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In this study, the heat and mass transfer characteristics of a two-dimensional 
incompressible Oldroyd-B fluid over a stretching sheet in the presence of Soret, 
Dufour, and nanoparticles are investigated. The effects of elasticity and 
magnetohydrodynamics on flow are being studied. The transport equations contain 
Brownian motion and thermophoresis. The governing partial differential equations and 
associated boundary conditions are dimension less using sufficient similarity variables. 
The resulting ordinary differential equations are solved using the successive 
linearization method. It has been quantitatively measured and explored how different 
embedded thermophysical characteristics affect fluid velocity, temperature, 
concentration, Nusselt number, and Sherwood number. The temperature and 
concentration distribution increase when the values of 𝐷𝐷𝐷𝐷 and 𝑆𝑆𝑆𝑆 rise. As 𝑁𝑁𝑁𝑁 
estimations rise, Nusselt number estimates fall. It should be emphasized that the 
influence is shown to be quite modest as a retardation time is increased. A comparison 
of one instance of our findings with those previously published in the literature reveals 
a very strong agreement. 
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1. Introduc�on 
 

The numerous industrial and engineering uses of non-Newtonian fluid analysis make it of utmost 
significance. These fluids are specifically used in the food industry, bioengineering, oil reservoir 
engineering, the chemical industry, and the nuclear industry. They are also used in the processing of 
materials. Many fluids, including paints, paper pulp, shampoos, ketchup, apple sauce, slurries, certain 
oils, and polymer solu�ons, do not obey Newton's laws of physics. There is no single cons�tu�ve 
connec�on that can account for all the non-Newtonian fluids' proper�es. For the proper�es of non-
Newtonian fluids, several fluid models have been put forth in the literature. The three categories of 
differen�al type, rate type, and integral type are used to categorize non-Newtonian materials in 
general. The Maxwell fluid model represents the most straigh�orward class of rate-type fluids. The 
only aspects of relaxa�on �me that are described by this model The Maxwell fluid is incapable of 
foretelling the proper�es of retarda�on �me. Both the relaxa�on and retarda�on �me characteris�cs 
were inves�gated using an Oldroyd-B fluid model (see references [1-4]). Shaqfeh [5] studied the flow 
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instabili�es that occur when iner�al forces are absent. An analysis of the numerical simula�on of 
viscoelas�c liquids based on molecular models was performed by Laso and O�nger [6]. Sajid et al., 
[7] started the boundary layer stagna�on point flow toward a moving sheet in an Oldroyd-B model. 
For the distribu�on of veloci�es at infinite velocity, they provided numerical solu�ons. In the presence 
of Soret, Dufour, and nanopar�cles, Venkatesh et al., [8] inves�gated the heat and mass transfer 
characteris�cs of a two-dimensional incompressible electrically conduc�ng Maxwell fluid over a 
stretching sheet. The numerical simula�on of a three-dimensional Oldroyd-B fluid with �me 
dependency by Motsa et al., [9] was presented. By Hayat et al., [10], in the context of the 
magnetohydrodynamic flow of an Oldroyd-B fluid, Cataneo-Christov heat flux was examined in the 
presence of homogeneous and heterogeneous processes. Some recent inves�ga�ons on Oldroyd-B 
fluids can be seen in the references [11-16]. 

Most cosmic events that we face daily in science, physics, and geometry may be modeled using 
nonlinear equa�ons. Some of these nonlinear equa�ons can be resolved using approximate 
mathema�cal analy�cal techniques, such as the Homotopy (HAM) analysis method developed by Liao 
[17] and the Adomain decomposi�on method (ADM) Makinde [18]. Tradi�onal numerical methods 
like the Keller box, Runge-Kuta, and finite difference methods can be used to solve some of these 
equa�ons. The successive lineariza�on method (SLM), a technique, has been proven beneficial in 
recent studies. This method has been used to resolve many non-linear problems in science and 
engineering. The governing non-linear equa�ons have been transformed into a system of linear 
differen�al equa�ons using this method. We applied the Chebyshev pseudo-spectral method to solve 
the higher-order deforma�on in linear differen�al equa�ons. As an alterna�ve to more conven�onal 
numerical methods, the SLM methodology can be u�lized to solve boundary value issues involving 
highly non-linear systems (see references [19-26]). 

The driving poten�als are more complicated and difficult to comprehend when both heat and 
mass transport take place at the same �me. Composi�on gradients result in the Dufour effect, which 
describes the movement of energy that this gradient causes. The Soret effect, also called the thermal-
diffusion effect, is the ability of temperature gradients to cause mass flows. It can be seen in mixtures 
of fluids and par�cles that are suspended in the air. These phenomena are caused by the transfer of 
nanopar�cles into the cold zone, which is triggered by the mobility of fluid molecules and high energy 
levels in the hot zone. Because of the size of the fluid molecules and the par�cle, this force is only 
significant at low fluid veloci�es, such as in natural convec�on. The Soret number increases the 
velocity and concentra�on profiles, according to Venkateswarlu and Satya [27] analysis of the effects 
of Soret and Dufour on the MHD stream of a Maxwell fluid on a stretched surface using joule hea�ng. 
According to Hayat et al., [28] analysis of Soret and Dufour's effects on the MHD stream of Casson 
fluid, velocity decreases as the Casson parameter rises. Khan et al., [29] studded the simultaneous 
features of soret and dufour in entropy op�mized flow of reiner-rivlin fluid considering thermal 
radia�on. There has been some recent research in this area, including the many impacts men�oned 
in References [30-32]. 

