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The presented study investigates the heat and mass transfer characteristics of hybrid nanofluid 
flow past an exponentially enlarging sheet, featuring both heat source and sink effects. A 
distinctive aspect of this work lies in its examination of slip conditions to understand the flow 
behavior of hybrid nanofluids. The nanofluid itself consists of a blend of copper (Cu) and metal 
oxide (Al2O3) nanoparticles suspended in blood, which serves as the base fluid. This choice of 
nanofluid composition is noteworthy due to its potential impact on enhancing heat and mass 
transfer processes.  Similarity conversion technique is applied that effectively transforms the 
partial differential equations (PDEs) governing the system into a set of ordinary differential 
equations (ODEs). The utilization of tables and graphs aids in conveying the influence of various 
embedded parameters on the obtained results. This graphical representation of parameter 
effects is a distinctive feature of the study, facilitating a clearer understanding of the relationships 
between different variables.  In the concluding remarks, the study's outcomes highlight several 
distinctive findings. Firstly, an increase in the heat-generating parameter leads to elevated 
temperature distribution along the expanding sheet. Secondly, the introduction of a magnetic 
parameter is found to dampen the velocity of the nanofluids, which presents an interesting 
avenue for exploration in terms of flow control. Thirdly, the concentration profile of the 
nanofluids experiences a decline as the Schmidt number, a dimensionless quantity representing 
the ratio of momentum diffusivity to mass diffusivity, increases.  It concluded that the heat and 
mass transfer rate is greatly enhanced by the addition of copper and aluminium oxide.  This 
observation is a unique contribution to the understanding of heat and mass transfer behavior in 
such systems.  The significance of this research extends to various applications, particularly in the 
realms of chemical engineering, environmental remediation processes, and solar thermal 
systems. 
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1. Introduction 
 

In our modern era, the utilization of machinery and advanced technology closely parallels the 
fields of civil, mechanical, and engineering. It is widely recognized that machinery generates heat 
during its operation. As a consequence of this increased heat production, machinery becomes less 
efficient and consumes more energy. To address this issue, various technologies and methods have 
been developed, many of which involve the use of different fluid types such as water, minerals, 
organic compounds (such as ethylene glycol, refrigerants, and tri-ethylene glycol), bio-based fluids, 
and herbal oils. These fluid mediums are employed to mitigate the generation of excess heat within 
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operating machinery.  Scientific environments such as hydroelectric, thermal and nuclear power 
plants have extensively employed these fluids. However, conventional fluids have certain limitations 
when used as coolants due to their relatively low heat capacity. To overcome this limitation, ground-
breaking scientists Choi and Eastman proposed a novel concept [1]. By incorporating metal oxides 
and metal alloys into common fluids, the heat capacity can be significantly enhanced. This innovative 
approach makes the fluids more resistant to high temperatures compared to their common 
counterparts. The research suggested that the particle size should be decreased in order to maximize 
the heat capacity of the suspension and decrease the likelihood of particle agglomeration in the base 
fluids. The common fluids in the suspensions are referred to as base fluids, while the solid particles 
are known as nanoparticles.  

A fundamental thermo-fluidic phenomenon recognized as mixed convection arises from the 
harmonious convergence of forced and natural convection dynamics. Convection, at its essence, 
signifies the intricate transfer of thermal energy from a region of higher temperature to one of lower 
temperature. In the realm of free convection, this intricate energy exchange manifests as a result of 
density disparities, whereas in forced convection, an extrinsic impetus propels the mixing motion. 
The mixture of these two distinct convective modes finds expression in the term 'mixed convection'. 
In the unfolding narrative of fluid dynamics, the investigation of mixed convection boundary layer 
flows emerges as pivotal, poised to shape the contours of technological advancement and scientific 
understanding. Furthermore, pronounced thermal sources (generation) or sinks (absorption) 
influences [22] can manifest due to notable temperature gradients existing between the interface 
and the encompassing fluid medium. A recent investigation conducted by Ramzan et al., [2] delved 
into the intricate interplay of Fourier's and Fick's laws, Newtonian heating, and the application of 
magnetohydrodynamics (MHD) to a dusty Casson nanofluid flowing through a cylinder undergoing 
stretching. In one study, a hybrid nanofluid made up of water and Ag-CuO nanoparticles was explored 
by Hayat and Nadeem [3] to observe its behavior in a three-dimensional rotational flow situation. On 
the other hand, Waini et al., [4–6] explored the distinctive features of flow over a stretching surface 
in a hybrid nanofluid and conducted a temporal stability analysis. 

