flow and heat transfer characteristics in three dimensions over a 
flat surface that is stretched, with the presence of viscous flow has been numerically studied by 
Mehmood et al., [42]. They concluded that the impact of the Prandtl number on temperature varies 
depending on the presence of viscous dissipation. When viscous dissipation is present, an increase in 
the Prandtl number leads to higher temperatures. However, in the absence of viscous dissipation, 
increasing the Prandtl number results in a decrease in temperature across the channel. The effect of 
thermal radiation and chemical reaction on MHD free convective heat and mass transfer and the 
impact of the nanofluid has been investigated on an infinite moving upright plate, Arulmozhi et al., 
[43]. They showed that the addition of nanoparticles in pure water reduces the velocity and when 
the chemical reaction parameter increases, the solutal boundary layer thickness decreases. The 
effects of a magnetic field, with suction and injection, and radiation terms on velocity and thermal 
slips have been studied by Guled et al., [44]. Their results show that the skin friction increases with 
higher suction parameter values, magnetic parameters, and the skin friction value decreases as the 
slip parameter value increases. 

According to the literature mentioned above, the entropy generation is one of the most 
important quantities which interests many researchers. The impacts of addition of nanoparticles and 
magnetic force in laminar forced convection on the entropy generation rate has been investigated 
by Atashafrooz et al., [45]. They concluded that the magnitude of the total entropy generation for 
Al2O3–H2O nanofluid is less compared to CuO–H2O nanofluid. The total entropy generation along 
the hot channel is reduced significantly with increasing the Lorenz force, and it increases with 
addition of nanoparticles. These results are discussed in Ref. [46-48]. 

Many prior studies involving magnetohydrodynamic forced convection flow do not analyze the 
impact of viscous terms. The novelty of the present study is to investigate numerically laminar MHD 
forced convection flow of nanoliquid in a rectangular channel with an extended surface, moving top 
wall and three cylindrical blocks in the presence of a viscous dissipation term. Effects of influential 
non dimensional parameters (Reynolds number, Hartmann number, Eckert number and 
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nanoparticles volume fraction) on temperature field distribution, stream function, entropy 
generation and mean Nusselt number are studied in detail. 
 
2. Problem Configuration and Mathematical Formulation 
2.1 Problem Considerations 
 

The present study has been simulated in a two-dimensional rectangular channel with an extended 
surface crossed by Cu–water nanoliquid and containing three-cylinder hot blocks. The length (L=21H) 
and the height (2H) of the channel. The length of the extended surface is equal to 3H. A first hot 
cylinder block of diameter (D=H) is placed in the middle of the channel in the Y direction and the 
center of the first cylinder in the X direction is placed at 5H. The distance between the cylinders is 
equal to 5H. The nanoliquid and the top wall move with a constant velocity Uin and Uw respectively, 
and a cold temperature. A uniform temperature of three-cylinder blocks, extended surface, and 
bottom wall are imposed. A uniform magnetic flux with uniform intensity B0 acts along the Y-axis, its 
orientation forms an angle. The 2D schematic of this configuration is described in Figure 1. The 
thermophysical properties of water (base-liquid) and the copper nanoparticles are presented in Table 
1 by Santara et al., [50]. 

 

 
Fig. 1. Schematic of the physique problem 

 
Table 1 
Thermo-physical properties of base water and the Cu nanoparticle     
Santara et al., [50] 
Physical properties Water Cu 

CP(J.kg-1.K-1) 4181.8 383.1 
𝝆 (kgm-3) 1000.52 8954 
k(W.m-1.K-1) 0.597 386 
𝜷 (K-1) 21×10-5 51×10-6 

𝝈 (Ωm)-1 0.05 2.7×10-8 

𝝁 ×104(kg/ms) 8.55 - 

 
2.2 Governing Equations 
 

In order to write the mathematical model, the following assumptions are used: 
i. Steady state flow 

ii. The flow is supposed to be incompressible, laminar, and two-dimensional. 
iii. The magnetizing force due to the weak magnetic dipole moment is neglected as compared to 

the Lorentz force.  
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Nanoliquid 

Uin 

Ti

n 

UW 

Hot wall 

5H 5H H 

Tw 

Hot wall 

2H 

21H=L 



CFD Letters 

Volume 15, Issue 12 (2023) 77-106 

81 
 

iv. The mixture of the base fluid and suspended nanoparticles is treated as a single phase with 
homogeneous effective properties. 

v. The fluid is supposed to be Newtonian  
vi. The thermo-physical properties are supposed to be constant. 

vii. The Joule heating is neglected. 
viii. The radiation effects are also neglected.  

ix. The nanoparticles are supposed to be of a spherical shape. 
 

