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Hybrid nanofluid has an extensive range of real-world applications. Hybrid nanofluid is 
a new and advanced nanofluid modification extensively used to increase thermal 
efficiency in fluid flow systems. The main objective of this research is to study 
magnetohydrodynamics hybrid nanofluid flow numerically in two dimensional over a 
vertical exponentially shrinking sheet, considering the effects of Joule heating and 
thermal slip condition. Furthermore, using the Tiwari-Das model, the influence of the 
suction parameter on variations of reduced skin friction and reduced heat transfer is 
also explored. The hybrid nanofluid in this research is an Al2O3+Cu/water hybrid 
nanofluid, in which water is the base fluid, and two types of solid nanoparticles, namely 
Alumina (Al2O3) and copper (Cu), are combined together. The governing partial 
differential (PDEs) equations are transformed into the ordinary differential equations 
(ODEs) using exponential similarity variables. The resulting ordinary differential 
equations (ODEs) are numerically solved using the three-stage Labatto III-A technique 
in the "MATLAB software's" bvp4c solver. Hybrid nanofluids have greater thermal 
efficiency than nanofluids and base fluid. Dual solutions are obtained in specified 
ranges of suitable parameters. The temperature profile 𝜃(𝜂) rises in both solutions as 
the Eckert value enhances. Besides, In the first and second solutions, the thermal 
boundary layer thickness decreased gradually as the thermal slip parameter increased. 
Finally, the conclusions presented that solution duality exists when the suction 
parameter 𝑆 ≥ 𝑆𝑐𝑖, while no flow of fluid is possible when 𝑆 < 𝑆𝑐𝑖.  
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1. Introduction

Fluid dynamics study has attracted the interest of experts, scholars, and researchers from 
numerous fields in recent decades, owing to its several applications in engineering, science, and 
technology. Sakiadis [1] initially suggested the notion of a boundary layer steady flow on a stretching 
sheet for two dimensional. Later, Crane [2] modernized the thought of Sakiadis, and then he applied 
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it to steady flow two-dimensional linear stretching and exponential surfaces. He stated that the 
velocity with which a surface is stretched from a slit is proportional to its distance. 

Furthermore, Choi [3] identified nanofluid as a mixture generated by dispersed nanoparticles in 
a normal fluid. He defined nanofluids as heat transfer dispersions with better thermal behaviour than 
base fluids or conventional liquids. Nanofluids are composed of tiny quantities of solid particles 
measuring 100 nm or less in size. Nanofluids often include nanoparticles with unique chemical and 
physical properties, for instance, carbon nanotubes, carbides, oxides, and metals (Nada et al., [4]). 
Water, organic liquids, polymeric solutions, oils, and other common fluids are examples of base fluids 
(Wang et al., [5]). It has been discovered that nanofluids have better thermal efficiency than their 
basic fluids. Consequently, nanofluids have abundant real-world applications, including heat transfer. 
Agriculture, drug delivery, solar energy, refrigerators, aerospace, building cooling and heating, 
microchips, and automobiles are just a few examples of applications (Lund et al., [6]). Khan and Pop 
[7] examined the first time numerically on a stretching surface in a nanofluid with two-dimensional 
steady boundary layer flow. Miklavčič and Wang [8] are credited with being the first to explore the 
viscous three-dimensional flow across a shrinking surface using the suction effect. Bachok et al., [9] 
examined a nanofluid with an unsteady boundary layer flow over a shrinking/stretching layer. 
Moreover, Dero et al., [10] considered the two-dimensional model of a single phase of Tiwari-Das 
steady flow over-stretching and shrinking sheet over the analysis of Casson-based nanofluid. 