The effect of heat transfer in hybrid nanofluids [7–15] in different geometries is explained by 
different authors. Chamkha et al., [11] explored the heat transfer enhancement properties of a 
water-based nanofluid containing Al2O3 and Cu nanoparticles in a semi-circular cavity. However, a 
thorough analysis of the existing literature reveals that the flow across a moving wedge included in 
the hybrid nanofluid was not taken into account. Various investigations on hybrid nanofluids in 
different geometry are Umar et al., [16] explored the numerical dual solutions of the MHD stagnation 
point flow induced by hybrid nanofluids towards a porous moving inclined flat plate with mixed 
convection and thermal radiation. The impact of hybrid nanoparticles on different physical quantities 
in a Cu-Fe3O4/ethylene glycol-based hybrid nanofluid is associated with a steady and fully developed 
natural convective flow over a stretching surface [17]. The flow and heat transfer effects of MHD 
dusty hybrid nanofluids over a shrinking sheet are studied by Nepal Chandra Roy et al., [18]. Recently, 
many researchers investigated motivating results about hybrid nanofluids, concentrating on alumina 
and copper as the hybrid nanoparticles, with different arrangements of the parameters, as exposed 
by Najiyah Safwa Khashi'ie et al., [19] and Sulochana et al., [20]. In order to explore the boundary 
layer properties of a permeable plate immersed in a porous medium, Bestman [26] considered binary 
chemical reactions dependent on the activation energy some decades ago. 

The above review shows that no research has been conducted yet on the topic of heat and mass 
transfer in hybrid nanofluids over stretching sheets. It has been endeavored with less attention, 
though it has many applications in various engineering, biological, and industrial contexts. This 
distinctive nanofluid, comprising Cuo/Al2O3 nanoparticles suspended in a blood base fluid, remains 

https://www.sciencedirect.com/topics/mathematics/nanofluid


CFD Letters 

Volume 16, Issue 3 (2024) 125-140 

127 
 

unexplored in the context of its flow past an exponentially expanding sheet while encountering a 
heat source. Hence, the aim of this investigation is to scrutinize the heat and mass transfer 
characteristics of mixed convective hybrid nanofluids, subject to the influence of a magnetic field, 
flowing over an exponentially stretching sheet while accommodating velocity, thermal, and 
concentration slip conditions. 
 
2. Mathematical Formulation  
 

In this present study, we consider the steady, laminar, two-dimensional, thermally radiated mixed 
convection magnetohydrodynamic (MHD) hybrid nanofluid flow past an exponentially stretching 
sheet. Figures 1, depicts the geometry of the problem, with u and v the components of velocity in x 
and y directions for the flow, where x and y are Cartesian coordinates with the x-axis parallel to the 
plate, where y-axis is perpendicular to the plate. The fluid’s surface velocity is considered as uw(x) 

=c𝑒−
𝑥

𝐿 , and the wall’s mass transfer velocity is expressed as 𝑣𝑤(𝑥) = 𝑣0𝑒
𝑥

2𝐿⁄ , while 𝑣0 < 0 and 𝑣0> 0 
indicates mass suction and injection respectively. Additionally, the constant for stretching is 

represented by 𝜆> 0.   ‘T’ indicates temperature, 𝑇𝑤= 𝑇∞+ 𝑇0𝑒
𝑥

2𝐿⁄  is differing temperature with 

constant  𝑇0 and q =𝑞0𝑒
𝑥

𝐿⁄  is heat generation rate constant. 
 

