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The investigation concerning the movement of the viscous fluid and heat transfer rate 
when the cylinder shrinks is carried out. The role of curvature parameter and effect of 

cylinder parameter on skin friction and heat transfer rate were studied.  The existence 

of a dual solution is observed and subsequently identifies which solution is stable.  By 
using the similarity transformation, the boundary layer equations are transformed into 

nonlinear ordinary differential equations which are then solved numerically using 

bvp4c in MATLAB. The results for the skin friction coefficient, temperature gradient 

coefficient as well as velocity and temperature profiles are presented graphically. The 
effects of mass suction parameter and curvature parameter on flow and heat transfer 

characteristics are also presented. It is found that the dual solution existed when mass 

suction parameter greater or equal to 2. Cylinder surface diminished the performance 

of skin friction coefficient and heat transfer rate. The stability analysis result is 
performed to verify that the upper branch solution is stable and physically meaningful. 
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1. Introduction

The flow over a shrinking sheet has attracted many researchers due to its interesting physical 

characteristics and applications in processes for example on a rising or shrinking balloon. From our 
investigation, Wang [1] was first who studied this unusual type of flow. After couples of years, 
Miklavčič and Wang [2] investigated the properties of the flow due to a shrinking sheet with suction. 

Hayat et al., [3] discussed on the analytic solution of MHD flow of a second-grade fluid over a 
shrinking sheet. After that, Wang [4] studied the flow towards a shrinking sheet near the stagnation 
point. Fang et al., [5] studied the unsteady viscous flow over a continuously shrinking surface with 

mass transfer. Ishak et al., [6] investigated the flow due to shrinking sheet in a micropolar fluid near 
stagnation area. Bhattacharyya and Layek [7] considered the boundary layer flow and heat transfer 
over a shrinking sheet with thermal radiation with presence of suction and injection through the wall 
of the sheet. Then, Bachok et al., [8-10] investigated the boundary layer flow over a 

stretching/shrinking sheet and exponentially stretching/shrinking sheet in a nanofluid. Bhattacharyya 
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and Vajravelu [11] and Bhattacharyya [12] again considered the flow near stagnation point and heat 
transfer over an exponentially shrinking sheet. Then, the mass transfer with chemical reaction past a 

stretching/shrinking cylinder near stagnation point was studied by Najib et al., [13]. The industrial 
applications of the cylinder are numerous. The cylinder is used as boiler shells, pressure tanks, pipes 
and in other low-pressure processing equipment. Besides that, submarine hulls and also certain air 

plane components are the common examples of real practices of cylinder.  
Couple decades before, the existence of multiple solutions of boundary layer flow has been 

found. The method of finding dual solutions and analyzing stability is practically importance to those 
interested in engineering analysis. The BVP4C method by MATLAB software is performed to analyze 

which solution is stable and physically meaningful. Hence, such study is very useful for determination 
of the treatment of the fluid flow problems with multiple solutions. Merkin [14] was first pioneer 
who introducing the stability analysis. By implementing a stability analysis Merkin [14], Weidman et 

al., [15] considered the simultaneous effects of normal transpirations through and tangential 
movement of a semi-infinite plate on self-similar boundary layer flow beneath a uniform free stream. 
Merill et al., [16] studied the unsteady mixed convection boundary layer flow near stagnation point 

on a vertical surface embedded in a porous medium. The study of characteristics of fluid flow and 
heat transfer over a permeable shrinking sheet has been done by Ishak [17]. Then, a stability analysis 
of MHD flow and heat transfer near stagnation point with effects of viscous dissipation, Joule heating 

and partial velocity slip was analyzed by Yasin et al., [18]. Recently, the investigation on stability 
analysis of unsteady stagnation-point flow and heat transfer over a stretching/shrinking sheet 
immersed in nanofluid in the presence of slip velocity have been done by Dzulkifli et al., [19]. From 

all investigation regards to stability analysis, researchers conclude that only the first solution is stable 
and can be realized physically.  