The thermal conduc�vity of nanofluids is higher than that of non-nanofluids. Since solids transfer 
heat more efficiently than liquids, a fluid's thermal conduc�vity can be increased by suspending solid 
par�cles like metals (gold, silver), carbon (nanotubes), and silicon in the fluid. Base fluids are 
frequently aqueous solu�ons like crude oil, liquid hydrocarbons, etc. [33]. As revealed by Gholinia et 
al., [34], the form of the nanopar�cles has a significant impact on the heat transfer rate. For instance, 
cylinder-shaped nanopar�cles exhibit stronger thermal conduc�vity than brick-shaped ones, but they 
do so at a slower pace than lamina-shaped ones. Doh et al., [35] have conducted research on the 
impact of magne�c nanofluids on thermal conduc�vity. They stated that the heat conduc�vity is 
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significantly increased (by more than 100%) as a result of the magne�c field these nanopar�cles 
produce. Further studies in this direc�on are men�oned in references [36-42]. 

The studies men�oned above revealed that no research on the heat and mass transfer 
characteris�cs of a two-dimensional incompressible Oldroyd-B fluid over a stretching sheet in the 
presence of Soret, Dufour, and nanopar�cles has been done. This inves�ga�on aims to describe the 
heat and mass transfer proper�es of an Oldroyd-B fluid that streams across a stretched sheet in the 
presence of Soret, Dufour, and nanopar�cles in an incompressible, two-dimensional steady state. The 
problem raised here is a fundamental one that manifests itself in numerous real-world contexts, 
including the polymer extrusion procedure. The Soret effect has been used to create low molecular 
weight gas mixtures for isotope separa�on. The reduced ordinary differen�al equa�ons are resolved 
using the successive lineariza�on technique. When compared to those presently available, current 
results are in excellent agreement with data that was previously available. 
 
2. Mathema�cal Formula�on 
2.1 Governing Equations and Boundary Conditions 
 

Consider a steady, incompressible two-dimensional fluid that is flowing through a stretched sheet. 
MHD and nanopar�cle effects are saturated as the sheet expands with the plane 𝑌𝑌 =  0. It is assumed 
that the flow is constrained to 𝑌𝑌 >  0. We should posit the possibility that the sheet is stretched 
con�nuously with 𝑈𝑈(𝑋𝑋)  =  𝑎𝑎𝑎𝑎, where 𝑎𝑎 >  0 is constant and the 𝑥𝑥 −axis is approximated along the 
stretching surface. The stretched surface is given a magne�c field that is consistently consistent and 
uniform in a normal direc�on. Figure 1 shows that the induced magne�c field has very litle impact. 
Under the constant and boundary layer assump�ons, the con�nuous cons�tu�ve equa�on of the 
Oldroyd-B fluid and energy equa�on is presented below as reference [8] and [43]. 
 

 
Fig. 1. Physical configura�on of the model 
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The corresponding boundary conditions are 
 
𝑈𝑈 = 𝑈𝑈𝑤𝑤(𝑥𝑥) = 𝑎𝑎𝑎𝑎,    𝑉𝑉 = 0,   𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤,   at 𝑌𝑌 = 0,

𝑈𝑈 = 0,   𝑇𝑇 = 𝑇𝑇∞,   𝑉𝑉 = 0,   𝐶𝐶 = 𝐶𝐶∞,  as 𝑌𝑌 → ∞,                                                                        (5) 

 
where (𝑈𝑈,𝑉𝑉) are the components of velocity in (𝑋𝑋,𝑌𝑌) direc�ons, The parameters 𝛽𝛽, 𝜐𝜐 �=
𝜇𝜇
𝜌𝜌
� , 𝜇𝜇, 𝛾𝛾, 𝜌𝜌,𝜎𝜎,𝐵𝐵0   stand for  the relaxa�on �me, the kinema�c viscosity, the dynamic viscosity,  the 

retarda�on �me, density of fluid, the electric conduc�vity and  the uniform magne�c fluid 
respec�vely, 𝛼𝛼 is the thermal diffusivity, T is the fluid temperature, 𝐶𝐶 the nanopar�cle frac�on, 𝑇𝑇𝑤𝑤 
and 𝐶𝐶𝑤𝑤  are the temperature of fluid and nanopar�cle frac�on at the wall, respec�vely, 𝐷𝐷𝐵𝐵 is the 
Brownian diffusion 𝐷𝐷𝑇𝑇   coefficient, is the thermophore�c diffusion 
coefficient, 𝜏𝜏 = (𝜌𝜌𝜌𝜌)𝑃𝑃

(𝜌𝜌𝜌𝜌)𝑓𝑓
 is the ra�o between the effec�ve heat capacity of the nanopar�cle material and 

heat capacity of the fluid, 𝐶𝐶 is the volumetric volume expansion coefficient and 𝜌𝜌𝑃𝑃 is the 
density of the par�cles. 
 