Researchers have attempted to incorporate numerous solid nanoparticles through various types 
of base fluids in response to the increasing demand for heat transfer rates from various aspects of 
the industry, as previously mentioned, as a result, a hybrid nanofluid, the newest type of nanofluid, 
was developed. According to Devi and Devi [11], combining a metal nanoparticle in a small 
quantity/nanotube with an oxide/suspension of metal nanoparticles in a base fluid will dramatically 
boost thermal properties. Common fluids usually have more than one solid particle (glycol, paraffin 
oil, water, vegetable oil, engine oil, kerosene, and ethylene). According to Huminic and Huminic [12] 
can be noticed significant applications of hybrid nanofluid, such as these liquids, have been used in a 
lot of heat transfer applications, including heat exchangers, microchannels, warmth pipes, tube-
shaped heat exchangers, air conditioning systems, little channel heat sinks, etc. Radiation's effects 
on a hybrid nanofluid of nonlinear stretching/shrinking surface two-dimensional steady flow were 
explored by Waini et al., [13]. Moreover, Waini et al., [14] studied the influence of transpiration 
steady flow through a stretching/shrinking surface by the uniform shear flow on a two-dimensional 
hybrid nanofluid. Numerous scholars investigated the stretching/shrinking sheet on nanofluids and 
hybrid nanofluids in different consideration models [15-38]. 

Magnetohydrodynamics (MHD) is a term that combines the words magneto (magnetic), hydro 
(fluids), and dynamics (motion). The study of the flow of electrically conducting fluids in the existence 
of a magnetic field is described as magnetohydrodynamics. Since the magnetic field occurs anywhere 
in the universe, MHD phenomena can also occur when conducting fluids are present in natural 
phenomena. Engineers use MHD concepts in the project and design of an extensive range of 
applications in industries (e.g., heat exchangers, generators, flow meters, nuclear waste disposal, 
nuclear reactor cooling, geothermal energy extractors, and MHD pumps, etc. (Yashkun et al., [39]). 
So, it is vital. Devi and Devi [11] numerically examined steady magnetic flow over a stretching sheet 
with suction and Newtonian heating effect in a hybrid nanofluid. Furthermore, with Newtonian 
heating, Devi and Devi [40] continued their study to a three-dimensional steady flow. They reported 
that hybrid nanofluid heat transfers rate more quickly than normal nanofluid. After that, Devi and 
Devi [41] investigated the steady two-dimensional flow of a hybrid nanofluid past a stretching layer. 
Aly and Pop [42] studied the two-dimensional steady flow past a stretching and shrinking plate using 
suction, convective boundary conditions, and MHD effects in a hybrid nanofluid. Waini et al., [43] 
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explored the influence of hybrid nanofluid on steady fluid flow in an exponentially 
stretching/shrinking layer. They noticed that suction effects and shrinking effects had dual solutions. 
Lund et al., [44] studied unsteady flow stretching/shrinking sheets with influence radiation and MHD 
in a hybrid nanofluid. Asghar and Ying [45] studied the MHD hybrid nanofluid flow through the 
influence of Joule heating in a three-dimensional rotating stretching/shrinking surface. 

Joule heating, also known as ohmic heating, resistance, or resistive heating, is the process of 
producing heat by conducting an electric current over a conductor. Incandescent light bulbs, 
resistance ovens, food processing gear, electric warmers, electric fuses, electric stoves, soldering 
irons, and cartridge heaters are all examples of Joule heating (Yashkun et al., [39]). Additionally, 
Khashi et al., [46] examined the two-dimensional steady flow of a hybrid Al2O3-Cu/water nanofluid 
associated with a radially stretching/shrinking sheet by Joule heating, MHD, and suction influences. 
Moreover, Yan et al., [47] explored an MHD hybrid nanofluid flow that passes across an exponential 
sheet, including the impact of Joule heating. More studies have been done on boundary layer flow 
over MHD can be found in these studies [48, 49]. 

Many applications of slip conditions contain the formation of interior cavities and heart valves 
and the cleaning of artificial heart valves (Jamil et al., [50]). The notion of slip impact on boundary 
flow was initially proposed by Andersson [51]. Hayat et al., [52] investigated rotating steady flow with 
partial slip and radiation impacts. They noticed that raising the slip parameter reduces temperature 
and velocity values. As mentioned above, Yan et al., [47] investigated magnetized hybrid nanofluid 
flow through the exponential sheet and slip conditions and Joule heating. More citations on the 
influence of slip parameters are presented in the literature [53, 54]. 