When using the aforementioned assumptions, the governing equations can be written as: 
 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 (1) 

𝜌𝑛𝑙 [𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
] = −

𝜕𝑝

𝜕𝑥
+ 𝜇𝑛𝑙 [

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
] + 𝜎𝑛𝑙𝐵𝑜

2(𝑣 𝑠𝑖𝑛( 𝛾𝑀) 𝑐𝑜𝑠( 𝛾𝑀) − 𝑢 𝑠𝑖𝑛2( 𝛾𝑀)) 

 

(2) 

𝜌𝑛𝑙 [𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
] = −

𝜕𝑝

𝜕𝑦
+ 𝜇𝑛𝑙 [

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
] + 𝜎𝑛𝑙𝐵𝑜

2(𝑣 𝑠𝑖𝑛( 𝛾𝑀) 𝑐𝑜𝑠( 𝛾𝑀) − 𝑣 𝑐𝑜𝑠2( 𝛾𝑀)) (3) 

𝜌𝑛𝑙𝐶𝑝 [𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
] = 𝑘𝑛𝑙 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
) + 𝛷 (4) 

 
The equations related to the non-dimensioning of governing equations for laminar and MHD 

forced nanoliquid flow are described as follows: 
 

𝑋 =
𝑥

𝐻
, 𝑌 =

𝑦

𝐻
, 𝑈 =

𝑢

𝑢𝑖𝑛
, 𝑉 =

𝑣

𝑢𝑖𝑛
𝑃𝑟 =

𝑣𝑛𝑙

𝛼𝑛𝑙
, 𝜃 =

𝑇 − 𝑇𝑖𝑛

𝑇𝑤 − 𝑇𝑖𝑛
, 𝑅𝑒 =

𝑢𝑖𝑛𝐷ℎ

𝑣𝑛𝑙
, 𝑃 

=
𝑝

𝑢𝑖𝑛
2 , 𝐻𝑎 = 𝐻𝐵𝑜√

𝜎𝑛𝑙

𝜇𝑛𝑙
, 𝐸𝑐 =

𝑢𝑤
2

𝐶𝑝𝑛𝑙(𝑇𝑖𝑛 − 𝑇𝑤)
 

(5) 

 
By substituting this dimensionless variable in Eq. (1–4), governing equations in the dimensionless 

state can be written as follows Karimipour et al., [21]: 
 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0 (6) 

𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= −

𝜕𝑃

𝜕𝑋
+

1

𝑅𝑒 [
𝜕2𝑈

𝜕𝑋2
+

𝜕2𝑈

𝜕𝑌2
]

𝐻𝑎2

𝑅𝑒 𝑠𝑖𝑛(𝑀 𝑐𝑜𝑠(𝑀 𝑠𝑖𝑛2(𝑀

 (7) 

𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+

1

𝑅𝑒 [
𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2]
𝐻𝑎2

𝑅𝑒 𝑠𝑖𝑛(𝑀 𝑐𝑜𝑠(𝑀 𝑐𝑜𝑠2(𝑀

 (8) 

𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
=

1

𝑃𝑟. 𝑅𝑒 (
𝜕2𝜃

𝜕𝑋2
+

𝜕2𝜃

𝜕𝑌2
)

𝐸𝑐

𝑅𝑒(
𝜕𝑈

𝜕𝑌
+

𝜕𝑉

𝜕𝑋
)

2

 
(9) 

 
The boundary conditions of this problem are given by Miri et al., [11] in Table 2: 
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Table 2 
Boundary conditions 

 
Velocity boundary  
conditions 

Temperature boundary 
conditions 

At the inlet of channel 𝑈 = 1; 𝑉 = 0 𝜃 = 0 

At the outlet of channel 
𝜕𝑈

𝜕𝑋
=

𝜕𝑉

𝜕𝑋
= 0 

𝜕𝜃

𝜕𝑋
= 0 

At the downstream bottom 
wall of channel 

𝑈 = 0; 𝑉 = 0 𝜃 = 1 

At the top wall of channel 𝑈 = 1; 𝑉 = 0 𝜃 = 0 
At the hot cylinder blocks 𝑈 = 0; 𝑉 = 0 𝜃 = 1 

 
2.3 Nanoliquid Properties 

 
The heat capacitance, density, thermal diffusivity, thermal conductivity, viscosity and electrical 

conductivity of the nanoliquid are given in Table 3, Mliki et al.,[12]: 
 

Table 3 
Nanoliquid properties, Mliki et al., [12] 
Properties Mathematical formulation 
The heat capacitance (𝜌𝐶𝑃)𝑛𝑙 = (1 − 𝜙)(𝜌𝐶𝑃)𝑙 + 𝜙(𝜌𝐶𝑃)𝑝 

Density 𝜌𝑛𝑙 = (1 − 𝜙)𝜌𝑙 + 𝜙𝜌𝑝 

Thermal diffusivity 𝛼𝑛𝑙 = 𝑘𝑛𝑙/(𝜌𝐶𝑃)𝑛𝑙 

Thermal conductivity 𝑘𝑛𝑙 = 𝑘𝑙

𝑘𝑝 + 2𝑘𝑙 − 2𝜙(𝑘𝑙 − 𝑘𝑝)