2.2 Similarity Transformation 
 

The following non-dimensional variables [8, 43-45] can be used to convert the governing Eq. (2)-
(4) into a set of nonlinear ordinary differen�al equa�ons: 
 

𝑈𝑈 = 𝑐𝑐𝑐𝑐𝑓𝑓′(𝜂𝜂),𝑉𝑉 = −√𝑐𝑐𝑐𝑐𝑓𝑓(𝜂𝜂),𝜂𝜂 = �𝑐𝑐
𝜐𝜐

 ,𝜃𝜃 = 𝑇𝑇−𝑇𝑇∞
𝑇𝑇𝑤𝑤−𝑇𝑇∞

 ,𝜙𝜙 = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

.                                                           (6) 

 
The following set of non-linear ordinary differen�al equa�ons is produced by applying Eq. (12) to 

the governing equa�ons. 
 
𝑓𝑓′′′ + (1 + 𝑀𝑀𝛽𝛽1)𝑓𝑓𝑓𝑓′′ − 𝑓𝑓′2 + 𝛽𝛽1(2𝑓𝑓𝑓𝑓′𝑓𝑓′′ − 𝑓𝑓2𝑓𝑓′′′) + 𝛽𝛽2�2𝑓𝑓′𝑓𝑓′′′ − 𝑓𝑓′′2−𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖� − 𝑀𝑀2 𝑓𝑓′ = 0,      (7) 
𝜃𝜃′′ + 𝑃𝑃𝑃𝑃[𝑓𝑓𝜃𝜃′ + 𝑁𝑁𝑁𝑁(∅′𝜃𝜃′) + 𝑁𝑁𝑁𝑁(𝜃𝜃′)2] + Pr (𝐷𝐷𝐷𝐷)𝜙𝜙′′ = 0,                                                                        (8) 
𝜙𝜙′′ + Pr(𝐿𝐿𝐿𝐿) (𝑓𝑓𝜙𝜙′) + 𝑁𝑁𝑁𝑁

𝑁𝑁𝑁𝑁
𝜃𝜃′′ + 𝑆𝑆𝑆𝑆𝑆𝑆′′ = 0.                                                                                                    (9) 

 
Where 
 
𝛽𝛽1(= 𝛽𝛽𝛽𝛽) is the elas�c parameter, 𝛽𝛽2(= 𝛾𝛾𝛾𝛾) is Deborah number in terms of retarda�on �me, 
𝑀𝑀2(= 𝜎𝜎𝛽𝛽02/𝑐𝑐𝑐𝑐)  is the Hartman number,  𝑃𝑃𝑃𝑃 = 𝜐𝜐 𝛼𝛼⁄  is the Prandtl number, 𝑁𝑁𝑁𝑁 the Brownian mo�on, 
𝑁𝑁𝑁𝑁 is the thermophoresis parameter, 𝐿𝐿𝐿𝐿 = 𝛼𝛼 𝐷𝐷𝐵𝐵⁄  and is the Lewis number, 𝐷𝐷𝐷𝐷 is Dufour number, and 
𝑆𝑆𝑆𝑆 is Soret number. 
 
The boundary condi�ons are: 
 
𝑓𝑓(0) = 0,      𝑓𝑓′(0) = 1,     𝑓𝑓′(∞) = 0,                                                                                                        (10) 
𝜃𝜃(0) = 1,   𝜃𝜃(∞) = 1,                                                                                                                                    (11) 
𝜙𝜙(0) = 1,   𝜙𝜙(∞) = 0.                                                                                                                                   (12) 
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Expressions for 𝐶𝐶𝑓𝑓 , 𝑁𝑁𝑁𝑁, and 𝑆𝑆ℎ are shown as follows: 
 
𝐶𝐶𝑓𝑓 = 𝜏𝜏𝑤𝑤

𝜌𝜌𝑢𝑢𝑒𝑒2(𝑥𝑥)
 ,   𝑁𝑁𝑁𝑁 = 𝑋𝑋𝑋𝑋𝑤𝑤

𝛼𝛼(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
 , 𝑆𝑆ℎ = 𝑋𝑋𝑋𝑋𝑚𝑚

𝛼𝛼(𝐶𝐶𝑤𝑤−𝐶𝐶∞)
                                                                                         (13) 

 
Where 𝑞𝑞𝑤𝑤 and 𝑞𝑞𝑚𝑚 stand for the heat flux and mass flux, respec�vely, and 𝑤𝑤 stands for the wall's shear 
stress: 
 
𝜏𝜏𝑤𝑤 = 𝜇𝜇(1 + 𝛽𝛽1) �𝜕𝜕𝜕𝜕
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�
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�
𝑌𝑌=0

, 𝑞𝑞𝑚𝑚 = −𝐷𝐷𝐵𝐵 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
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, 𝑆𝑆𝑆𝑆 = 𝐷𝐷𝑀𝑀𝐾𝐾𝑇𝑇(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
𝑇𝑇𝑀𝑀(𝐶𝐶𝑤𝑤−𝐶𝐶∞)

1
𝐷𝐷𝐵𝐵

, 𝐷𝐷𝐷𝐷 =
𝐷𝐷𝑀𝑀𝐾𝐾𝑇𝑇(𝐶𝐶𝑤𝑤−𝐶𝐶∞)
𝑇𝑇𝑀𝑀(𝑇𝑇𝑤𝑤−𝑇𝑇∞)