Although lots of investigations investigating fluid flow in modern liquids along a cylinder (see Refs. 
[20-24]), however we believe investigating fluid flow and heat transfer rate in viscous fluid is 

necessary to be a measuring stick of how effective fluid flow and heat transfer rate in such fluid. As 
mention earlier, there are many modern fluids have been introduced in investigating the boundary 
layer flow for example nanofluid, Casson nanofluid, micropolar fluid, Williamson nanofluid as well 

hybrid nanofluid whereby the research papers could be found in Refs. [25-34]. Apart from that, many 
approaches have been done regards to this boundary layer flow study such as study the flow behavior 
analytically, by using metaheuristic algorithm, applied Arrhenius kinetics to study the suspension of 

nanoparticles and motile gyrotactic microorganisms in boundary layer and many more, see Refs. [35-
40].  

Motivated from the above-mentioned researches and applications, the aim of this paper is to 

investigate the behavior of the boundary layer flow due to a shrinking cylinder.  Although man y 
studies on boundary layer flow over shrinking cylinder have been conducted however we found that 
there is a significant gap in term of researches findings where such flow over a shrinking cylinder in 
viscous fluid have not been carried out. We believe that this such study should be conducted and 

hence the numerical results obtained should be a measuring data regards to the flow in viscous fluid. 
Further, the comparison table or data between viscous fluid and modern fluid (such as nanofluid, 
hybrid nanofluid and etc.) can be made to find out the extent of effectiveness of the fluids.  Thus, the 

numerical study will be carried out to obtain the dual solutions due to the presence of mass suction 
in boundary layer. Regards from the dual solutions obtained, the  stability analysis will be performed 
to verify and proof that the only the first solution is stable and can be realized physically.  
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2. Methodology  
2.1 Problem Formulation 

 
Consider a boundary layer flow and heat transfer over a shrinking cylinder with radius 𝑅 placed 

in an incompressible viscous fluid of constant temperature 𝑇𝑤. It is assumed that the shrinking 

velocity is in the forms 𝑢𝑤(𝑥) = 𝑐𝑥/𝐿, where 𝑐 < 0 is shrinking constant, 𝑥  is the coordinate 
measured along the cylinder and 𝐿 is the characteristics length. The boundary layer equations are    
 
𝜕

𝜕𝑥
(𝑟𝑢) +

𝜕

𝜕𝑟
(𝑟𝑣) = 0                                       (1) 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑟
= 𝜈 (

𝜕2𝑢

𝜕 𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟
)                                        (2)  

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑟
= 𝛼 (

𝜕2𝑇

𝜕𝑟2
+

1

𝑟

𝜕𝑇

𝜕𝑟
)                                                (3) 

 

where 𝑥 and 𝑟 are coordinates measured along the surface of the cylinder and in the radial direction, 
respectively, with 𝑢 and 𝑣 being the corresponding velocity components. Further, 𝑇 is the 
temperature in the boundary layer, 𝜈 is the kinematic viscosity coefficient and 𝛼 is the thermal 
diffusivity. The boundary conditions are  

 
𝑢 = −𝑢𝑤(𝑥),  𝑣 = 𝑣𝑤 ,  𝑇 = 𝑇𝑤 at  𝑟 = 𝑅 
𝑢 → 0,  𝑇 → 𝑇∞  as 𝑟 → ∞                                        (4) 

 
The similarity solutions of Eqs. (1) – (3), , subject to the boundary conditions (4), given by 
 

𝜂 =
𝑟2−𝑅2

2𝑅
(

𝑐

𝜈𝐿
)

1/2

,     𝜓 = (
𝜈𝑐

𝐿
)

1

2
𝑥𝑅𝑓(𝜂),          𝜃(𝜂) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
                                                                  (5) 

 

where 𝜂 is the similarity variable, 𝜓 is the stream function defined as  𝑢 = 𝑟−1 𝜕𝜓

𝜕𝑟
 and 𝑣 = −𝑟−1 𝜕𝜓

𝜕𝑥
, 

which identically satisfies Eq. (1). By defining 𝜂 in this form, the boundary conditions at 𝑟 = 𝑅 reduce 
to the boundary conditions at 𝜂 = 0, which is more convenient for numerical computations. 