𝑘𝑝 + 2𝑘𝑙 + 𝜙(𝑘𝑙 − 𝑘𝑝)
 

The effective viscosity 𝜇𝑛𝑙 =
𝜇𝑙

(1 − 𝜙)2.5
 

The electrical conductivity 𝜎𝑛𝑙 = 𝜎𝑙 [1 +
3(𝜎𝑠/𝜎𝑙 − 1)𝜙

(𝜎𝑠/𝜎𝑙 + 2) − (𝜎𝑠/𝜎𝑙 − 1)𝜙
] 

 
2.4 Parameters of Engineering Interest 
 

The convective heat transfer is described using Nusselt number along the bottom wall, the local 
and average Nusselt number are expressed as follows: 

 

𝑁𝑢 = −
𝑘𝑛𝑙

𝑘𝑙
(

𝜕𝜃

𝜕𝑌
)|

𝑌=0
 (10) 

𝑁𝑢𝑎𝑣𝑔 =
1

𝐿
∫ 𝑁𝑢. 𝑑𝑋

𝐿

0

 (11) 

 
The relationships between the stream function and velocity components can be calculated by: 

 

𝑈 =
𝜕𝜓

𝜕𝑌
 and 𝑉 = −

𝜕𝜓

𝜕𝑋
 (12) 

 
It can be written in a single equation: 
 

𝜕2𝜓

𝜕𝑋2
+

𝜕2𝜓

𝜕𝑌2
=

𝜕𝑈

𝜕𝑌
−

𝜕𝑉

𝜕𝑋
 (13) 

 



CFD Letters 

Volume 15, Issue 12 (2023) 77-106 

83 
 

The local dimensionless entropy generation is the result of the sum of the irreversible heat 
transfer, the fluid friction, and the magnetic field.  

 
𝑆𝑔𝑒𝑛 = 𝑆𝑔𝑒𝑛,ℎ + 𝑆𝑔𝑒𝑛,𝑣 + 𝑆𝑔𝑒𝑛,𝑀 (14) 

 
The first term relative to the heat transfer irreversibility: 
 

𝑆𝑔𝑒𝑛,ℎ =
𝑘𝑛𝑙

𝑘𝑙
[(

𝜕𝜃

𝜕𝑋
)

2

+ (
𝜕𝜃

𝜕𝑌
)

2

] (15) 

 
The second term corresponds to fluid friction irreversibility: 
 

𝑆𝑔𝑒𝑛,𝑣 = 𝜒
𝜇𝑛𝑙

𝜇𝑙
{2 [(

𝜕𝑈

𝜕𝑋
)

2

+ (
𝜕𝑉

𝜕𝑌
)

2

] + [(
𝜕𝑈

𝜕𝑌
) + (

𝜕𝑉

𝜕𝑋
)]

2

} (16) 

 
The last term associated with the magnetic field irreversibility: 
 

𝑆𝑔𝑒𝑛,𝑀 = 𝜒 × 𝐻𝑎2 × [(1 − 𝜙) + 𝜙
𝜌𝑠

𝜌𝑙
] × [𝑈 𝑠𝑖𝑛(𝛾𝑀) − 𝑉 𝑐𝑜𝑠(𝛾𝑀)]2 (17) 

 
Where𝜒represents the irreversibility factor: 
 

𝜒 =
𝜇𝑛𝑙𝑇𝑖𝑛𝑈𝑖𝑛

2

𝑘𝑛𝑙(𝑇𝑤 − 𝑇𝑖𝑛)2
 (18) 

 
Bejan number (Be) which is important while discussing entropy generation, is defined as the ratio 

of entropy generation due to heat transfer and total entropy generation: 
 

𝐵𝑒𝐿𝑜𝑐𝑎𝑙 =
𝑆𝑔𝑒𝑛,ℎ

𝑆𝑔𝑒𝑛
  (19) 

 
The total entropy generation (𝑆𝑔𝑒𝑛) and the Bejan number (Be) are calculated by the integration 

over the whole domain Ω as: 
 

𝑆𝑔𝑒𝑛 = ∬ 𝑆𝑔𝑒𝑛
𝛺

 𝑑𝑋𝑑𝑌 

And, 
𝐵𝑒 = ∬ 𝐵𝑒𝐿𝑜𝑐𝑎𝑙𝛺

 𝑑𝑋𝑑𝑌  

(20) 

 
3. LBM Method 
 

The lattice Boltzmann approach (LBM) has been used in this work. To simulate flow and heat 
transfer of nanoliquid in a 2D backward facing step. The D2Q9 model was selected as shown in Figure 
2 (a) for the dynamic field and with the D2Q4 for the thermal field Figure 2 (b). 
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(a) (b) 

Fig. 2. D2Q9- D2Q4 models: for the (a) velocity field and (b) temperature field 
 
The Lattice Boltzmann Equation (LBE) with external term force is solved using the BGK 

approximation.  
 