 
Fig. 1. Physical model of the problem for stretching sheet 

 
As a result, the following equations are for continuity, momentum, energy and chemical reaction: 
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The boundary conditions that are appropriate for this flow are; 
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Slip factors for velocity, temperature, and concentration are designated as A1, B1, and C1, 
respectively. The investigations carried out by Tayebi et al., [27], Takabi et al., [28], and Oztop et al., 
[29] are based on the correlation of the fluid's physical properties, including the hybrid nanofluid. 
These correlations are presented in Tables 1 and 2, presenting the base fluid, alumina, and copper 
nanoparticles (s1, s2) and their interactions with the hybrid nanofluid's thermo-physical 
characteristics. Copper and alumina volume fraction parameters of nanoparticles are represented by 
ϕs1 and ϕs2, respectively. 

 
Table 1 
Hybrid nanofluid physical properties 
Properties Hybrid nanofluid correlations 

Density 𝜌ℎ𝑛𝑓 = 𝜌𝑠1𝜑𝑠1 + 𝜌𝑠2𝜑𝑠2 + 𝜌𝑓 (1 − 𝜑ℎ𝑛𝑓) 

Where 𝜑ℎ𝑛𝑓=𝜑𝑠1 + 𝜑𝑠2 

Heat capacity (𝜌𝑐𝑝)ℎ𝑛𝑓 = (𝜌𝑐𝑝)𝜑𝑠1 + (𝜌𝑐𝑝)𝑠2𝜑𝑠2 + (𝜌𝑐𝑝) (1 − 𝜑ℎ𝑛𝑓) 

 

Dynamic 
conductivity 

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
 = 1

(1 − 𝜑ℎ𝑛𝑓)2.5⁄  

Thermal 
conductivity 𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

= [
2𝑘𝑓 + {

(𝜑𝑠1𝑘𝑠1 + 𝜑𝑠2𝑘𝑠2)
𝜑ℎ𝑛𝑓

⁄ } + 2(𝜑𝑠1𝑘𝑠1 + 𝜑𝑠2𝑘𝑠2) − 2𝜑ℎ𝑛𝑓

2𝑘𝑓 − {(𝜑𝑠1𝑘𝑠1 + 𝜑𝑠2𝑘𝑠2)} + (𝜑𝑠1𝑘𝑠1 +
𝜑𝑠2𝑘𝑠2

𝜑ℎ𝑛𝑓
) + 𝜑ℎ𝑛𝑓𝑘𝑓

] 

 

Table 2 
Thermal physical properties 
Physical Properties Blood Al2O3 Cu 

𝜌(
𝑘𝑔

𝑚3
) 

1053 3970 8933 

𝐶𝑝(J/kgK) 3594 765 385 

K(W/mk) 0.492 40 400 
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To simplify the governing Eq. (2) - Eq. (4), we apply the following transformations:  
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These variables satisfy Eq. (1) and lead to the transformation of Eq. (2), (3) and (4). 
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The modified boundary conditions corresponding to the transformation are then 
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represents the mass transfer parameter of the wall, in which S > 0 (ν0 < 0) and S < 0 (ν0 > 0) are mass 
suction and injection respectively.  The Nusselt number (Nux) and the skin friction coefficient (Cf), 
which are the two primary physical characteristics of interest, are computed as in Ref. [9]. 
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The coefficient of skin friction, the Nusselt number and the Sherwood number are represented 

in their respective non-dimensional configurations. 
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3.  Solution Procedure using Shooting Method 
 

Many researchers regularly use the Shooting approach [30] to find solutions to such problems 
[21–25] for different values of various parameters, was used to numerically solve the system of 
nonlinear ordinary differential equations (ODEs) (Eq. (8)–(10)) and the corresponding boundary 
conditions Eq. (11).  For obtaining a result with an accuracy of six decimal places, the step size is 
chosen as a convergence criterion.   

We denote f by y1, θ by y4 and φ by y6 for converting the boundary value problem Eq. (8)-(10) to 
the following initial value problem of 7 first order ordinary differential equations. 
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To solve the above initial value problem arising in the shooting method, Runge Kutta method of 

order four is used. 
 