1
𝐷𝐷𝐵𝐵

.                                                                                                                                                (14) 

                                                                                                                                 
The dimensionless formula�on of Eq. (13) is [8]: 
 
 𝑅𝑅𝑅𝑅𝑥𝑥

1 2⁄ 𝐶𝐶𝑓𝑓 = (1 + 𝛽𝛽1)𝑓𝑓′′(0),𝑅𝑅𝑅𝑅𝑥𝑥
1 2⁄ 𝑁𝑁𝑁𝑁 = −𝜃𝜃′(0), 𝑅𝑅𝑅𝑅𝑥𝑥

(−1 2)⁄ 𝑆𝑆ℎ = −𝜙𝜙′(0),       (15)          
 
Where 𝑅𝑅𝑒𝑒(𝑥𝑥) = 𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥/𝜐𝜐 is the Reynolds number rela�ve to the shrinking velocity 𝑢𝑢𝑤𝑤(𝑥𝑥). 
 

 
3. Numerical Methods 
 

We employ the successive lineariza�on method to numerically solve the current problem. The 
SLM works by itera�vely conver�ng the controlling nonlinear Eq. (7) - (9) into a set of linear differen�al 
equa�ons, which are then solved analy�cally or numerically. 
The SLM technique presupposes that the solu�on of system Eq. (7)-(9) can be represented as [46-49] 
 
𝑓𝑓(𝜂𝜂) = 𝑓𝑓𝑖𝑖(𝜂𝜂) + � 𝑓𝑓𝑛𝑛(𝜂𝜂)𝑖𝑖−1

𝑛𝑛=0 ,    𝜃𝜃(𝜂𝜂) = 𝜃𝜃𝑖𝑖(𝜂𝜂) + � 𝜃𝜃𝑛𝑛(𝜂𝜂)𝑖𝑖−1
𝑛𝑛=0 ,   𝜙𝜙(𝜂𝜂) = 𝜙𝜙𝑖𝑖(𝜂𝜂) + � 𝜙𝜙𝑛𝑛(𝜂𝜂)𝑖𝑖−1

𝑛𝑛=0      (16)       
          

Star�ng from an ini�al guess that is appropriate for 𝑓𝑓0(𝜂𝜂),  𝜃𝜃0(𝜂𝜂) and 𝜙𝜙0(𝜂𝜂) and sa�sfies the 
boundary condi�ons as Eq. (10), Eq. (11) and Eq. (12), suitable func�ons are as follows. 
 
𝑓𝑓0(𝜂𝜂) = 1 − 𝑒𝑒−𝜂𝜂 ,  𝜃𝜃0(𝜂𝜂) = 𝑒𝑒−𝜂𝜂 ,  𝜙𝜙0(𝜂𝜂) = 𝑒𝑒−𝜂𝜂                                                                                          (17) 
 

Subs�tu�ng Eq. (16) into the controlling Eq. (7)-(9) while neglec�ng the nonlinear factors in 
𝑓𝑓𝑖𝑖(𝜂𝜂),  𝜃𝜃𝑖𝑖(𝜂𝜂)and 𝜙𝜙𝑖𝑖(𝜂𝜂)and their deriva�ves yields: 
 
�−𝛽𝛽2 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1

𝑗𝑗=0 �𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖 + �1 − 𝛽𝛽1�∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 �

2
+ 2𝛽𝛽2 ∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0 � 𝑓𝑓𝑖𝑖′′′ + �(1 + 𝑀𝑀𝛽𝛽1)∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 +

2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0 �𝑓𝑓𝑖𝑖′′ + �2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′ − 2∑ 𝑓𝑓𝑗𝑗′ + 2𝛽𝛽2𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′′𝑖𝑖−1

𝑗𝑗=0 − 𝑀𝑀2�𝑓𝑓𝑖𝑖′ + �(1 +
𝑀𝑀𝛽𝛽1)∑ 𝑓𝑓𝑗𝑗′′𝑖𝑖−1

𝑗𝑗=0 + 2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′𝑖𝑖−1

𝑗𝑗=0 − 2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′′ − 𝛽𝛽2 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖𝑖𝑖𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 � 𝑓𝑓𝑖𝑖 = 𝑟𝑟1,𝑖𝑖−1                (18) 

                                                                                                                                                 
𝜃𝜃𝑖𝑖′′ + 𝑃𝑃𝑃𝑃�∑ 𝑓𝑓𝑗𝑗 + 𝑁𝑁𝑁𝑁∑ 𝜙𝜙𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0 + 2𝑁𝑁𝑁𝑁𝑖𝑖−1
𝑗𝑗=0 ∑ 𝜃𝜃𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0 �𝜃𝜃𝑖𝑖′ + �Pr∑ 𝜃𝜃𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 �𝑓𝑓𝑖𝑖 + Pr(𝐷𝐷𝐷𝐷)𝜙𝜙𝑖𝑖′′ +

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃∑ 𝜃𝜃𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 𝜙𝜙𝑖𝑖′ = 𝑟𝑟2,𝑖𝑖−1                                                                                                                               (19) 

                                                                                                                                                
𝜙𝜙𝑖𝑖′′ + �𝐿𝐿𝐿𝐿 𝑃𝑃𝑃𝑃 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1

𝑗𝑗=0 �𝜙𝜙𝑖𝑖′ + �𝐿𝐿𝐿𝐿 𝑃𝑃𝑃𝑃 ∑ 𝜙𝜙𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 �𝑓𝑓𝑖𝑖 + �𝑁𝑁𝑁𝑁