For the dynamic field: 
 

𝑓𝑘(𝑥 + 𝑐𝑘𝛥𝑡, 𝑡 + 𝛥𝑡) = 𝑓𝑘(𝑥, 𝑡) +
𝛥𝑡

𝜏𝜐
[𝑓𝑘

𝑒𝑞(𝑥, 𝑡) − 𝑓𝑘(𝑥, 𝑡)] + 𝛥𝑡𝑐𝑘𝐹𝑘 (21) 

 
Where Δt, τ, ck, Fk and 𝑓𝑘

eq  denotes respectively the lattice time step, the relaxation time, the 
discrete lattice velocity in direction (𝑖), the external force in direction of lattice velocity, and the 
equilibrium distribution function. 

 
For the temperature field: 

 

𝑔𝑘(𝑥 + 𝑐𝑘𝛥𝑡, 𝑡 + 𝛥𝑡) = 𝑔𝑘(𝑥, 𝑡) +
𝛥𝑡

𝜏𝑔
[𝑔𝑘

𝑒𝑞(𝑥, 𝑡) − 𝑔𝑘(𝑥, 𝑡)]  (22) 

 

𝜏𝜐 and 𝜏𝑔 are the relaxation times for the flow and temperature fields, 𝑓𝑘
𝑒𝑞 and 𝑔𝑘

𝑒𝑞are the 

equilibrium distribution functions given for the D2Q9-D2Q4 models respectively as: 
 

𝑓𝑘
𝑒𝑞 = 𝜌𝜔𝑘 [1 + 3

𝑐𝑘. 𝑢𝑖

𝑐2
+

9(𝑐𝑘. 𝑢𝑖)2

2𝑐4
−

3𝑢𝑖
2

2𝑐2
]  (23) 

𝑔𝑘
𝑒𝑞 = 𝜃𝜔𝑘[1 + 2𝑐𝑘. 𝑢𝑖]  (24) 

 
For the D2Q9, the weighting factors and the discrete particle velocity vectors are defined as 

follows:  
 

(

𝜔𝑘

𝑐𝑘,𝑥

𝑐𝑘,𝑦

) = (

4

9
,
1

9
,
1

9
,
1

9
,
1

9
,

1

36
,

1

36
,

1

36
,

1

36
0,   1,   0, −1, 0,   1,   − 1,  − 1,    1
0,   0,  1,   0, −1,  1,      1,   − 1, −1

)    (25) 

 
The macroscopic quantities are calculated by the following equations: 
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𝜌 = ∑ 𝑓𝑘

𝑘=0−8

    (26) 

𝜌𝑢 = ∑ 𝑓𝑘

𝑘=0−8

𝑐𝑘 + 𝛥𝑡𝐹    (27) 

𝜃 = ∑ 𝑔𝑘

𝑘=0−4

    (28) 

 
The unknown distribution functions are calculated by the following relations in Table 4: 
 
Table 4 
Boundary conditions for f and g distribution function 

 Velocity boundary conditions Temperature boundary conditions 

At the inlet 

𝜌𝑖𝑛 =
𝑓0 + 𝑓2 + 𝑓4 + 2(𝑓3 + 𝑓6 + 𝑓7)

1 − 𝑢𝑖𝑛𝑙𝑒𝑡

 

𝑓1 = 𝑓3 +
2

3
𝜌𝑢𝑖𝑛𝑙𝑒𝑡  

𝑓5 = 𝑓7 +
1

2
(𝑓4 − 𝑓2) +

1

6
𝜌𝑢𝑖𝑛𝑙𝑒𝑡  

𝑓8 = 𝑓6 −
1

2
(𝑓4 − 𝑓2) +

1

6
𝜌𝑢𝑖𝑛𝑙𝑒𝑡  

𝑔1 = 𝜃(𝜔(1) + 𝜔(3)) − 𝑔3  

𝑔5 = 𝜃(𝜔(5) + 𝜔(7)) − 𝑔7  

𝑔8 = 𝜃(𝜔(6) + 𝜔(8)) − 𝑔6  

At the outlet of the channel 
𝑓3(𝑛, 𝑗) = 2𝑓3(𝑛 − 1, 𝑗) − 𝑓3(𝑛 − 2, 𝑗) 
𝑓6(𝑛, 𝑗) = 2𝑓6(𝑛 − 1, 𝑗) − 𝑓6(𝑛 − 2, 𝑗) 
𝑓7(𝑛, 𝑗) = 2𝑓7(𝑛 − 1, 𝑗) − 𝑓7(𝑛 − 2, 𝑗) 

𝑔3(𝑛, 𝑗() 𝑔3(𝑛 − 1, 𝑗() 𝑔3(𝑛 − 2, 𝑗()))) 
𝑔6(𝑛, 𝑗() 𝑔6(𝑛 − 1, 𝑗() 𝑔6(𝑛 − 2, 𝑗()))) 
𝑔7(𝑛, 𝑗() 𝑔7(𝑛 − 1, 𝑗() 𝑔7(𝑛 − 2, 𝑗()))) 

