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This paper examines the magneto hydrodynamic (MHD), stagnation-point flow and
heat transfer caused by an exponentially stretching/shrinking vertical sheet and the
presence of mixed convection (buoyancy effect) in a micropolar fluid. A set of variables
is employed to transform the system of partial differential equations (PDEs) to ordinary
differential equations (ODEs). The ODEs are then numerically solved in MATLAB
software using BVP4c. There are a lot of agreements when compared to previous
findings. The impacts of different parameters, such as micropolar, magnetic, mixed
convection, radiation, temperature, and stretching/shrinking parameters are displayed
graphically. It is found that contradictory phenomena between Micropolar and mixed
convection for fluid velocity, angular velocity and temperature distribution profiles.
The velocity profile at the vertical plate increases due to the increasing buoyancy,
magnetic and radiation parameters. The particle rotation occurs in two phenomena for
buoyancy and magnetic parameters and it is reversible for micropolar. The

convection temperature of the fluid decreases with buoyancy and magnetic parameters.

1. Introduction

The study of the flow over-stretching and shrinking attracts attention among researchers. Various
applications in the shrinking film, capillary effects in small pores, the shrinking-swell behavior,
hydraulic properties of agricultural clay soils, and a rising shrinking balloon are important to
industries and the engineering field [1]. While stretching surface has various uses in many
manufacturing processes, such as the extrusion of molten polymers owing to the slit die in the
creation of plastic sheets, paper production, wires, and the fiber coating process of foodstuffs.
Furthermore, the stagnation point flow with heat transfer across a stretching and shrinking sheet has
several industrial uses. Some applications include boundary layer along material handling conveyors,
blood flow difficulties, aerodynamics, plastic sheet extrusion, cooling of metallic plates in a bath,
textile and paper industries, and so forth [2]. According to Crane [3], Hiemenz was the first to
investigate it, demonstrating that using similarity transformation, the Navier-Stokes equations
regulating the flow can be reduced to an ordinary differential equation of third order. Because of the
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nonlinearities in the reduced differential equation, no analytical solution is accessible, and the
nonlinear equation is normally solved numerically with two-point boundary conditions, one of which
is set to infinity.

Micropolar fluid, which includes liquid crystals, polymeric suspensions, and animal blood, is an
example of a non-Newtonian fluid. Micropolar fluid flow research arose from studies of biological
molecular machinery, atherogenesis, microcirculation, and microfluidics. The concept is based on
spinning particles, the rotation of which is defined by an independent microrotation vector [4]. These
fluids resemble rigid molecules, magnetic fluids, dusty clouds, muddy fluids, and biological fluids [5].
The problem of stagnation point flow in a micropolar fluid has been extended in numerous ways to
include various physical effects [6-15].

Many academics have examined the non-uniqueness of solutions to fluid flow issues on moving,
shrinking, and stretching sheets in the presence and absence of a buoyancy effect in the last few
years [16-24].

The research was focused on the magnetic characteristics of electrically conducting fluids and
was called MHD (Magnetohydrodynamic). The study of magnetic properties and behavior of
electrically conducting fluids is known as MHD. It is made up of liquid and magnetic properties,
adjourned particles are affected by magnetic fields and their concentration in the fluid regime has
been rearranged. Geothermal energy extraction, plastic sheets, nuclear reactor cooling, blood flow
difficulties, plasma research, subsurface electric cable cooling, and artificial fibers are all examples of
these applications [25]. The study on MHD has been extended in numerous ways [26-29].

Motivated by earlier study from Soid et al., [4], the present work intends to explore the MHD
stagnation point flow and heat transfer over an exponentially stretching/shrinking vertical sheet
submerged in a micropolar fluid with a buoyancy effect. In this research, we added buoyancy
parameter, heat transfer and exponential on similarity variables. Our objectives are to design the
mathematical models of micropolar fluid with buoyancy effect, construct the mathematical
formulation, design algorithms and interpret graphically. On other hand, it is to analyze the effect on
velocity, angular velocity and temperature profiles. Similarity variables were employed to turn the
governing partial differential equations (PDEs) into ordinary differential equations (ODEs). The
amended equations were then numerically solved in MATLAB using BVP4c. We expect that the results
gained will be beneficial for applications and as a supplement to prior research.