𝑁𝑁𝑁𝑁
+ 𝑆𝑆𝑆𝑆� 𝜃𝜃𝑖𝑖′′ = 𝑟𝑟3,𝑖𝑖−1                                              (20)  
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Depending on the condi�ons at the boundary, 
 
𝑓𝑓𝑖𝑖(0) = 𝑓𝑓𝑖𝑖′(0) = 𝑓𝑓𝑖𝑖′(∞) = 0,𝜃𝜃𝑖𝑖(0) = 𝜃𝜃𝑖𝑖(∞) = 0, 
 𝜙𝜙𝑖𝑖(0) = 𝜙𝜙𝑖𝑖(∞) = 0. 
 
Where, 
 
 𝑟𝑟1,𝑖𝑖−1 = 𝛽𝛽2 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1

𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖𝑖𝑖𝑖𝑖−1
𝑗𝑗=0 − ∑ 𝑓𝑓𝑗𝑗′′′ − (1 + 𝑀𝑀𝛽𝛽1)∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1

𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′ + 𝛽𝛽1𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′′𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 �∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1

𝑗𝑗=0 �
2
−

2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗 ∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′ − 2𝛽𝛽2𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′′ + 𝛽𝛽2𝑖𝑖−1
𝑗𝑗=0 �∑ 𝑓𝑓𝑗𝑗′′𝑖𝑖−1

𝑗𝑗=0 �
2

+ �∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 �

2
+

(𝜆𝜆 + 𝑀𝑀)∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 , 

 𝑟𝑟2,𝑖𝑖−1 = −∑ 𝜃𝜃𝑗𝑗′′ − 𝑃𝑃𝑃𝑃𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗 ∑ 𝜃𝜃𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 − 𝑃𝑃𝑃𝑃 𝑁𝑁𝑁𝑁∑ 𝜙𝜙′𝑗𝑗 ∑ 𝜃𝜃𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 − 𝑃𝑃𝑃𝑃 𝑁𝑁𝑁𝑁�∑ 𝜃𝜃′𝑖𝑖−1

𝑗𝑗=0 �
2
−

(Pr )(𝐷𝐷𝐷𝐷)∑ 𝜃𝜃𝑗𝑗′′𝑖𝑖−1
𝑗𝑗=0 , 

 𝑟𝑟3,𝑖𝑖−1 = −∑ 𝜙𝜙𝑗𝑗′′ − 𝐿𝐿𝐿𝐿 𝑃𝑃𝑃𝑃𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗 ∑ 𝜙𝜙𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 − 𝑁𝑁𝑁𝑁

𝑁𝑁𝑁𝑁
∑ 𝜃𝜃𝑗𝑗′′𝑖𝑖−1
𝑗𝑗=0 − 𝑆𝑆𝑆𝑆 ∑ 𝜃𝜃𝑗𝑗′′𝑖𝑖−1

𝑗𝑗=0 , 
 

Using the Chebyshev colloca�on spectral method [50], the linearized system is solved, producing 
the following system of equa�ons: 
 
𝐴𝐴11 𝑓𝑓𝑖𝑖 + 𝐴𝐴12 𝜃𝜃𝑖𝑖 + 𝐴𝐴13 𝜙𝜙𝑖𝑖 = 𝑟𝑟1,𝑖𝑖−1
𝐴𝐴21 𝑓𝑓𝑖𝑖 + 𝐴𝐴22 𝜃𝜃𝑖𝑖 + 𝐴𝐴23 𝜙𝜙𝑖𝑖 = 𝑟𝑟2,𝑖𝑖−1
𝐴𝐴31 𝑓𝑓𝑖𝑖 + 𝐴𝐴32 𝜃𝜃𝑖𝑖 + 𝐴𝐴33 𝜙𝜙𝑖𝑖 = 𝑟𝑟3,𝑖𝑖−1

                                                                                                                 (21) 

 
We can write system Eq. (21) as matrix equa�on as 
𝐴𝐴𝑖𝑖−1𝑋𝑋𝑖𝑖 = 𝑅𝑅𝑖𝑖−1,                                                                                                                                                 (22) 
 
Where,   
 

𝐴𝐴𝑖𝑖−1 = �
𝐴𝐴11 𝐴𝐴12 𝐴𝐴13
𝐴𝐴21 𝐴𝐴22 𝐴𝐴23
𝐴𝐴31 𝐴𝐴32 𝐴𝐴33

� ,  𝑋𝑋𝑖𝑖 = �
𝑓𝑓𝑖𝑖
𝜃𝜃𝑖𝑖
𝜙𝜙𝑖𝑖
� ,  𝑅𝑅𝑖𝑖−1 = �

𝑟𝑟1,𝑖𝑖−1
𝑟𝑟2,𝑖𝑖−1
𝑟𝑟3,𝑖𝑖−1

�  , 

 
And 
 
𝐴𝐴11 = �−𝛽𝛽2 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1

𝑗𝑗=0 �𝐷𝐷4 + �1 − 𝛽𝛽1�∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 �

2
+ 2𝛽𝛽2 ∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0 �𝐷𝐷3 + �(1 + 𝑀𝑀𝛽𝛽1)∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 +