At the top boundary 
𝑓4(𝑖, 𝑚) = 𝑓2(𝑖, 𝑚) 
𝑓7(𝑖, 𝑚) = 𝑓5(𝑖, 𝑚) 
𝑓8(𝑖, 𝑚) = 𝑓6(𝑖, 𝑚) 

𝑔4(𝑖, 𝑚) = 𝑔4(𝑖, 𝑚 − 1) 
𝑔7(𝑖, 𝑚) = 𝑔7(𝑖, 𝑚 − 1) 
𝑔8(𝑖, 𝑚) = 𝑔8(𝑖, 𝑚 − 1) 

 
At the heated part of the 
walls 

 

 

𝑔4(𝑖, 𝑚) = 𝜃(𝜔(4) + 𝜔(2)) − 𝑔2(𝑖, 𝑚) 

𝑔7(𝑖, 𝑚) = 𝜃(𝜔(7) + 𝜔(5)) − 𝑔5(𝑖, 𝑚) 

𝑔8(𝑖, 𝑚) = 𝜃(𝜔(8) + 𝜔(6)) − 𝑔6(𝑖, 𝑚) 

 
4. Physical Interpretations and Discussion 
4.1 Independency from Iteration Number 
 

Table 5 indicates the demanded iterations number for results independency from gridding. The 
selected iteration number has been studied from 1000 to 200000 for the nanoliquid in Reynolds 
number of 100. In this investigation, the independence of flow and heat transfer parameters was 
intended. For the chosen iteration number, the average Nusselt numbers on the bottom wall have 
been compared with different iteration numbers. According to the changes of parameters in the 
chosen iteration number, it is observed that the iteration number of 50000, in comparison with the 
lower iteration number, has more accurate results. In this study, this iteration number has been used 
as an acceptable iteration number in the simulation of the numerical solving domain of heat transfer 
and flow. 

 
Table 5  
Average Nusselt number on the bottom wall for different iteration numbers 
Iteration number 1000 5000 10000 50000 100000 200000 

Average Nusselt number 52.870 26.228 16.127 13.338 13.339 13.339 
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4.2 Validation of the Numerical Code 
 

In order to verify the accuracy of the present results, the local Nusselt number values have been 
compared with those reported by Alashafrooz et al., [49] and Santara et al., [50]. These comparisons 
show excellent agreement (Figure 3 and Figure 4) and Table 6. 

 

 
Fig. 3. Local Nusselt number variation compared to those 
of Alashafrooz et al.,[49] for Re=400; ɸ=0.04 

 

 
Fig. 4. Comparison of the Nusselt number distribution along 
the bottom wall with results obtained by Santara et al., [50] 
for Re=100; ɸ=0.025 
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Table 6 

Comparison of average Nusselt number along the 
bottom wall with results obtained by Ferhi et al., 
[51] for Re=10; ɸ=0;  
 Nuavg  

Grid size This works Ferhi et al., [51] 

100×25 9.800 9.850 
200×50 9.905 9.900 
400×100 9.945  9.940 

 
4.3 Independency from Grid 

 
The corresponding values of the average Nusselt number along the bottom wall are calculated 

and tabulated for several different grids in Table 7. According to this table, the numerical results are 
almost the same for meshes smaller than 840×80, so that there is no significant change in the results. 
Thus, an 840×80 mesh was selected to implement the code. All computations in this research are 
performed using a computer program written in Fortran. 

 
Table 7 
Grid independence test results for Re=50; ɸ=0.02; 
Ec=0.5; Ha=0; γM=0 
Grid size Nuavg Percentage of the difference 

105×10 6.123 − 
210×20 6.421 4.86% 
420×40 6.569 2.30% 
840×80 6.571 0.03% 
1680×160 6.572 0.015% 

 
4.4 Effects of Reynolds Number 
 

In this section, we are interested in the effects of Reynolds numbers. Figure 5 shows the influence 
of Reynolds numbers on the streamlines and isotherms contours for Ha=0; ɸ=0.02; Ec=0.5. As can be 
seen, with the increase in Reynolds numbers, the length of the recirculation zone behind the step is 
increasing and the flow of nanoliquid becomes faster. An increase in the Reynolds number causes a 
reduction in the thickness of the thermal boundary layer, leading to a higher level of compression 
observed in the streamlines. The maximum and the minimum values of the stream function are equal 
to (Ψmax=3007.96; Ψmin=-142.716) and are calculated for Re=200. On the other hand, the 
isotherms' contours are more clustered along the bottom hot wall. As a result, the flow of nanoliquid 
near the cold wall exhibits greater flexibility. It can be concluded that the external inertia forces 
dominate, which leads to heat transfer enhancement. 
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Re=50 

 

Ψmin=-3.403 
Ψmax=461.838 

 

 
 

Re=100 

 

Ψmin=-26.841 
Ψmax=1033.157 

 

 

Re=150 

 

Ψmin=-71.195 
Ψmax=1799.145 

 

 

Re=200 

 

Ψmin=-142.716 
Ψmax=3007.96 

 

 

Fig. 5. Streamlines and isotherms contours for different Reynolds number at Ha=0; ɸ=0.02; Ec=0.5 

 
For the same parameters, the average Nusselt number (Nuavg) on the bottom hot wall in terms 

of Reynolds number is shown in Figure 6. The average Nusselt is an increasing function of Reynolds 
number for all values of Hartmann number. This means that the higher velocity of the nanoliquid 
leads to increased forced convection and hence the value of Nuavg. This can be directly explained by 
the growth of the inertia forces. 