Waini et al., [15] investigated a two-dimensional hybrid nanofluid flow across a vertical 
exponentially shrinking surface utilizing mixed convection without considering MHD, thermal slip 
condition, radiation, and joule heating effects. Besides, the influences of MHD, mixed convection, 
and joule heating were considered by Yashkun et al., [39] in a two-dimensional hybrid nanofluid flow 
containing an exponentially stretching/shrinking sheet, but these effects were not taken into 
consideration, nor were the effect of thermal slip condition, nor thermal radiation. However, 
employing the Tiwari-Das model (see Tiwari and Das [55]), the current research aims to fill in the gaps 
described in Waini et al., [15] and Yashkun et al., [39] by focusing on the effect of MHD, Joule heating, 
and thermal slip condition. The current research objective is to explore the two-dimensional 
magnetohydrodynamics Al2O3+Cu hybrid nanofluid over a vertical exponentially shrinking sheet by 
the existence of Joule heating and thermal slip condition. Alumina (Al2O3) and copper (Cu) 
nanoparticles are utilized for a hybrid nanofluid in this research to achieve excellent convective heat 
transfer efficiency. In order to create a hybrid nanofluid (Al2O3+Cu/water), two nanoparticles of 
Alumina (Al2O3) and copper (Cu) are combined. The velocity and temperature profiles for various 
values of volume fraction copper, magnetic, Eckert number, thermal slip parameters and Prandtl 
number are examined in this study. Besides, the effect of volume fraction copper against suction on 
the variations of reduced skin friction and reduced heat transfer is also included in this study. The 
existing numerical findings are compared to the results of prior investigations for comparison 
purposes. According to our knowledge, this model is different and novel, and no related article has 
been found in the literature. 
 
2. Methodology 
2.1 Formulation of Mathematical Model 

 
The two-dimensional Magnetohydrodynamics incompressible and steady flow on a vertical 

exponentially shrinking sheet in a hybrid nanofluid is stated in Figure 1. The sheet movement is 
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defined by the x-axis, while the y-axis is perpendicular to it. In the x-axis manner, the surface velocity 

is 𝑢 = 𝑢𝑤 = 𝑈𝑤 𝑒
𝑥

𝐿⁄  𝐿 is the characteristic length while 𝑈𝑤 is constant of the sheet. Furthermore, 

 𝑇𝑤(𝑥) =  𝑇0 𝑒
2𝑥

𝐿⁄ + 𝑇∞, 𝑇𝑤(𝑥) is the surface's temperature, 𝑇∞ is free stream temperature and  𝑇0 

characteristic temperature. Besides, along the y-axis, a varying magnetic field is 𝐵(𝑥) = 𝐵0𝑒𝑥/2𝐿 in 
which 𝐵0 represents the magnetic field's constant strength. 

            

 

Fig. 1. The Physical model and coordinate system for shrinking sheet 

 
The governing equation for a hybrid nanofluid is as follows (Waini et al., [43]): 
 

𝑢𝑥 + 𝑣𝑦 = 0            (1) 

 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 =
𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝑢𝑦𝑦 −

𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵2𝑢,         (2) 

 

𝑢𝑇𝑥 + 𝑣𝑇𝑦 =
𝑘ℎ𝑛𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

𝑇𝑦𝑦 +
𝜎ℎ𝑛𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

𝐵2𝑢2        (3) 

 
The boundary conditions are (Asghar et al., [18]): 
 
𝑣 = 𝑣𝑤(𝑥), 𝑢 = 𝑢𝑤, 𝑇 = 𝑇𝑤 + 휀𝜈𝑓(𝑇𝑦)  at 𝑦 = 0       (4) 

𝑢 → 0, 𝑇 → 𝑇∞, at  𝑦 → ∞          (5) 
 

The velocity components 𝑢, and 𝑣 along with the x-axis, and y-axis, respectively. However, 휀 =

휀1 𝑒
−𝑥

2𝐿⁄  is the factor of thermal slip, and 휀1 signifies the initial values of the thermal factor. 𝑇 signify 
temperature. Hybrid nanofluid thermophysical characteristics were used to determine the above 
equation, as mentioned in Table 1 and Table 2. Solid nanoparticles volume fractions of Alumina 
(Al2O3) and copper (Cu) are expressed by 𝜑1 and 𝜑2 respectively. Moreover, 𝑐𝑝, 𝜇, 𝜌, 𝜎 and 𝑘, which 

show the specific heat capacity, dynamic viscosity, density, electrical conductivity, and thermal 
conductivity, respectively. The fluid, nanofluid, hybrid nanofluid, solid nanoparticles 1 ( Al2O3) and 
solid nanoparticles 2 (Cu) subscript denoted 𝑓, 𝑛𝑓, ℎ𝑛𝑓, 𝑠1 and 𝑠2, respectively. 
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Table 1 
Hybrid nanofluid thermophysical characteristics [18,43]. 
Names characteristics 