2. Methodology

Consider a micropolar fluid flow towards a stagnation point on a vertical sheet as illustrated in
Figure 1. The designed was exactly based on the original profile of Waini et al., [30] that studied about
hybrid nanofluid flow towards a stagnation point on an exponentially stretching/shrinking vertical
sheet with buoyancy effects. Therefore, this present work is dealing with micropolar fluid by extend
the work by Soid et al., [4]. Figure 1 depicts a model for several real-world applications such as
electronic cooling and cooling of a metallic plate. This research could help the industry create more
efficient gadgets related to the heat transfer process. The X and y axes are Cartesian coordinates

where X is assigned vertically along the surface and y is orthogonal to it with the origin 0. The

symbol u, (X) =ae*'" is free stream velocity where a>0 (constant) and Z is reference length. Next,
u, (X):be"” is an exponential velocity when the surface is stretched (b >0), shrunk (b < O) or
b=0 is for the static surface. The surface temperature is given as 7, (X) =7 + TOeZX/L where T is

0

a constant and 7 is the ambient temperature. Hence, g is a symbol of acceleration due to gravity.
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Fig. 1. The geometry of the flow problem of (a) Stretching and (b) Shrinking sheet

The current work is solely concerned with the buoyancy effects in a mixed convection flow of
micropolar fluid approaching a stagnation point on an exponentially stretching/shrinking vertical
sheet. It also shows the solutions for a single parameter value for stretching and shrinking, as well as
buoyancy assisting and opposing flow. The governing boundary layer parabolic partial differential
equations (PDEs) are written as continuity, linear momentum, angular momentum and energy
equations [1,30,31]:

ou, v _j (1)
ox oy

a 2 2
ua_u+ au_ue ue+ v+ Ou +56—N+ gp, (T T) o5 (2)
ox oy ox ploy* paoy p(u—ue)
8_N+ oN _ x o°N K(ZN 8uj 3)
ox oy pioyt pJ oy

z 0

or  oT _ k &T 1 dq, @)

ox oy _pcp oy’ pc, oy

The boundary requirements must be satisfied at all points along the boundary of a region in order
for a set of differential conditions to be solved. The boundary conditions applicable to the flow are:

u=u ,v=0,T=T, N:—ma—u at y=0
oy

u—u,T—>T,N—>0a y—>wx (5)

where u and v are component of velocity along X and ) direction respectively. The symbol
v=u/ p is the kinematic viscosity, p is the fluid density, u is the coefficient of fluid viscosity, N

is microrotation or angular velocity, j=2Lve ™" /a is micro-inertia per unit mass,

4 =y(1 +K/ 2)/’ is spin gradient, x is the vortex viscosity. The electrical conductivity of the fluid
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assigned as o, B(X)zBOeX/ZL is the variable magnetic field where B is a constant and c, is the

specific heat. The symbol /3, is the thermal expansion coefficient. Eq. (1) to Eq. (4) along with the

boundary condition Eq. (5) can be expressed in a simpler form by introducing the following similarity
transformation [30]:

7= ’z;illeuy’ u=ae%f'(77), V:—\/%eu(f(n)ﬁ—nf'(?])), (9(77)277,1__77% ,

Nza,/zl;i[le”h(n) (6)

Where 7 is similarity variable, while U and v denotes the stream function that the continuity Eq. (1)

is identically fulfilled. Thus, the transformed linear momentum Eq. (2), angular momentum Eq. (3)
and energy Eq. (4) become:

Fr(1+K)+£7F=2(F) ~M(F'~1)+ K B +220+2=0
(1+K /2)h"—K(2h+f")=3f"h+fh' =0 (7)