Substituting Eq. (5) into Eqs. (2) and (3), the following nonlinear ordinary differential e quations 
as follows: 

 
(1 + 2𝛾𝜂)𝑓′′′ + 2𝛾𝑓′′ + 𝑓𝑓′′ − 𝑓′2 = 0                                       (6) 
(1 + 2𝛾𝜂)𝜃′′ + 2𝛾𝜃′ + 𝑃𝑟(𝑓𝜃′ − 𝑓′𝜃) = 0                                     (7) 

 

subjected to the boundary conditions (4) which become (see Najib et al., [41]) 
 
𝑓(0) = 𝑆,  𝑓′(0) = −1,  𝜃(0) = 1, 

𝑓′(∞) → 0,  𝜃(∞) → 0,                                            (8) 
 

where 𝑃𝑟 =
𝜈

𝛼
 is the Prandtl number and 𝛾 is the curvature parameter defined as  

 

𝛾 = (
𝜈𝐿

𝑐𝑅2
)

1/2

,                                                                 (9)          
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and 𝑆 = 𝑣𝑤𝑟/𝑅√
𝜈𝑐

𝐿
 is the mass transfer parameter with 𝑆 > 0 (𝜈𝑤 < 0) corresponds mass suction 

and 𝑆 < 0 (𝜈𝑤 > 0)  corresponds to the mass injection. 
The main physical quantities of interest are the value of 𝑓′′(0), being a measure of the skin 

friction, and the temperature gradient −𝜃′(0). Our main aim is to find how the values of 𝑓′′(0) and 

−𝜃′(0) vary in terms of parameters 𝑆, 𝛾 and 𝑃𝑟. 
 

2.2 Method of Solutions  
 

The ordinary differential equations (6) and (7) subject to boundary condition (8) are solved 
computationally using bvp4c solver in MATLAB. The numerical results were obtained by following the 
steps below. 

a) Reduce Eqs. (6) – (7) and the boundary condition (8) to first order system by introducing new 
dependent variables as follow: 

i. 𝑓 = 𝑦(1), 
ii. 𝑓′ = 𝑦(2), 
iii. 𝑓′′ = 𝑦(3), 
iv. 𝜃 = 𝑦(4), 
v. 𝜃′ = 𝑦(5). 

b) Define the ordinary differential equations in MATLAB by writing a 1 × 5 matrix which contains 

𝑓, 𝑓′ , 𝑓′′ , 𝜃 and 𝜃′ in terms of the dependent variables in step (i). 
c) Define the boundary condition (8) in MATLAB in terms of dependent variables in step (i) by 

letting the right side of the equations becomes 0. 

d) Set up the initial guesses and boundary layer thickness for the first and second solutions, 
respectively, to obtain the profiles that satisfy the boundary condition (8) asymptotically.  

 

2.3 Stability Analysis  
 
In order to perform a stability analysis, we consider the unsteady problem. Eq. (1) holds, while 

Eqs. (2) and (3) are replaced by   
 

𝜕𝑢

𝜕𝑡
+ 𝑢
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)                                       (10) 
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1
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where t denotes the time. Based on the variables Eq. (5), the following new dimensionless variables 
are introduced:  

 

𝜂 =
𝑟2−𝑅2

2𝑅
(

𝑐

𝜈𝐿
)

1/2

,  𝜓 = (
𝜈𝑐

𝐿
)

1/2

𝑥𝑅𝑓(𝜂, 𝜏),  𝜃(𝜂, 𝜏) =
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,  𝜏 =
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𝐿
                                               (12) 