Dynamic Viscosity 
 

𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1 − 𝜑1)2.5(1 − 𝜑2)2.5
 

Electrical conductivity 
𝜎ℎ𝑛𝑓 =

𝜎2 + 2𝜎𝑛𝑓 − 2𝜑2(𝜎𝑛𝑓 − 𝜎2)

𝜎2 + 2𝜎𝑛𝑓 + 𝜑2(𝜎𝑛𝑓 − 𝜎2)
× (𝜎𝑛𝑓) 

where (𝜎𝑛𝑓) =
𝜎1+2𝜎𝑓−2𝜑1(𝜎𝑓−𝜎1)

𝜎1+2𝜎𝑓+𝜑1(𝜎𝑓−𝜎1)
× (𝜎𝑓) 

Thermal conductivity 
𝑘ℎ𝑛𝑓 =

𝑘𝑠2 + 2𝑘𝑛𝑓 − 2𝜑2(𝑘𝑛𝑓 − 𝑘𝑠2)

𝑘𝑠2 + 2𝑘𝑛𝑓 + 𝜑2(𝑘𝑛𝑓 − 𝑘𝑠2)
× (𝑘𝑛𝑓) 

where 𝑘𝑛𝑓 =
𝑘𝑠1+2𝑘𝑓−2𝜑1(𝑘𝑓−𝑘𝑠1)

𝑘𝑠1+2𝑘𝑓+𝜑1(𝑘𝑓−𝑘𝑠1)
× (𝑘𝑓) 

Heat capacity (𝜌𝑐𝑝)
ℎ𝑛𝑓

= (1 − 𝜑2) [(1 − 𝜑1)(𝜌𝑐𝑝)
𝑓

+ 𝜑1(𝜌𝑐𝑝)
𝑠1

] + 𝜑2(𝜌𝑐𝑝)
𝑠2

 

Density 𝜌ℎ𝑛𝑓 = (1 − 𝜑2)[(1 − 𝜑1)𝜌𝑓 + 𝜑1𝜌𝑠1] + 𝜑2𝜌𝑠2 

 
Table 2 shows the physical characteristics of solid nanoparticles and (water) base fluid [18,43]. 

 
Table 2 
Thermophysical characteristics of solid nanoparticles and (water) base fluids. 
Fluids 𝜌 (kg/m3) 𝜎(𝑆

𝑚⁄ ) 𝑐𝑝(J/kg K) k (W/m K) 𝑃𝑟 

Water (H2O) 997.1 0.05 4179 0.613 6.2 

Alumina (Al2O3) 3970 3.69×107 765 40 - 
Copper (Cu) 8933 5.96×107 385 400 - 

 
The similarity variables stated below are employed in this case [18,43].  
 

𝑢 = 𝑈𝑤𝑒
𝑥

𝐿⁄ 𝑓′(𝜂); 𝑣 = −√
𝑈𝑤𝜈𝑓

2𝐿
𝑒

𝑥
2𝐿⁄ (𝑓(𝜂) + 𝜂𝑓′(𝜂));  𝜃(𝜂) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
;  𝜂 = 𝑦√

𝑈𝑤

2𝜈𝑓𝐿
 𝑒

𝑥
2𝐿⁄  (6) 

 
Here, prime shows the differentiation for 𝜂, 𝜈𝑓 kinematic viscosity of the fluid. 𝑣𝑤 =

−(𝑈𝑤𝜈𝑓/2𝐿)1/2 𝑒
𝑥

2𝐿 ⁄ 𝑆, 𝑆 stands for the injection/suction parameter, when 𝑆 <  0, flow is the 

injection, and when the 𝑆 >  0 shows suction. 
Eq. (1) identically satisfied, by Eq. (6) put in Eqs. (2-3), consequently, Eqs. (2-3) transformed into the 
following ODEs Equation. 
 