2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0 �𝐷𝐷2 + �2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′ − 2∑ 𝑓𝑓𝑗𝑗′ + 2𝛽𝛽2𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′′𝑖𝑖−1

𝑗𝑗=0 − 𝑀𝑀2�𝐷𝐷 +
�(1 + 𝑀𝑀𝛽𝛽1)∑ 𝑓𝑓𝑗𝑗′′𝑖𝑖−1

𝑗𝑗=0 + 2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′𝑖𝑖−1

𝑗𝑗=0 − 2𝛽𝛽1 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 ∑ 𝑓𝑓𝑗𝑗′′′ − 𝛽𝛽2 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖𝑖𝑖𝑖𝑖−1

𝑗𝑗=0
𝑖𝑖−1
𝑗𝑗=0 �, 

𝐴𝐴12 = 𝐴𝐴13 = 0, 𝐴𝐴21 = �Pr∑ 𝜃𝜃𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 �,   

𝐴𝐴22 = 𝐷𝐷2 + 𝑃𝑃𝑃𝑃�∑ 𝑓𝑓𝑗𝑗 + 𝑁𝑁𝑁𝑁∑ 𝜙𝜙𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 + 2𝑁𝑁𝑁𝑁𝑖𝑖−1

𝑗𝑗=0 ∑ 𝜃𝜃𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 �𝐷𝐷,   

 A23 = Pr(𝐷𝐷𝐷𝐷)𝐷𝐷2 + �𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃∑ 𝜃𝜃𝑗𝑗′𝑖𝑖−1
𝑗𝑗=0 �𝐷𝐷, 𝐴𝐴31 = �𝐿𝐿𝐿𝐿 𝑃𝑃𝑃𝑃 ∑ 𝜙𝜙𝑗𝑗′𝑖𝑖−1

𝑗𝑗=0 �,   
𝐴𝐴32 �

𝑁𝑁𝑁𝑁
𝑁𝑁𝑁𝑁

+ 𝑆𝑆𝑆𝑆�𝐷𝐷2, 𝐴𝐴33 = 𝐷𝐷2 + �𝐿𝐿𝐿𝐿 𝑃𝑃𝑃𝑃 ∑ 𝑓𝑓𝑗𝑗𝑖𝑖−1
𝑗𝑗=0 �𝐷𝐷.  

 
The resultant system Eq. (22) is readily solved as 
 
𝑿𝑿 = 𝐴𝐴𝑖𝑖−1−1 𝑅𝑅𝑖𝑖−1                                                                                                                                                   (23) 
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4. Convergence Analysis 
 
The convergence of series solu�ons to the momentum, temperature, and concentra�on 

equa�ons is shown in Table 1. It should be observed that the convergence of 𝑓𝑓′′(0) requires a 4th-
order approxima�on, while  𝜃𝜃′(0) requires a 12th-order approxima�on, and 𝜙𝜙′(0)  requires a 13th-
order approxima�on. 
 

Table 1 
Convergence of SLM solu�ons with respect to several orders of approxima�ons when 𝑃𝑃𝑃𝑃 =
10, 𝐿𝐿𝐿𝐿 = 𝑀𝑀 = 1, 𝑆𝑆𝑆𝑆 =  𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑁𝑁 = 𝛽𝛽1 = 0.1,𝐷𝐷𝐷𝐷 = 𝛽𝛽2 = 0.01 
Order of approximation −𝑓𝑓′′(0) −𝜃𝜃′(0) −𝜙𝜙′(0) 
1 1.427526290           0.937804159           1.808246528 
3 1.438897811           0.937266679           1.920490523 
4 1.438897811           0.936859200           1.920969679 
10 1.438897811           0.936947042           1.920870392 
12 1.438897811           0.936947053           1.920870380 
13 1.438897811           0.936947053           1.920870379 
15 1.438897811           0.936947053           1.920870379 
20 1.438897811           0.936947053           1.920870379 
30 1.438897811           0.936947053           1.920870379 
50 1.438897811           0.936947053           1.920870379 

 
5. Numerical Scheme Tes�ng 
 

Here, we test the validity of our numerical results and contrast them with those of published 
works as limi�ng examples. So, we contrast the outcomes of this study with those found in references 
[8, 45, 49]. It is found that our results are in excellent agreement as shown in Table 2 and Table 3. 
 

Table 2 
Comparison of SLM finding of −𝜃𝜃′(0) and −𝜙𝜙′(0) with those found in Venkatesh et al., [8] for 
various values of 𝑁𝑁𝑁𝑁 when 𝑃𝑃𝑃𝑃 = 10, 𝐿𝐿𝐿𝐿 = 1,𝑁𝑁𝑁𝑁 = 0.3,𝑀𝑀 = 0.5,𝛽𝛽1 = 0.5,𝐷𝐷𝐷𝐷 = 𝑆𝑆𝑆𝑆 =  𝛽𝛽2 = 0 

Nb 
−𝜃𝜃′(0) −𝜙𝜙′(0) 

Venkatesh et al., [8] Present Venkatesh et al., [8] Present 
0.3 0.1352456 0.135273476 2.6031104 2.608854205 
0.5 0.0836451 0.083719358 2.7463422 2.751788850 
0.7 0.0570214 0.057153798           2.8405126 2.845554190 