Also, the variation of Nulocal on the bottom hot wall for Re=50-100-150-200; Ha=0; ɸ=0.02; 
Ec=0.5   is shown in Figure 7. Three picks have been observed in the curve of the local Nusselt number 
on the bottom wall. These picks are due to the presence of three-cylinder hot blocks, the presence 
of the recirculation zone behind the extended surface increases the flow of nanoliquid. At Reynolds 
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number equal to 200, the first, second, and third picks had maximum local Nusselt numbers 
(Nulocal=81.624; Nulocal=64.306; Nulocal=61.464) respectively. As a result, increasing the Reynolds 
number leads to increasing the convection mechanism results, which in turn results in higher heat 
transfer coefficients in terms of local Nusselt numbers. It can be concluded that the inertial forces 
dominate over the viscous forces. 

 

 
Fig. 6. Variation of Nuavg in function of Re for Ha=0-25-
50; ɸ=0.02; Ec=0.5  

 

 
Fig. 7. Variation of Nulocal for Re=50-100-150-200; Ha=0; 
ɸ=0.02; Ec=0.5 

 
Figure 8 shows the distribution of X-component velocity at X=0.5 for Re=50-100-150-200; Ha=0; 

ɸ=0.02; Ec=0.5. The increase of Reynolds number allows us to increase the velocity component in X 
direction. This shows that the velocity of the flow depends directly on the Reynolds number. Also, 
the presence of a recirculation zone behind the extended surface can be observed by the negative 
values of the axial velocity component just for Re=150-200. This influence is due to enhancement of 
the inertia forces. It demonstrates the domination of the convective mode of nanoliquid. On the 
other hand, Figure 9 shows the variation in temperature profile at X=0.5. It is evident from the 
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observation that as the value of the Reynolds number increases, the temperature profile in X 
direction decreases. These results confirm that the heat transfer rate is increased by the 
enhancement of Reynolds number. It can be explained by the fact that the motion of nanoliquid 
becomes faster, which enhances the convective heat transfer coefficient and reduces the conductive 
mode.  

 

 
Fig. 8. Variation of U (X;0.5) for Re=50-100-150-200; Ha=0; 
ɸ=0.02; Ec=0.5 

 

 
Fig. 9. Variation of𝜃  (X;0.5) for Re=50-100-150-200; Ha=0; 
ɸ=0.02; Ec=0.5 
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increase in (Re) enhances the total entropy generation. The increase in total entropy generation 
signifies a rise in overall irreversibility. This impact indicates that more energy is being dissipated in 
nanoliquid. On the contrary, the curve of Bejan numbers decreased. These performances are due to 
enhanced terms of entropy generation due to heat transfer and fluid friction. 
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(a) 

 
(b) 

Fig. 10. Variation of (a) the total entropy generation and 
(b) the Bejan number in function of Re for Ha=0-25-50; 
ɸ=0.02; Ec=0.5 

 
4.5 Effect of Hartmann Number 
 

Figure 11 illustrates the influence of Hartmann number on streamlines and isotherm contours for 
Re=100; ɸ=0.02; Ec=0.5. As can be seen by increasing the Hartmann number, a recirculation zone 
disappears behind the extended surface. The size of these recirculation zones decreases with the 
Hartmann number. As the magnetic field is applied, the recirculation cells are more compressed, 
which is a sign of augmented nanoliquid velocity in the channel. Moreover, the maximum value of 
the stream function is enhanced by the magnetic field. The maximum and the minimum values of the 
stream function (Ψmax=1060.284; Ψmin=-1.684) are calculated for Ha=50, respectively. The physical 
reason for this phenomenon is the interaction of external Lorentz force along with the buoyancy and 
shear driven flow has a tendency to speed up the movement of the nanoliquid within the channel. 
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Fig. 11. Streamlines and isotherms contours for different Hartmann number at Re=100; ɸ=0.02; Ec=0.5 

 