𝜇ℎ𝑛𝑓 𝜇𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑓′′′ + 𝑓′′𝑓 − 2(𝑓′)2 −

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑀𝑓′ = 0       (7) 

 
1

𝑃𝑟(𝜌𝑐𝑝)ℎ𝑛𝑓 (𝜌𝑐𝑝)𝑓⁄
[

𝑘ℎ𝑛𝑓

𝑘𝑓
 ] 𝜃′′ + 𝜃′𝑓 −  4𝜃𝑓′ +

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

(𝜌𝑐𝑝)
ℎ𝑛𝑓

(𝜌𝑐𝑝)
𝑓

⁄
𝑀𝐸𝑐(𝑓′2

) = 0    (8) 

 
Subject to boundary conditions: 
 
𝑓(0) = 𝑆, 𝑓′(0) = −1, 𝜃(0) = 1 + 𝛿𝑇𝜃′(0)        (9) 
 
𝑓′(𝜂) → 0, 𝜃(𝜂) → 0 as    𝜂 → ∞                    (10) 
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The parameters are 𝑀 is the magnetic parameter, 𝛿𝑇 thermal slip parameter, 𝐸𝑐 is Eckert number 

and 𝑃𝑟 Prandtl number which is described by 𝑀 =
2𝐿𝐵0

2𝜎𝑓

𝑈𝑤𝜌𝑓
, 𝛿𝑇 = 휀1(

𝜈𝑓𝑈𝑤

2𝐿
)

1
2⁄  , 𝐸𝑐 =

𝑢𝑤
2

(𝑇𝑤−𝑇∞)(𝑐𝑝)
𝑓

, and 

𝑃𝑟 =
(𝜇𝑐𝑝)

𝑓

𝑘𝑓
 respectively. 

The skin friction coefficients 𝐶𝑓 and local Nusselt number 𝑁𝑢𝑥, which is specified as: 

 

𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜌𝑓𝑢𝑤
2 (𝑢𝑦)

𝑦=0
, 𝑁𝑢𝑥 =

2𝐿

𝑘𝑓(𝑇𝑤−𝑇∞)
[−𝑘ℎ𝑛𝑓(𝑇𝑦)

𝑦=0
].                  (11) 

 
Become by using Eqs. (6) and (11). 
 

(𝑅𝑒𝑥)
1

2⁄ 𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜇𝑓 
 𝑓′′(0),   (𝑅𝑒𝑥)

−1
2⁄ 𝑁𝑢𝑥 = − [

𝑘ℎ𝑛𝑓

𝑘𝑓
] 𝜃′(0),                 (12) 

 

where 𝑅𝑒𝑥 =
2𝑢𝑤𝐿 

𝜈𝑓
 is the local Reynolds number. 

 
2.2 Numerical Method 
 

By using software MATLAB bv4pc solver numerically solved to nonlinear ODEs Eqs. (7)-(8) with 
the boundary Eqs. (9)-(10). Jacek Kierzenka and Lawrence F. Shampine of Southern Methodist 
University in Texas built the bvp4c solver (Hale [56]). The bvp4c solver is a finite difference process 
that employs the three-stage Lobatto IIIA implicit Runge–Kutta technique and returns numerical 
results of fourth-order precision. We included the bvp4c solver into our physical model by following 
the steps described below. 
STEP 1: For the first system of nonlinear higher-order (ODEs) equations, generate the new variables 
of Eq. (13) utilizing Eqs. (9)-(10). 
 
𝑦(1) = 𝑓, 𝑦(2) = 𝑓′, 𝑦(3) = 𝑓′′, 𝑦(4) = 𝜃, 𝑦(5) = 𝜃′.                (13) 
 
STEP 2: Applying the new variables from Eq. (13), reduce the system of higher-order nonlinear ODEs 
in Eqs. (7)-(8) to a system of first-order nonlinear ODEs: 
 
𝑓′ = 𝑦(2), 
 
𝑓′′ = 𝑦(3), 
 

𝑓′′′ = [2 ∗ (𝑦(2))
2

− 𝑦(3) ∗ 𝑦(1) +
𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑀 ∗ 𝑦(2)]

𝜌ℎ𝑛𝑓 𝜌𝑓⁄

𝜇ℎ𝑛𝑓 𝜇𝑓⁄
              (14) 