Pr(4'0-£0')-0"(1+4R /3)=0
The corresponding boundary conditions:

f(?])=0, f’(n)zs, 0(7])=1, l](n)z—mf"(n) at n=0
'(n)—>1, 0(n) >0, h(n)—>0 as n > (8)

where the prime indicates differentiation with respect to 7 and M=ZGBOZL/pa is Hartmann

number or magnetic parameter. izg,BTYLL/aZ is buoyancy parameter, £=b/a is the

stretching/shrinking parameter where a >0 (constant) and the surface is stretched (5 >0 ) or shrunk
(b<0). Therefore, the value of ¢ is directly proportional to b. Next, K=« / u, Pr=,ucp / k and

R :4o-*TOf / k  are the micropolar parameter, Prandtl number and the radiation parameter
respectively. These transformed equations are comparable to the previous studied such as the study
of Hybrid nanofluid flow towards a stagnation point on an exponentially stretching/shrinking vertical
sheet with buoyancy effects by Waini et al., [30]. Next was Uddin et al., [31], the study of micropolar
fluid flow and heat transfer over an exponentially permeable shrinking sheet. Finally, from Siddiqa et
al., [32], the effect of thermal radiation on conjugate natural convection flow of a micropolar fluid
along a vertical surface.

The involved physical quantities are the skin friction coefficient C,, the local Nusselt number

Nu_ and the local couple stress M [10]:

84



CFD Letters
Volume 15, Issue 3 (2023) 81-96

Z[@NJ
T oy =0 x 0T

C.=—~- M =—F—, Nu_=- —
pu’ pXU, ¥ (TW —Tw) W o

(9)

Where the surface shear stress 7 =|:(/J+K)8LI/8_,V+K'N] . Then, the reduced skin friction

y=
coefficient, the local couple stress, and the reduced local Nusselt number:

¢,(Re, )" \/%:[1 +(1-m)K |£(0), M, Re, :£1+§Jb’(0)
Nu, (Re,)’ 2\/% =-¢(0) (10)

Re =xu_ /v is the local Reynolds number.

3. Results and Discussion

An analysis of the behaviors of the velocity, angular, and temperature profiles is carried out. The
numerical solutions are obtained using BVP4c in MATLAB. The numerical values of

Cf(ReX)l/Z\/ZL/X and NuX(ReX)l/ZJZL/X are obtained for various values of

stretching/shrinking parameter ¢, when Pr=6.2and non-buoyant case 4 =0 with other parameter
was set to be constantat K =M =m=R=0. Table 1 and Table 2 show the comparison of the skin
friction coefficient and the local Nusselt number between the results found by Waini et al., [30] and
Rehman et al., [33] with the present study, respectively.

The current results were in great agreement with the earlier study when the numbers in Table 1
and Table 2 were compared. As a result, the approach employed for this study was valid and accurate
to verified. The values of the skin friction coefficient decrease while the values of the local Nusselt
number increase when the parameter stretches/shrinking increases.

Table 1
Comparison for Numerical Values C, (ReX )1/2 2L/ x for £=-0.5,0,0.5

& Waini et al., [30] Rehman et al., [33] Present Study
-0.5 2.1182 2.11816867
0 1.6872 1.68720 1.68721817
0.5 0.9604 0.96040 0.96041608

Table 2

. . 1/2

Comparison  for Numerical Values Nu_ (Rex ) \J2L/x  for

¢=-05,0,0.5

£ Waini et al., [30] Present Study

-0.5 0.0588 0.05878644

0 2.5066 2.50662545

0.5 4.8016 4.08157327
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Parameters of micropolar K, buoyancy A, magnetic M and radiation R will be examine. The
other parameters such as material parameter m and Prandtl number Pr are fixed to m=0.5 and
Pr=6.2 are considered. The physical parameters have been selected regarding the previous
research such as Prandtl number from Waini et al., [30], Stretching/shrinking and material parameter
from Soid et al., [4], and the others are from Song et al., [17], Reddy et al., [34], Mutegi et al., [35],
and Abdul Halim and Mohd Noor [36].