4.  Results & Discussions 
 

Figures 2–4 show how the velocity slip parameter A impacts the velocity, temperature, and 
concentration curves. It depicts how the slip parameter impacts temperature and velocity 
distributions significantly.   This shows that the temperature and velocity profiles rise together with 
the value of the velocity slip parameter A. Figures 3 and 4 also show how the slip parameter an 
impacts the rates of mass and heat transfer.  It can be shown that decreasing the values of a results 
in decreased rates of mass and heat transmission. 

   

 
Fig. 2. Variations in 𝑓′(𝜂) against A 
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Fig. 3. Variations in 𝜃(𝜂) against A  Fig. 4.  Variations in 𝜑(𝜂) against A 

 

Figures 5, 6, and 7 shows the sway of the thermal slip parameter B on the temperature profile, 
concentration profile, and velocity profile. It has been found that dropping the thermal slip 
parameter B's value, results in a decrease in both the temperature profile and velocity profile. But as 
the value of B grows, the concentration profile does too. 

 

 
Fig. 5.  Variations in 𝑓′(𝜂) against B 

 

 

 

 
Fig. 6. Variations in 𝜃(𝜂) against B  Fig. 7. Variations in φ(η) against B 
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The velocity profile f'(𝜂), temperature profile, and concentration profile are all altered by the 
concentration slip parameter C, as seen in figures 8, 9, and 10 accordingly. When the concentration 
slip parameter C is increased, both the velocity profile f'(𝜂) and the concentration profile perform 
worse; however, the temperature profile performs better when C is increased. 

 

.  
Fig. 8.   Variations in 𝑓′(𝜂) against C 

 

 

 

 
Fig. 9. Variations in 𝜃(η) against C  Fig. 10. Variations in φ(η) against C 

 
The velocity field f'(η) is affected by the magnetic parameter M, as seen in Figure 11. It is 

discovered that a decrease in fluid velocity was taken by an increase in the magnetic parameter. This 
is because, as illustrated in Figures 12 and 13, when a magnetic field is introduced, a drag force similar 
to the Lorentz force exists and appears as resistance to fluid flow. Due to the decreased fluid velocity, 
the temperature and concentration profiles are elevated.  
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Fig. 11. Variations in f ′( η ) against M 

 

 

 

 

Fig. 12. Variations in 𝜃( η ) against M  Fig. 13. Variations in φ(η) against M 
 

Figures 14 and 17 depict how the thermal Grashof number (Gc) and concentration Grashof 
number (Gr) affect the velocity profile. It has been discovered that increasing the temperature and 
concentration of Grashof parameters induces an increase in the velocity profile.  This is because a 
greater Grashof number produces a larger buoyant force, which leads to more fluid movement. 
Figures 18 and 19 show, respectively, how the Grashof number affects the temperature and 
concentration curves. The viscous force decreases as the solutal Grashof number rises, lowering the 
fluid's temperature and concentration. Similar to this, Figure 15 and 16 demonstrates that the 
temperature and concentration profiles falls as the thermal Grashof number rises.   
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Fig. 14. Variations in f ′( η ) against Gc  Fig. 15. Variations in 𝜃(𝜂) against Gc 

 
                              

 

 

 

Fig. 16. Variations in φ(η) against Gc  Fig. 17. Variations in f ′( η ) against Gr 

 

 

 

 

Fig. 18. Variations in 𝜃(𝜂)against Gr  Fig. 19. Variations in  φ(η) against Gr 

 
Figure 20 illustrates how the Schmidt number (Sc) affects mass transfer. It is clear that a rising 

Schmidt number results in a declining concentration profile. This is explained by the fact that when 
the diffusion coefficient rises, the rate of mass transfer decreases, lowering the concentration profile. 
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Fig. 20. Variations in φ(η) against Sc 

 
Figure 21 depicts the impact of the chemical reactant factor Kr on the concentration profile.  The 

hybrid nanofluid flow's concentration profile is decreased by the greater chemical reaction factor. 
 