 
𝜃′ = 𝑦(5),  
 

𝜃′′ =
𝑃𝑟(𝜌𝑐𝑝)ℎ𝑛𝑓 (𝜌𝑐𝑝)𝑓⁄

(𝑘ℎ𝑛𝑓 𝑘𝑓)⁄
[4 ∗ 𝑦(4) ∗ 𝑦(2) − 𝑦(5) ∗ 𝑦(1) −

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

(𝜌𝑐𝑝)
ℎ𝑛𝑓

(𝜌𝑐𝑝)
𝑓

⁄
𝑀 ∗ 𝐸𝑐 ∗ (𝑦(2))

2
]  

 
STEP 3: Eqs. (9) and (10) are boundary conditions that are converted in terms of the new variables in 
Eq. (13): 
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𝑦(1)𝑎 = 𝑆, 𝑦(2)𝑎 = −1, 𝑦(4)𝑎 = 1 + 𝛿𝑇 ∗ 𝑦(5)𝑎,  
𝑦(2)𝑏 = 0, 𝑦(4)𝑏 = 0.                  (15) 
 
The subscript ′𝑎′ specifies the position of a sheet at 𝜂 = 0 however the subscript ′𝑏′ denotes the 
location away from the sheet for a particular value of 𝜂. We employed a value of 𝜂 = 15 for this 
research. 
 
STEP 4: Obtain dual solutions by giving two distinct initial guesses to the bvp4c solver, one at a time. 
The first solution can be achieved with less restrictive initial guesses, but this is not every time 
accurate when getting the second solution. This procedure is repeated until the numerical solutions 
asymptotically satisfy the boundary conditions at infinity (i.e., Eq. (10)). 
 
3. Results and Discussion  
 

The solutions duality has been achieved in the figures by using distinct initial guesses for 𝑓′′(0) 
and −𝜃′(0), with the outcome that both velocity and temperature profiles satisfied the boundary 
condition 𝜂 → ∞ asymptotically. Before starting to discuss the results of the current study, we have 
compared the coding of a numerical method to make sure that our computer code is working 
properly, At first, to validate the coding of a numerical scheme in this study, the reduced skin friction 
𝑓′′(0) for pure water when 𝜑1 = 𝜑2 = 0 = 𝑀 = 𝐸𝑐 = 𝛿𝑇 = 0, and 𝑃𝑟 = 6.2 is compared with 
varying values of 𝑆 issued by Waini et al., [13], Ferdows et al., [57], Cortell [58], and Rashidi et al., 
[59] as in Table 3 for stretching sheet 𝜆 = 1. Furthermore, Table 4 compares the values of – 𝜃′(0) 
under various findings of Waini et al., [13], Ferdows et al., [57], Cortell [58], Rashidi et al., [59], and 
Raju et al., [60]. Tables (3) and (4) show remarkable consistency between those findings. The findings 
are consistent with those of preceding studies, and they are in a good deal of support.  

 
Table 3 
Comparison values of the reduced skin friction coefficient 𝑓′′(0) under 𝜑1 = 𝜑2 = 𝑀 = 𝐸𝑐 = 𝛿𝑇 = 0,
𝑃𝑟 = 6.2 and 𝜆 =  1. 
 𝑆 Waini et al., 

[13] 
Ferdows et al., 
[57] 

Cortell [58] Rashidi et al., [59] Current study 

0.75 -0.984439 -0.984439 -0.984417 -0.9844401 -0.9844392 

0.5 -0.873643 -0.873643 -0.873627 -0.8736447 -0.87364275 

0 -0.677648 -0.677648 -0.677647 -0.6776563 -0.67764784 

-0.5 -0.518869 -0.518869 -0.518869 -0.5188901 -0.51886957 

-0.75 -0.453523 -0.453523 -0.453521 -0.4535499 -0.45352331 

 
Table 4 
Comparison values of the reduced heat transfer – 𝜃′(0) under 𝜑1 = 𝜑2 = 𝑀 = 𝐸𝑐 = 𝛿𝑇 = 0, 𝑃𝑟 =  2 and 
𝜆 =  1. 