 
Thus, Eqs. (2) and (3) can be written as  
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𝜕3𝑓
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and are subjected to the boundary conditions   
 

𝑓(0, 𝜏) = 𝑆, 
𝜕𝑓

𝜕𝜂
(0, 𝜏) = −1,  𝜃(0, 𝜏) = 1, 

𝜕𝑓

𝜕𝜂
(∞, 𝜏) → 0,  𝜃(∞, 𝜏) → 0                              (15) 

 

To test the stability of the steady flow solution 𝑓(𝜂) = 𝑓0(𝜂) and 𝜃(𝜂) = 𝜃0 (𝜂) satisfying the 
boundary value problem Eqs. (1) – (4), we write  

 
𝑓(𝜂, 𝜏) = 𝑓0(𝜂) + 𝑒−𝜆𝜏 𝐹(𝜂, 𝜏), 

𝜃(𝜂, 𝜏) = 𝜃0 (𝜂) + 𝑒 −𝜆𝜏𝐺(𝜂, 𝜏),                                          (16) 
 

where 𝜆 is an unknown eigenvalue, and  𝐹(𝜂, 𝜏) and 𝐺(𝜂, 𝜏) are small relative to 𝑓0(𝜂) and 𝜃0(𝜂). 
Solutions of the eigenvalue problem Eqs. (13) – (15) give an infinite set of eigenvalues 𝜆1 < 𝜆2 <. .. ; 
if the smallest eigenvalue is negative, there is an initial growth of disturbances and the flow is 

unstable but when 𝜆1 is positive, there is an initial decay and the flow is stable. Introducing Eq. (16) 
into Eqs. (13) and (14), the following linearized problem are obtained 

 

(1 + 2𝛾𝜂)
𝜕3𝐹

𝜕𝜂3
+ 2𝛾

𝜕2𝐹

𝜕𝜂2
+ 𝑓0

𝜕2𝐹

𝜕𝜂2
+ 𝑓0"𝐹 − 2𝑓0′

𝜕𝐹

𝜕𝜂
+ 𝜆

𝜕𝐹

𝜕𝜂
−

𝜕2𝐹

𝜕𝜂𝜕𝜏
= 0                     (17) 

(1 + 2𝛾𝜂)
𝜕2𝐺

𝜕𝜂2
+ 2𝛾

𝜕𝐺

𝜕𝜂
+ 𝑃𝑟 𝑓0

𝜕𝐺

𝜕𝜂
+ 𝑃𝑟 𝜃0 ′𝐹 + 𝑃𝑟 𝜆 𝐺 −

𝜕𝐺

𝜕𝜏
= 0                              (18) 

 

along with the boundary conditions           
 

𝐹(0, 𝜏) = 0, 
𝜕𝐹

𝜕𝜂
(0, 𝜏) = 0,  𝐺(0, 𝜏) = 0, 

𝜕𝐹

𝜕𝜂
(∞, 𝜏) → 0,  𝐺(∞, 𝜏) → 0                          (19) 

 
The solutions 𝑓(𝜂) = 𝑓0(𝜂) and 𝜃(𝜂) = 𝜃0 (𝜂) of the steady equations Eqs. (6) and (7) are 

obtained by setting 𝜏 = 0. Hence 𝐹(𝜂) = 𝐹0(𝜂) and 𝐺(𝜂) = 𝐺0(𝜂) in Eqs. (17) and (18) identify initial 
growth or decay of the solution Eq. (16). In this respect, we have to solve the linear eigenvalue 
problem  

 
(1 + 2𝛾𝜂)𝐹0′′′ + 2𝛾𝐹0′′ + 𝑓0𝐹0′′ + 𝑓0′′𝐹0 − 2𝑓0′𝐹0′ + 𝜆𝐹0′ = 0                             (20) 
(1 + 2𝛾𝜂)𝐺0′′ + 2𝛾𝐺0′ + 𝑃𝑟 𝑓0 𝐺0′ + 𝑃𝑟 𝜃0 ′𝐹0 + 𝑃𝑟 𝜆 𝐺0 = 0                        (21) 
 

along with the boundary conditions   
 
𝐹0(0) = 0, 𝐹0 ′(0) = 0,  𝐺0(0) = 0, 

𝐹0′(∞) → 0, 𝐺0(∞) → 0                                   (22) 
 