Figure 2 illustrates that when the micropolar parameter increases, so does the skin friction
coefficient. As a result, the fluid’s mobility on the surface become tough at £ <—4. The fluid become
smooth at £~—-3.8. When & =1.4 the fluid moves are changing as previously but more smoothly
and it show the drag force is approximate to zero (no drag force). From previous paper, the skin
friction decreases due to increment of micropolar parameter. This is may be because of the present
of buoyancy parameter.

Figure 3 shows an increase in the value of the micropolar parameter led to an increase of the
local couple stress. The couple stress is related to a particle rotational speed gradient on the surface.
It also shows the local couple stress become decreases when —1.5< &< 1.3 and increases again due
to the stretch. This phenomenon is reversible to the research by Soid et al., [4] where the couple
stress decreases for shrinking and increases for stretching.

When the values of the surface shear stress and the local couple stress are zero, there is a
noticeable sign, especially when the plate and fluid velocity are approximate equal at £=1. In terms
of physics, zero surface shear stress occurs when the fluid and solid surfaces move at the same speed,
resulting in no friction at the fluid-solid interface. While, the couple stress is zero, it may be due to
the non-effect of micro-structure, which causes the particle at the surface to be unable to rotate in
a zero-gradient rotation.

The local Nusselt number decreases as the micropolar parameter rises as shown in Figure 4. This

is may be due to heat exchange from the surface through the fluid for shrinking (g<0). For the

stretching (5>0), there is no heat exchange due to the value of the local Nusselt number is

approximately equal to zero. This is because of the temperature of the fluid and the surface are equal.

* (1.5,0.5133)
16 B _7_7_:;,,_._.*?:19-’*"_ =
1N — " : (1.3,-0.06809)
12 _“.\\ rd ’
N s K=0,1,2,5
. AN _-10 /
T s TN aseeon =
K=0,1,2,5 X "
4 ! N 20
- \ . (1.4,03603)
0 \\:'\
,|A. 3 ‘1 A 1 ) ~- =0 7 6 5 4 3 2 4 0 1 2
Fig. 2. Skin friction coefficient f"(O) Fig. 3. Couple stress b'(O) for varies
for varies of K of K
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20

(0,3.581)
0

K=0,1,2,5 = (-0.7,0.1523)
-20 —

40

-{{0)

60

-80

=100

120

=140 T
-7 6 -5 - -3 -2 -1 0 1 2

Fig. 4. Nusselt number —9'(0) for varies
of K

The Figure 5, Figure 6 and Figure 7 demonstrate the impacts of skin friction coefficient f"(O),

the local couple stress h’(O), and the local Nusselt number —0’(0) on the values of magnetic

parameter M respectively. The parameters’ values are M =0,0.5,1,2, m=0.5, Pr=6.2 and
A=K=R=2.

As the magnetic field increases, the solution become wider in all figure. The skin friction
coefficient exhibits two phenomena which are it grows to £~0.9 and reduces to stretch surface
roughly £>0.9, as seen in Figure 5. In Figure 6, the local couple stress is reduces to &~-5.5, then
increased to £~0.9, and then decreased again to stretch surface approximately £>0.9. Figure 7
depicts the rise in the local Nusselt number due to the increment for magnetic parameter. It also

indicates that at the stretching surface (5 > 0), the local Nusselt number converge to —0’(0) ~2.27
. The presence of magnetic field imposes viscous drag forces on the flow field, causing the fluid’s

velocity to decelerate and thereby increasing the skin coefficient on the surface. This is due to the
Lorentz force, which provides a resistive force against the flow, causing the fluid’s velocity to slow.

(0.9,0.4407)

f'(0)
h'(0)

M=0,05,1,2

(0.9,0.5543)

8 -7 ] -5 -1 -3 -2 -1 0 1 2 8 -7 6 -5 -4 -3 2 -1 0 1 2

Fig. 5. Skin friction coefficient f"(O) Fig. 6. Couple stress h’(O) for varies
for varies of M of M
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0,2.27) 5

/ (-1,00

1

Fig. 7. Nusselt number —9’(0) for varies
of M

The Figure 8, Figure 9 and Figure 10 below show the effects of Skin friction coefficient f"(O) , the

local couple stress 11’(0), and the local Nusselt number —6?'(0) on the buoyancy parameter A

values, respectively. The values of the parameters are 41=0,1,2,3, m=0.5, Pr=6.2 and

M=K=R=2.