 
Table 3 
Comparison of SLM finding of 𝑓𝑓(𝜂𝜂) with those found in Ghadikolaei et al., [45] and Salah and 
Elhafian [49] for various values of 𝜂𝜂 when 𝑀𝑀 = 𝛽𝛽1 = 𝜆𝜆 = 0.0 and 𝛽𝛽2 = 0.01 
𝛽𝛽2 𝜂𝜂 Ghadikolaei et al., [45] Salah et al., [49] Present 

0.01 

0 0 0 0 
0.1 0.095199 0.095194 0.095186 
0.2 0.181400 0.181338 0.181357 
0.5 0.394050 0.393892 0.393919 
1 0.633463 0.633460 0.633440 
2 0.866679 0.867642 0.867634 
3 0.952228 0.954211 0.954216 
4 0.983566 0.986229 0.986225 
5 - 0.998059 0.998057 
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6. Results and Discussion 
 

The successive lineariza�on method was used to solve the boundary value issues numerically for 
the nonlinear-coupled ordinary differen�al Eq. (7) – (9) that are subject to the boundary condi�ons 
Eq.  (10) – (12). The local skin-fric�on coefficient, the local Nusselt number, and the local Sherwood 
number are reported for various values of the physical parameters significant in this study based on 
the numerical computa�ons are shown in Table 4. 

 
Table 4 
Different values of skin fric�on coefficient, local Nusselt number, and local Sherwood number using 
SLM for different parameters 
𝑀𝑀 𝑃𝑃𝑃𝑃 𝐿𝐿𝐿𝐿 𝑁𝑁𝑁𝑁 Nb 𝛽𝛽1 𝛽𝛽2 𝐷𝐷𝐷𝐷 𝑆𝑆𝑆𝑆 −𝑓𝑓′′(0) −𝜃𝜃′(0) −𝜙𝜙′(0) 
0.5 1 1 0.1 0.1 0.1 0.01 0.01 0.1 1.140131598           0.506098905           0.160887742 
1.0         1.438897811           0.453772923           0.115316809          
1.5         1.831538056           0.394398470           0.074358514           
2.0         2.269832059           0.340515061           0.046535631 
 1.0        1.438897811           0.453772923           0.115316809 
 1.5        1.438897811           0.587002775           0.212434484 
 2.0        1.438897811           0.687979451           0.314124511 
 2.5        1.438897811           0.765978773           0.417662991 
  1       1.438897811           0.453772923           0.115316809 
  2       1.438897811           0.443471639           0.503256025 
  3       1.438897811           0.438659866           0.795226329 
  4       1.438897811           0.435838182           1.036453127 
   0.1      1.438897811           0.453772923           0.115316809 
   0.3      1.438897811           0.429680616          -0.510767431 
   0.5      1.438897811           0.407114967          -1.065465848 
   0.9      1.438897811           0.366232435          -1.990332651 
    0.1     1.438897811           0.453772923           0.115316809 
    0.3     1.438897811           0.411028304           0.360035767 
    0.5     1.438897811           0.371053151           0.411116617 
    0.9     1.438897811           0.299394175           0.448060675 
     0.1    1.438897811           0.453772923           0.115316809 
     0.5    1.557248634           0.423218683           0.091143214 
     0.9    1.669815951           0.397070053           0.073515446 
     1.2    1.750529310           0.379968549           0.063387989 
      0.00   1.444537493           0.452917748           0.114614125 
      0.02   1.433316189           0.454625073           0.116019001 
      0.04   1.422319851           0.456320463           0.117421892 
      0.06   1.411534832           0.458004227           0.118822767 
       0.01  1.438897811           0.453772923           0.115316809 
       0.05  1.438897811           0.441182734           0.126280363 
       0.10  1.438897811           0.426450749           0.139074547 
       0.20  1.438897811           0.399899039           0.162039380 
        0.1 1.438897811           0.453772923           0.115316809 
        0.3 1.438897811           0.455744046           0.044320247 
        0.5 1.438897811           0.457724419          -0.027403698 
        0.7 1.438897811           0.459714074          -0.099860882 

 
Figure 2 shows that as the magne�c parameter 𝑀𝑀 is increased, the fluid velocity decreases. A 

resis�ve force is produced in the direc�on of fluid flow as a result of the ongoing magne�c field. This 
resis�ve strength may reduce the momentum boundary layer's weight. As seen in Figure 3, decreasing 
velocity is the effect of increasing the elas�city parameter 𝛽𝛽1. Physically speaking, it is known that 
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increasing the elas�c parameter enhances the fluid stream's retarda�on, which causes the fluid 
velocity to decrease as the elas�c parameter rises. 

The impact of the Prandtl number 𝑃𝑃𝑃𝑃 on fluid temperature is shown in Figure 4. The rela�ve 
significance of the momentum boundary layer to the thermal boundary layer in the transport of heat 
is determined by the fluid's Prandtl number 𝑃𝑃𝑃𝑃. The fluid's temperature gradient reduces as 𝑃𝑃𝑃𝑃 value 
rises. The momentum diffusivity rises and overtakes the thermal diffusivity as 𝑃𝑃𝑃𝑃 rises.  

The fluid's velocity is high enough to make a difference in the fluid's ability to transfer heat. As a 
result, the boundary layer becomes thinner, and the rate of heat dissipa�on increases. 
 