It should be stated that for particular values of Pr and 𝜆, the stability of the corresponding steady 
flow solutions 𝑓0(𝜂) and 𝜃0(𝜂) are determined by the smallest eigenvalue 𝜆. As it has been suggested 
by Harris et al., [42], the range of possible eigenvalues can be determined by relaxing a boundary 

condition on 𝐹0 (𝜂) or 𝐺0(𝜂). For the present problem, we relax the condition that 𝐹0 ′(𝜂) → 0 as   
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𝜂 → ∞ and for a fixed value of 𝜆 we solve the system Eqs. (20) – (22) along with the new boundary 
condition 𝐹0′′(0) = 1. 

 
3. Results  

 

Numerical solutions to the ordinary differential equations from Eqs. (6) and (7) with the boundary 
conditions (8) are obtained using bvp4c in MATLAB. The different initial guess values for skin friction 
coefficient 𝑓′′(0) and the temperature gradient −𝜃′(0) are chosen, where all profiles satisfy the far 

field boundary conditions (8) asymptotically but with different shapes that illustrated in graphs, while 
the values Sc for different values of 𝛾 are given in Table 1. From the table we indicate that the values 

of Sc increased as 𝛾 increases.  
Table 1 
Variations of 𝑆𝑐  for different values of 𝛾 
𝛾 Present Work  
0 2.000000 
0.2 2.276154 
0.4 2.522534 

 

The variations of skin friction coefficient and heat transfer rate with 𝑆 are shown in Figures 1 and 

2. The figures indicate that there exist two solutions when S > Sc and subsequently for S < Sc there are 
no solutions exist. As can be seen from Figures 1 and 2, the curvature parameter 𝛾 significantly affects 
the skin friction coefficient as well as the heat transfer rate at the surface. The increment of 𝛾 reduced 

the domain of the solution. The interpretation regards from these results are the skin friction and 
heat transfer rate at the surface diminished as 𝛾 increased. Therefore, the flow behavior and heat 
transfer performed well on flat surface (𝛾 = 0) compare to cylinder surface (𝛾 > 0).  

Figures 3 to 7 displays the variations of velocity and temperature profiles within the boundary 
layer for different values of S, 𝛾 and Pr. It is evident from these figures that all curves approach the 
far field boundary conditions asymptotically. As we can see in these figures, the boundary layer 
thickness for the second solutions is always thicker than the first solutions. These velocity and 

temperature profiles support the existence of dual nature of the solutions shown in Figures 1 and 2. 
Figures 3 and 4 indicate the velocity and temperature profiles for some values of suction 

parameter, 𝑆. As shown, the increment of 𝑆 caused to reduce the momentum and thermal boundary 

layer thickness and consequently accelerates the boundary layer separation. Therefore, the 
acceleration of boundary layer separation increased the skin friction coefficient and heat transfer 
rate at the cylinder surface. Thus, the interpretation from Figures 3 and 4 tallies with the findings in 

Figures 1 and 2. 
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Fig. 1. Skin friction coefficient 𝑓′′(0) for various 
values of 𝛾 

 Fig. 2. Temperature gradient −𝜃′(0) for various 
values of S 

 

 

 

 
Fig. 3. Dual velocity profiles 𝑓′(𝜂) for various 
values of S 

 Fig. 4. Dual temperature profiles 𝜃(𝜂) for various 
values of S 

 
Figures 5 and 6 indicate the velocity and temperature profiles for some values of curvature 

parameter, 𝛾. As shown, the momentum and thermal boundary layer thickness increases as 
𝛾 increases. Consequently, delays the boundary layer separation. The increment of 𝛾 Interprets the 
reduction in length of radius of cylinder. Physically, as the length of radius of the cylinder become 

smaller, it increases the contact area of the cylinder with the fluid. Therefore, it decreased the skin 
friction coefficient and heat transfer rate at the cylinder surface as 𝛾 increases. The interpretation 
from Figures 5 and 6 tallies with the findings in Figs. 1 and 2. 