The increase in the buoyancy parameter raises the values of the skin friction coefficient in Figure
8, the local couple stress in Figure 9 and also the local Nusselt number in Figure 10. We can observe

that when there is no buoyancy effect (/1 :0), the outcome in a shrinking plate (8 <0) becomes

wider same as the previous finding. Figure 8 depicts how the drag force reduces when stretching

plate (5 > O). Meanwhile, Figure 9 shows the upper and lower trends for the particle rotation when

shrinking and stretching plates. Figure 9 illustrates how heat is transferred from the fluid to the

vertical plate as it stretches.

'(0)

Lambda=0,1,2,3

15 1

Fig. 8. Skin friction coefficient f"(O)

for varies of 4

of A

Fig. 9. Couple stress 11’(0) for varies
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=

/ Lambda=0,1,2,3

-0'(0)

15 -1 05 0 05 1 15 2

Fig. 10. Nusselt number —9'(0) for

varies of 1

The Figure 11, Figure 12 and Figure 13 below show the effects of Skin friction coefficient f”(O) ,

the local couple stress b'(O), and the local Nusselt number —0’(0) on the values of radiation

parameter R, respectively. The values for each parameter are R=0,1,3,5, m=0.5, Pr=6.2 and
M=K=1=2.

Figure 11 shows that when the radiation parameter rises, the skin friction coefficient drops to
e~-1 and the drag force for stretching plate (5 >O) increases with relatively low values
(f"(0)<3.3). Figure 12 shows that the local couple stress falls to £ ~—1 and increases when the

plate is stretched. In Figure 13, the local Nusselt number rises to £~—0.4 and falls for stretched
plate.

R=0,1,3,5

6 NG R=0,1,3,5 =)

'(0)

e s (-1,3.3)

4 m—

-3 -2 Bl 0 1 2 A =3 -2 1 0 1 2

Fig. 11. Skin friction coefficient f"(O) Fig. 12. Couple stress h'(O) for varies

for varies of R of R
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(-0.4,0.93)

e - R=0,1,3,5
e v
40 T
5

2 A 0 1 2

Fig. 13. Nusselt number —9'(0) for varies
of R

The effects on the velocity f’(n), the angular velocity ]7(77) , and the temperature 0(77) profiles
are graphically presented. This result is focusing for shrinking plate where the ratio is 1 (5 = —1).
The Figure 14, Figure 15 and Figure 16 illustrate the effects of the velocity f'(n), the angular

velocity ]7(77), and the temperature 49(77) profiles on the values of micropolar parameter X

respectively. The values for physical parameters are X =0,1,2,5 and A=M =R =2. These profiles
asymptotically satisfy the boundary condition in Eqg. (8), giving us confidence in the solutions’

accuracy. The decreasing behavior of f’(n) is observed with the increase of K as shown in Figure

14. The behavior of h(n)is given in Figure 15. It is illustrated that h(n) increases to h(n)z—O.S

and decreases to the boundary condition with increasing of K . The current results from velocity and
angular profiles show the same behavior to the previous finding. Meanwhile, Figure 16 shows 9(77)

increases due to increasing of K .

15 . . . - . v . 1r - — - — - — r -

= / - 7
- / = S
/ N
(] / Pz
/ . K=0,1,2,5
/

1 . 25
( 1 15 2 25 3 35 4 5 1

Fig. 14. Velocity profile f'(f]) for Fig. 15. Angular velocity profile h(n)

varies of K for varies of K
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0 05 1 15 2 25 3 35 4

Fig. 16. Temperature profile 9(77) for

varies of K

The Figure 17, Figure 18 and Figure 19 show the effects on magnetic parameter M where
M =0,0.5,1,2. These phenomena are opposite to the effect on micropolar parameter which are the
velocity, the angular velocity and temperature profiles. As shown in the Figure 17, the fluid velocity
increases also wider the graph. The behavior of /(77) shows the M decreases to the 4(n)~—-0.4

and increase to boundary condition. The 49(77) decreases due to the present of M.