Figure 12 presents the variation of the average Nusselt number (Nuavg) in function of Hartmann 
number for Re=50-100-200; ɸ=0.02; Ec=0.5. For all values of Reynolds number, the average Nusselt 
number slightly decreased with the rise of the Hartmann number. As a result, the magnetic field 
reduces the average Nusselt number. The reason for this behavior is that the flow of nanoliquid is 
steady at higher Hartmann number values. For more details, the local Nusselt number distribution is 
presented in Figure 13 for the same conditions. From this figure, it can be seen that the presence of 
the external magnetic field decreases the local Nusselt number. The influence of the Hartmann 
number is remarkable when the conductive mode dominates. The negative impact of the volumetric 
force is clearly observed. Also, the presence of a magnetic field causes a decrease in the three peaks 
in this curve. At Hartmann number numbers equal to 50, the first, second, and third picks had 
maximum values equal to (Nulocal=43.299; Nulocal=29.523; Nulocal=22.018) respectively. 
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Fig. 12. Variation of Nuavg in function of Hartmann number 
for Re=50-100-200; ɸ=0.02; Ec=0.5 

 

 
Fig. 13. Variation of Nulocal for Re=100; Ha=0-25-50; ɸ=0.02; 
Ec=0.5  

 
Figure 14 presents the distribution of the velocity component profile in X- direction at X=0.5 for 

Re=100; Ha=0-25-50; ɸ=0.02; Ec=0.5. The numerical results show that the velocity component profile 
in X-direction is reduced when the Hartmann number is increased. These effects are observed when 
the nanoliquid moves between the hot blocks, which means the impact of the external magnetic 
force is detected when the nanoliquid moves more smoothly. Similarly, the same influence is 
detected on the temperature profile in X direction at X=0.5 in Figure 15 but in a lighter way. The 
opposite effects of the Lorentz force and inertia forces on the flow of cu-water are detected. It can 
be concluded that the Lorentz force retards the velocity and temperature of the flow of nanoliquid. 
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Fig. 14. Variation of U (X;0.5) for Re=100; Ha=0-25-50; ɸ=0.02; 
Ec=0.5 

 

 
Fig. 15. Variation of𝜃 (X;0.5) for Re=100; Ha=0-25-50; ɸ=0.02; 
Ec=0.5 

 
Figure 16 shows the effect of Hartmann number (Ha) on the total entropy generation (Sgen) and 

the Bejan number (Be) for Re=50-100-150-200; ɸ=0.02; Ec=0.5. It is found that the total entropy 
generation (Sgen) is an increasing function with Hartmann number, also the influence of Ha is more 
detecting at high values of (Re). It can be concluded that the magnetic field increases the 
irreversibility of nanoliquid. On the other hand, the curve of Bejan numbers is decreasing. Physically, 
the magnetic field irreversibility is more dominating than the fluid friction irreversibility. 
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(a) 

 
(b) 

Fig. 16. Variation of the total entropy generation (a) 
and the Bejan number (b) in function of Ha for Re=50-
100-150-200; ɸ=0.02; Ec=0.5 

 
4.6 Effects of Eckert Number 
 

Figure 17 depicts the effect of Eckert numbers on the streamlines and isotherms contours for 
Ha=50; Re=50; ɸ=0.02. The streamlines become closer to each other. The maximum and the 
minimum values of the stream function are detected for Ec=1.0 which are equal to (Ψmax=475.65; 
Ψmin=-1.65×10-4) respectively. The isothermal contour is compressed in y-direction and becomes 
stretched in X-direction with an existing increase in the viscous dissipation. This influence of Eckert 
numbers can clearly be seen when the isothermal lines approach the three-cylinder hot blocks. This 
result indicates that the motion of the upper wall gives a positive effect on the heat transfer rate of 
the nanoliquid. 
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Fig. 17. Streamlines and isotherms contours for different Eckert number at Ha=50; Re=50; ɸ=0.02 

 
Figure 18 illustrates the variations of the average Nusselt number depending on the Eckert 

number for Re=50-100-150-200; Ha=50; ɸ=0.02. The increase in values of the Eckert number causes 
an increase in the average Nusselt number. The effect of Eckert's number is more noticeable for Re 
=50. As a result, the heat transfer rate is enhanced with the viscous dissipation term. A low Eckert 
number implies that the thermal energy dominates over the kinetic energy, while a high Eckert 
number indicates the opposite.  

Figure 19 illustrates the variations of the average Nusselt number in function of Eckert number 
for Re=50; Ha=0-25-50; ɸ=0.02. The numerical results indicated that the average Nusselt number 
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increased as the Eckert number increased for all values of Hartmann numbers. Moreover, more 
influence of viscous dissipation on the heat transfer is detected in the presence of the magnetic force. 
This is due to enhancement of the temperature gradient at the hot wall. These effects are confirmed 
by the curve of local Nusselt numbers present in Figure 20. It means that the kinetic energy increases. 
This can be explained by the increase in the translation velocity of the upper wall. 