𝑆 Waini et al., 
[13] 

Ferdows et 
al., [57] 

Cortell [58] Rashidi et al., 
[59] 

Raju et al., [60] Current study 

0.5 0.399100 0.398951 0.3989462 0.3990842 0.3990842 0.39909965 
0 0.764357 0.764374 0.7643554 0.7643525 0.7643527 0.76435624 
0.5 1.230792 1.230952 1.2307661 1.2307912 1.2307916 1.23079181 

 
The variation of 𝑓′′(0) and – 𝜃′(0) with three values of volume fraction copper 𝜑2 =

0.0, 0.01, and  0.02 are presented in Figures 2-3 against suction parameter 𝑆 with the occurrence of 
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different parameters values such as 𝜑1 = 0.1, 𝑃𝑟 = 6.2, 𝑀 = 1.0, and  𝛿𝑇 =  𝐸𝑐 = 0.1. The range of 
volume fraction copper 𝜑2 is 0 to 0.02. Here 𝑖 = 1, 2, 3. 𝑆𝑐𝑖 shows the critical point at the suction 
parameter where both solutions meet each other. It can be shown that when 𝑆 < 𝑆𝑐𝑖 no solution 
exists. Furthermore, the value of 𝑆𝑐𝑖= 2.2320, 2.1219, and 2.0410 are relative critical points of 𝜑2 =
0, 0.01, and 0.02 respectively. It is worth revealing here that when 𝜑2 = 0, it is purely Al2O3/water-
based nanofluid and 𝑆𝑐1 = 2.2320, after that 1% of 𝜑2 is added and got 𝑆𝑐2 = 2.1219. Moreover, 
the value of 𝑆𝑐3 = 2.0410 appeared to rise as 2% of the volume fraction of copper 𝜑2 is added in the 
hybrid nanofluid. From Figure 2, in the first solution, when values of 𝜑2 enhance, reduced skin friction 
𝑓′′(0) increase, and on the other side, the values of 𝑓′′(0) decrease in the second solution. Besides, 
as can be seen in Figure 3, when the value of 𝜑2 is a rise, the magnitude of −𝜃′(0) also declined in 
the first and second solutions. Physically, the boundary layer separation extends as the value of 𝜑2 
increased. Similar outcomes can be seen in Asghar et al., [18]. 
 

 

Fig. 2. Effect of 𝜑2 on 𝑓′′(0) against 𝑆 

 

 

Fig. 3. Effect of 𝜑2 on −𝜃′(0) against 𝑆 
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Figures 4-5 depict the following on different values of 𝑀= 1.0, 2.0, and 3.0 for the velocity and 
temperature profiles 𝑓′(𝜂), and 𝜃(𝜂) respectively under various parameters such as 𝜑1 = 0.1, 𝜑2 =
0.01, 𝑃𝑟 = 6.2, 𝑆 = 2.5, 𝐸𝑐 = 𝛿𝑇 = 0.1. Figure 4 illustrates that velocity 𝑓′(𝜂) profile rise with an 
upsurge value of 𝑀 in the first solution and decrease in the second solution. As a consequence, the 
effect of the transfer rate is reduced as 𝑀 increases. Physically, the Lorentz force, which is caused by 
the magnetic field, makes the rate of transfer more resistant (Ishak [61]). Figure 5 displays that the 
temperature 𝜃(𝜂) profile grows as the value of 𝑀 increases in both solutions. Asghar et al., [19] found 
similar outcomes for 𝑀 parameter. 

 

Fig. 4. Velocity profile 𝑓′(𝜂) for 𝑀 against  𝜂 
 

 

Fig. 5. Temperature profile 𝜃(𝜂) for 𝑀 against 𝜂 
 

The plots of the velocity profile 𝑓′(𝜂) and temperature profile 𝜃(𝜂) against volume fraction 
copper 𝜑2 = 0.0, 0.01, and 0.02 are portrayed in Figures 6-7 with the existence of several 
parameters values 𝜑1 = 0.1, 𝑃𝑟 = 6.2, 𝑆 = 2.5, 𝑀 = 1.0, and  𝐸𝑐 = 𝛿𝑇 =  0.1 respectively. Figure 
6 shows that the first solution rise and the second solution declined in the fluid velocity 𝑓′(𝜂) when 



CFD Letters 

Volume 14, Issue 8 (2022) 100-115 

109 
 

enhanced, the value of 𝜑2. Besides, from Figure 7, the temperature profile 𝜃(𝜂) upsurges in both 
solutions when growing the value of 𝜑2. Physically heat transfer rate increased as the volume fraction 
of nanoparticles increased. Similar conclusions were found by Yan et al., [47]. 