15 0

0.2

0.4

0.6
0.5

M=0,0.5,1,2 0.8

0 0.5 1 15 2 25 3 0 0.5 1 1.5 2 25 3
n

Fig. 17. Velocity profile f'(n) for Fig. 18. Angular velocity profile 12(77)

varies of M for varies of M

1 b W |
\ | M=0,05,1,2|
\
\\
| \\
* \
\v
L 11\ |

0 05 1 15 2 25 3

Fig. 19. Temperature profile 0(77) for

varies of M
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The Figure 20, Figure 21 and Figure 22 show the effects of f'(n), b(n), and 0(77) on the

buoyancy parameter A values, respectively. There is an opposite phenomenon with micropolar
effect. The value of the buoyancy parameters is 4=0,1,2,3 and micropolar parameter K =2. the

fluid velocity increases while the angular velocity decreases to ]7(77) ~—0.4 and then increases to

zero when A increases as depicted in Figure 21 and Figure 22 respectively. Meanwhile, the
temperature behavior decreases due to the presence of 1.

/”/k |
= ” Lambda =0,1,2,3 05 ] 7 /
- /) - y 4 : Lambda 0,123
/ ‘L4 /
Fig. 20. Velocity profile f"(n) for Fig. 21. Angular velocity profile h’(n)
varies of 4 for varies of 2

0.5 1 15 2 25 3 35

Fig. 22. Temperature profile 0(77) for

varies of 4

The Figure 23, Figure 24 and Figure 25 illustrate the effects on radiation parameter R where
R=0,1,3,5. The fluid velocity f"(ry) and angular velocity h'(n) increases due to the impact of

increasing in R as shown in the Figure 23 and Figure 24. While the 0(77) show the two phenomena

which are decreases to 0(77) ~0.6 and then increases as shown in Figure 25.
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h(n)

R=0,13,5

1
0 0.5 1 15 2 25 3 a5

Fig. 23. Velocity profile f"(?]) for Fig. 24. Angular velocity profile b’(n)

varies of R for varies of R

R=0,1,35

25 3 35 4

Fig. 25. Temperature profile 9(77) for

varies of R
4. Conclusions

The problem of MHD stagnation point flow and heat transfer over an exponentially
stretching/shrinking vertical sheet in a micropolar fluid with a buoyancy effect was explored for first
solution. The governing PDEs were transformed to ODEs using suitable similarity transformation. The
existence of the stretching/shrinking solution was discovered. The collective impact of micropolar,
buoyancy force, magnetic field and radiation over an exponentially stretching/shrinking vertical plate
are described. This study's findings provide an analysis of flow and heat transfer in a micropolar fluid
that will aid other researchers or engineers in selecting appropriate parameters for heat transfer
optimization in modern industry. From this present paper, we detect the following:

a) An increase of micropolar parameter leads to a decrease of the velocity profile and increase
the temperature profile, but angular profile on the surface increase at the beginning and then
decrease to the boundary layers.

b) The skin friction for micropolar parameter shows the upper and lower trend at shrink surface
and then increase for stretch surface. It means that the movement of the fluid become tough
in the beginning. The same trend can be found for the couple stress when an increase of
micropolar parameter.

c) The similar behaviour was observed when magnetic and buoyancy parameters were
increased, which increases the velocity and decreases the temperature profiles, respectively.
Also, the angular velocity drops at first and subsequently increases for the stretch surface.
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d) Asthe buoyancy parameter is increased, the skin friction, couple stress, and Nusselt number
increase.

e) The radiation parameter increment displays upper trends for the velocity and angular profiles.
The same holds for skin friction and couple stress.
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