 
Fig. 21. Variations in φ(η) against Kr 

        

Figure 22 demonstrates the influence of the heat source term (Q) on the thermal behaviour of 
the Ag-CuO/blood hybrid nanofluid. It is observed that the presence of the heat source term 
accelerates the thermal trend of the fluid flow. The heat generation and absorption terms act as a 
healing agent, directly affecting the energy profile.   
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Fig. 22. Variations in 𝜃(𝜂) against Q 

 

The fluctuations in the skin friction 𝐶𝑓𝑅𝑒𝑥
−1/2

 are shown in Table 3, and it is evident that as the 

magnetic parameter M and the velocity slip parameter a rise, the skin friction tends to fall. Table 4 & 
5 represents the numerical values of local Nusselt number and Sherwood number for different 
parameters.  In table 6, the accuracy of the calculations being made is ensured by comparing them 
to the research done by Abdul Samad Khan et al., [14].  From this table, it is clear that there is an 
outstanding agreement.   

 
Table 3 
Numerical values of skin friction coefficient when M=0.2, S=0.5, Gr=0.3, 
Gc=0.5 

M λ A S Gr Gc −𝑪𝒇𝑹𝒆𝒙
𝟏/𝟐

 

0.2        -0.117325 

0.4           -0.114672 

0.6           -0.111276 

 0.4         -0.110286 

 0.5         -0.113244 

 0.6         -0.114625 

   0.2       -0.113269 

   0.4       -0.110258 

   0.6       -0.100289 

     0.5     -0.16288 

     0.6     -0.14625 

     0.7     -0.12628 

       0.3   -0.10268 

       0.6   -0.11429 

       0.9   -0.1528 

         0.5 -0.10228 

         1.0 -0.11268 

         1.5 -0.11564 
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Table 4 
Numerical values of the local Nussuelt number 

𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

  when Pr =0.7, B=0.3, Q=0.2, h=-0.3 
Pr B Q 𝑵𝒖𝒙𝑹𝒆𝒙

−𝟏/𝟐
 

0.7  0.2 0.42869 

0.8     0.44264 

0.9     0.47086 

  0.3   0.46264 

  0.6   0.45209 

  0.9   0.45260 

    0.4 0.46264 

    0.5 0.45206 

 
Table 5 
Numerical values of Sherwood number for 
different parameters 
Sc Kr Shx Rex-1/2 

0.22 0.2 0.32684 

0.32   0.31206 

0.45   0.29004 

  0.4 0.46284 

 0.5 0.44001 

 

Table 6 
Comparison of numerical solution with Khan et al., [14] for 𝜃(η) at Gr=0, Gc=0, 
Sc=0, Kr=0 
η Present 

value 
Abdul Samad  Khan et 
al., [14] 

Absolute error 

0.0 0.943155 0.942573 0.000582 

0.5 0.882399 0.881382 0.001017 

1.0 0.813842 0.812507 0.001335 

 
5. Conclusions 
 

The current study presents several noteworthy contributions in comparison to existing literature. 
The methodology employed in this work introduces several innovative aspects that distinguish it from 
previous studies. 

 
i. The temperature and concentration rise as the magnetic parameter (M) is amplified, but 

the velocity falls. 
ii. Skin friction increases with higher values of the magnetic and velocity slip parameters, 

indicating a decrease in fluid velocity. 
iii. A drop in the concentration profile results from a rise in the Schmidt number. 
iv. The temperature distribution grows with increasing heat generation parameters but 

drops with higher thermal slip and mass transfer parameters, while the Nusselt number 
decreases with higher thermal slip and heat production parameters. 

v. Table 4 showcases an insightful correlation between the rate of heat transfer and the 
Prandtl numbers (Pr). It demonstrates decreases in the rate of heat transfer with 
increasing B and Q, while an increase is observed as Prandtl numbers are elevated. 
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vi. Table 5 demonstrates that the Sherwood number decreases significantly with the 
Schmidt number. 
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