Figure 7 depict the temperature profiles for different value of 𝑃𝑟. As shown, the thermal 

boundary layer thickness decreased as 𝑃𝑟 increased. Higher 𝑃𝑟 has lower thermal conductivity which 
leads to reduce conduction and thermal boundary layer thickness.  This implies an increase of heat 
transfer rate at the surface. 
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Regards to the dual solutions obtained, a stability analysis is performed using bvp4c in MATLAB 
to verify the stability of the solutions. To find the unknown eigenvalue 𝜆  in Eq. (16) we need to use 

the linear eigenvalue problem Eqs. (20) and (21) subjected to the boundary condition Eq. (22). The 
flow is claimed to be stable as the smallest eigenvalue 𝜆 is positive whereby there is a disturbance in 
the initial decay. On the other hand, the flow is claimed to be unstable as the smallest eigenvalue 𝜆 

is negative. This such claim is made due to the initial growth of disturbance in the flow. The smallest 
eigenvalue 𝜆 can be seen in Table 2 for selected values of S and different values of 𝛾. Mathematically, 
though two solutions exist only the stable solution is physically meaningful and can be realized 
physically.   

 

 

 

 
Fig. 5. Dual velocity profiles 𝑓′(𝜂) for various 
values of 𝛾 

 Fig. 6. Dual temperature profiles 𝜃(𝜂) for various 
values of 𝛾 

 

 
Fig. 7. Dual temperature profiles 𝜃(𝜂) for various 
values of 𝑃𝑟 
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Table 2 
Smallest eigenvalues λ at selected values of S for γ = 0, 0.2 and 0.4 
𝛾 S First Solution   Second Solution  
 
 
 
0 

2.01 
2.05 
2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 

0.1209 
0.2783 
0.4040 
0.5956 
0.7574 
0.9073 
1.0527 
1.1970 
1.3426 
1.4903 
1.6410 
1.7952 

-0.1127 
-0.2439 
-0.3355 
-0.4545 
-0.5371 
-0.6004 
-0.6812 
-0.7370 
-0.7898 
-0.8413 
-0.8926 
-0.9443 

0.2 

2.28 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 

0.7150 
0.7422 
0.8738 
1.0005 
1.1252 
1.2494 
1.3743 
1.5006 
1.6287 

-0.5094 
-0.5224 
-0.5793 
-0.6263 
-0.7302 
-0.7820 
-0.8320 
-0.8809 
-0.9224 

0.4 

2.53 
2.55 
2.6 
2.7 
2.8 
2.9 
3.0 

1.0669 
1.0893 
1.1450 
1.2563 
1.3678 
1.4800 
1.5935 

-0.6389 
-0.6460 
-0.6632 
-0.6949 
-0.7240 
-0.7515 
-0.7783 

 
4. Conclusions 

 
The steady boundary layer flow and heat transfer over a shrinking cylinder was investigated. The 

numerical results were solved by using bvp4c in MATLAB. Therefore, the findings are summarized in 

points below.  
i. The solutions (dual) only exist when 𝑆 ≥ 2. 
ii. The increment of S reduces the domain of the solutions. 
iii. The curvature parameter 𝛾 can be used as controller parameter to delay or accelerate 

boundary layer separation.  
iv. The performance of skin friction coefficient and heat transfer rate better on the flat surface 

(𝛾 = 0). 

v. The first solution is stable and physically meaningful, while the second solution is unstable 
and hence not physically meaningful. 
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