 

 

Fig. 6. Velocity profile 𝑓′(𝜂) for 𝜑2 against 𝜂 
 

 

Fig. 7. Temperature profile 𝜃(𝜂) for 𝜑2 against 𝜂 
 

Figure 8 illustrates the value of 𝐸𝑐 = 0.1, 0.2, and 0.3 at a distinct parameter 𝜑1 = 0.1, 𝜑2 =
0.01, 𝑃𝑟 = 6.2, 𝑆 = 2.5, 𝑀 = 3.0, and 𝛿𝑇 =  0.1 for the temperature profile 𝜃 (𝜂). In the first and 
second solutions, the values of 𝐸𝑐 grow, causing 𝜃 (𝜂) to improve as well. Physically, the heat transfer 
intensity rises as the value of 𝐸𝑐 increases due to the increasing heat created by Joule heating. Asghar 
and Ying [45] achieved similar trends. 
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Fig. 8. Temperature profile 𝜃(𝜂) for 𝐸𝑐 against 𝜂 
 

Figure 9 demonstrates the various values of the thermal slip parameters 𝛿𝑇 = 0.1, 0.2, and 0.3 
with several parameters 𝜑1 = 0.1, 𝜑2 = 0.01, 𝑃𝑟 = 6.2, 𝑆 = 2.5, 𝑀 = 1.0, and 𝐸𝑐 =  0.1 for the 
temperature profile 𝜃 (𝜂). The thermal boundary layer thickness constantly declined in the first and 
second solutions with a rising value of the thermal slip parameter 𝛿𝑇. Physically, when the thermal 
slip parameter 𝛿𝑇 upsurges, less heat is shifted from the surface to the fluid, lowering the 
temperature. A similar result regarding temperature profile 𝜃(𝜂) was reported by Asghar et al., [19]. 
 

 
Fig. 9. Temperature Profile 𝜃(𝜂) for 𝛿𝑇 against 𝜂 

 
Figure 10 investigated the effect of Prandtl number 𝑃𝑟 = 6.0, 6.1, and 6.2 with different 

parameters 𝜑1 = 0.1,  𝜑2 = 0.01, 𝑆 = 2.5, 𝑀 = 3.0, and 𝐸𝑐 = 𝛿𝑇 =  0.1. Physically conclusion 
reveals that an increment in 𝑃𝑟 would lower the temperature of the hybrid nanofluid for the first and 
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second solutions. In other circumstances, thermal boundary layer thickness declines as 𝑃𝑟 enhances. 
Asghar and Ying [45] had similar results. 

 

 
Fig. 10. Temperature Profile 𝜃(𝜂) for 𝑃𝑟  against 𝜂 

 

4. Conclusions 
 

Hybrid nanofluid possesses an extensive assortment of industrial applications, which motivates 
this study. In this study, two-dimensional Magnetohydrodynamics Al2O3+Cu/water hybrid nanofluid 
with heat transfer over an exponentially shrinking sheet by Joule heating and thermal slip has been 
investigated through a bvp4c solver on the MATLAB computing platform. This research concentrates 
on the behavior of the reduced skin friction 𝑓′′(0), reduced heat transfer −𝜃′(0), velocity and 
temperature profiles under the effect of suction/injection, MHD, thermal slip, and joule heating on 
the hybrid nanofluid flow. The key conclusions of the existing investigation are as follows: 

i. Given an acceptable set of defined parameters, dual solutions have been proved to be 
possible. 

ii. The hybrid nanofluid flow continues until it approaches a critical point 𝑆 < 𝑆𝑐𝑖, beyond 
which no fluid flow is possible. 

iii. The insertion of volume fraction copper 𝜑2 delayed the separation of the boundary layer. 
iv. Both solutions decrease when the value of the thermal slip parameter and Prandtl number 

is enhanced. Besides, both solutions enhanced when the value of the Eckert number 
increased. 
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