 
Fig. 2.  Effect of 𝑀𝑀 on velocity profile 

 

 
Fig. 3.  Effect of 𝛽𝛽1 on velocity profile 
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Fig. 4.  Effect of 𝑃𝑃𝑃𝑃 on temperature profile 

 
Figure 5 illustrates the rela�onship between the temperature and the Dufour number 𝐷𝐷𝐷𝐷. A 

concentra�on gradient causes a type of heat flow known as the Dufour effect. When the Dufour effect 
occurs, the temperature profiles are wider than when it does not. As the thermal boundary layer 
grows, boundary layer flow becomes electrified, and the Dufour number increases. Since the 
concentra�on gradient increases with an intensifica�on of the Dufour factor, mass diffusion can occur 
more quickly as a result. Because of this, the temperature profile improves. Figure 6 illustrates the 
thermal boundary layer's temperature dispersion for various Brownian mo�on 𝑁𝑁𝑁𝑁 values. A fluid's 
par�cles move randomly and erra�cally as a result of con�nuous collisions with other molecules. 
Temperature rises as a result of the kine�c energy of the fluid molecules being converted into thermal 
energy through the random movement of the nanopar�cle when it collides with the molecules. 

Figure 7 illustrates the temperature dispersion of the thermal boundary layer for different 
thermophoresis parameter values 𝑁𝑁t. When there is a temperature differen�al, a transport force 
called thermophoresis results. The temperature improves as the amount of 𝑁𝑁𝑁𝑁 rises because the 
boundary layer becomes heavier and heavier as it gets heavier. This happens because the surface 
temperature rises as a result. 

Figure 8 depicts 𝐿𝐿𝐿𝐿 effects on concentra�on. The correla�on between thermal diffusivity and 
mass diffusivity is referred to as the Lewis number. When there is simultaneous heat and mass 
transmission, it is u�lized to describe fluid fluxes. As a result, the thickness of the thermal and 
concentra�on boundary layers is measured by the Lewis number. The Brownian diffusion coefficient 
has a major impact on the Lewis number 𝐿𝐿𝐿𝐿. Higher Lewis number values help to reduce the Brownian 
diffusion coefficient, which reflects a lower concentra�on of nanopar�cles. 
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Fig. 5.  Effect of 𝐷𝐷𝐷𝐷 on temperature profile 

 

 
Fig. 6.  Effect of 𝑁𝑁𝑁𝑁 on temperature profile 
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Fig. 7.  Effect of 𝑁𝑁𝑁𝑁 on temperature profile 

 

  
Fig. 8.  Effect of 𝐿𝐿𝐿𝐿 on concentra�on profile 

 
Figure 9 depicts the increasing nature of the concentra�on for various es�ma�ons of the Soret 

number 𝑆𝑆𝑆𝑆. The thermal diffusion (Soret) effect is the term used to describe the mass flux caused by 
a temperature gradient. It is plausible to infer that as the Soret effect has grown, so has the molar 
mass's diffusivity, raising the concentra�on. The Soret effect has enabled isotope separa�on and gas 
mixes with low molecular weights. 
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Finally, Figure 10 illustrate how 𝛽𝛽2 affects the velocity profile. It should be noted that as 𝛽𝛽2 is 
increased, the influence is found to be extremely minimal. Addi�onally, by se�ng 𝛽𝛽1 = 0, 𝛽𝛽2 = 0, 
and 𝛽𝛽1 = 𝛽𝛽2 = 0, the second-grade, Maxwell, and viscous cases are recovered respec�vely. 

 

 
Fig. 9.  Effect of 𝑆𝑆𝑆𝑆 on concentra�on profile 

 

 
Fig. 10.  Effect of 𝛽𝛽2 on velocity profile 
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7. Conclusions 
 

In this study, we have discussed the heat and mass transfer characteristics of a two-dimensional 
incompressible Oldroyd-B fluid over a stretching sheet in the presence of Soret, Dufour, and 
nanoparticles. This fundamental issue arises in a variety of real-world contexts, including chemical 
engineering, geosciences, and the polymer extrusion process. The impact of the governing 
parameters, such as the magnetic parameter (𝑀𝑀), elastic parameter (𝐾𝐾), thermophoresis parameter 
(𝑁𝑁𝑁𝑁), Brownian motion parameter (𝑁𝑁𝑁𝑁), Lewis number (𝐿𝐿𝐿𝐿), and Prandtl number (𝑃𝑃𝑃𝑃), on the 
velocity, temperature, and concentration profiles is discussed visually. These are the conclusions: 

 
i. The temperature and concentration distribution will improve as the 𝐷𝐷𝐷𝐷 and 𝑆𝑆𝑆𝑆 levels rise. 

ii. The velocity will decrease with rising 𝛽𝛽1 and 𝑀𝑀 values. 
iii. Temperature profiles will climb with rising 𝑃𝑃𝑃𝑃 values. 
iv. Nusselt number estimates fall as 𝑁𝑁𝑁𝑁 estimations rise. 
v. When 𝑁𝑁𝑁𝑁 estimations rise, Sherwood estimates rise as well. 

vi. The concentration profiles are getting flatter as 𝐿𝐿𝐿𝐿 values increase. 
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