 

 
Fig. 18. Variation of Nuavg in function of Eckert number for 
Re=50-100-150-200; Ha=0; ɸ=0.02 

 

 
Fig. 19. Variation of Nuavg in function of Eckert number 
for Re=50; Ha=0-25-50; ɸ=0.02 
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Fig. 20. Variation of Nulocal for different Eckert number at Re=50; 
Ha=25; ɸ=0.02 

 
Figure 21 and Figure 22 show the distribution of the component of velocity and the temperature 

profile in X-direction (X=0.5) for various values of the Eckert number and Re=50; Ha=25; ɸ=0.02. The 
increase in values of the Eckert number causes an increase in the velocity profile. On the other hand, 
the temperature profile decreases. This result indicates that the movement of the top wall has the 
same influence of the inertial forces. The main cause of this influence is the increase in viscous 
dissipation. 

 

 
Fig. 21. Variation of U (X;0.5) for different Eckert number at 
Re=50; Ha=25; ɸ=0.02 
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Fig. 22. Variation of θ (X;0.5) for different Eckert number 
at Re=50; Ha=25; ɸ=0.02 

 
Figure 23 shows the influence of the Eckert number on the total entropy generation (Sgen) and 

the Bejan number (Be). The results indicated that the total entropy generation is augmented, and the 
Bejan number is reduced when the value of Eckert number (Ec) is increased. This effect is more 
noticeable at high values of Hartmann numbers. It is due to the enhancement of the entropy 
generation term associated with the magnetic field irreversibility and the term relative to the heat 
transfer irreversibility. It is indicated that the total entropy generation depends directly on the 
viscous dissipation and the external magnetic field. 
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(b) 

Fig. 23. Variation of the total entropy generation (a)and the 
Bejan number (b) for different Eckert number at Re=50; 
Ha=25; ɸ=0.02 

 
4.7 Effects of Nanoparticles Volume Fraction 
 

Figure 24 shows the effect of volume fractions of the nanoliquid on streamlines and isotherms 
for Re=50; Ha=0; Ec=0.5. From this figure, the streamlines of pure liquid are represented by a 
continuous line, and those for the nanoliquid are represented by a dashed line. It is noticeable that 
the streamlines of the nanoliquid are more compressed. 

This figure demonstrates that the nanoliquid flow was approaching the cylindrical blocks, the 
streamlines were deflected toward the hot wall. The maximum value of the stream function is equal 
to (Ψmax=474.588) detected for pure water. The addition of nanoparticles in water decreases the 
value of stream function. This is due to the diminishing of the velocity flow of nanoliquid (cu-water). 
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Fig. 24. Streamlines and isotherms contours for ɸ=0.04at Re=50; Ha=0; Ec=0.5 
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nanoparticle in pure liquid enhances the heat transfer by about 7% for Re=50. The reason of this 
physical phenomenon can be attributed to two factors: the heightened thermal conductivity of the 
nanoliquid and the enlarged surface area of nanoparticles. This suggests that using nanoliquid is 
beneficial for improving heat transfer. 

 

 
Fig. 25. Variation of Nuavg in function of nanoparticle 
volume fraction for Re=50-100-150; Ha=0; Ec=0.5 

 

 
Fig. 26. Variation of Nulocal for different nanoparticle volume 

fraction at Re=50; Ha=0; Ec=0.5 
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surrounding surfaces, leading to higher thermal irreversibility and entropy generation. Also, this is 
due to the presence of solid type nanoparticles in the base liquid. 

 

 
(a) 

 
(b) 

Fig. 27. Variation of the total entropy generation (a) and the 
Bejan number (b) for different nanoparticle volume fraction 
at Re=50-100-150-200; Ha=0; Ec=0 

 
5. Conclusions 
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i. The value of the stream function is enhanced significantly as the Reynolds number, Hartmann 
number, Eckert number are reduced with the addition of nanoparticles. 

ii. Heat transfer of nanoliquid in terms of local and average Nusselt number is ameliorated when 
the value of Reynolds number, Eckert number, and nanoparticles volume fraction is 
enhanced. And it decreased when Hartmann's numbers increased. The heat transfer depends 
directly on the inertial force, Lorenz force, and viscous dissipation. 

iii. The evolution of the heat transfer rate reaches up to 7% when 0.04 of the nanoparticles is 
added to the liquid. This confirms the effectiveness of using nanoparticles. 

iv. The translation of the upper wall leads to an improvement in the heat transfer rate. 
v. The velocity profile component increased with Reynolds number and Eckert number while it 

decreased with an increasing Hartmann number. 
vi. The temperature profile component of nanoliquid decreases with Reynolds number, 

Hartmann number, Eckert number. 
vii. The irreversibility represented by the total entropy generation increases according to the 

Reynolds number, Hartmann number, Eckert number and nanoparticles volume fraction. 
viii. The irreversibility of nanoliquid depends on the inertial force, magnetic force, viscous 

dissipation term, conductivity and nanoparticles concentration. 
ix. The bean number is reduced with high values of Reynolds number, Hartmann number, Eckert 

number and nanoparticles volume fraction. 
                               

As a future work, we can study the effect of multi-magnetic field on the heat transfer rate. Also, 
we can extrapolate this study to the case of nanoliquid flow in porous media. 
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