CFD Letters 15, Issue 5 (2023) 54-64

CFD Letters

Journal homepage:
https://semarakilmu.com.my/journals/index.php/CFD_Letters/index
ISSN: 2180-1363

Stability Analysis of Unsteady Mixed Convection Flow Near the Stagnation
Point with Buoyancy Effect

Nurul AmiraZainal® 2, Kohilavani Naganthran 3, Roslinda NazarL*

-

Department of Mathematical Sciences, Faculty of Science and Technology, Universiti Kebangsaan Malaysia, 43600 Bangi, Selangor, Malaysia
Fakulti Teknologi Kejuruteraan Mekanikal dan Pembuatan, Universiti Teknikal Malaysia Melaka, Hang Tuah Jaya, 76100 Durian Tunggal, Melaka,
Malaysia

Institute of Mathematical Sciences, Faculty of Science, Universiti Malaya, 50603 Kuala Lumpur, Malaysia

ARTICLE INFO ABSTRACT

Article history: This numerical study investigates the behaviour of the unsteady mixed convection flow
Received 14 July 2022 and heat transfer near the stagnation region past a vertical plate in Al03-Cu/H20
Received in revised form 15 August 2022 hybrid nanofluids. By choosingan appropriate similarity transformation, an ordinary

Accepted 18 September 2022

- h differential equations system is obtained, hence scrutinized via the bvp4c package
Available online 1 May 2023

embedded in the MATLAB program. The results show thatas the nanoparticle volume
fraction and unsteadiness parameterincrease, the fluid's skin friction coefficient also
increases. Also, an increase in the nanoparticle volume fraction and unsteadiness
parameter has broadened the range of solutions hence, delayed the progress of

Keywords: boundary layer separation. In addition, the presence of the unsteadiness parameter
Unsteady flow; mixed convection; hybrid  provides a significantresultin the thermal system. The first solution is declared stable
nanofluids; stability analysis by the stability analysis.

1. Introduction

Hybrid nanofluids, derived from the distribution of nanoparticlesin conventional fluids, are a new
class of highly prospective fluids for industrial applications. These fluids are made up of metallicor
non-metallic particlesto create the appropriate combination of hybrid nanofluids. Hybrid nanofluids
have been usedin various applications, including heat transmission [1, 2]. According to prior results,
the heat transfer properties of ordinary fluid improve when nanoparticles are suspended in them,
increasing the thermal conductivity [3]. However, choosing suitable nanoparticlesis one of the most
crucial components of maintaining a stable hybrid nanofluids composition. Further analysis of
boundary layer flow and heat transfer with different governing parameters are availablein refs. [4—
7], while additional studies on various types of fluids may be foundin Refs. [8-11].

Mixed convection flow has piqued the interest of scholars due to its importance in the
manufacturing industries. Jamaludin et al., [12] performed outstanding work on analysing mixed
convection stagnation point flow with thermal radiation and heat source/sink effects. Neverth eless,
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the study mentioned above is about constant flows. In some cases, a change in the free stream
velocity or the surface temperature might cause the flow to become unstable. Devi et al., [13] used
boundary layerapproximations toinvestigate the buoyancy impact on the unsteady stagnation point
flow over a vertical surface. In another investigation, Noor et al., [14] discovered that the heat
transfer performance improved in mixed convection stagnation point involvingthe unsteady three-
dimensional flow. Recent studies of the heat transfer and boundary layer flow in hybrid nanofluid
may be obtainedin Refs. [15-18].

The current study intended to address a knowledge gap, specifically in the study of mixed
convection flow with buoyancy impact. To our knowledge, no prior studies have examined the
stability analysis of unsteady mixed convection flow near the stagnation point flow with buoyancy
effect in their research framework. The buoyancy effects induce a longitudinal pressure gradient,
which modifies the velocity and heat-transfer characteristics of the basicforced-convection flow. The
construction of a new mathematical hybrid nanofluids model was a major contribution to this
numerical investigation. This study also remarked on the appearance of multiple solutions, urgingan
analysis of solutions stability to test their reliability. This crucial contribution may help to improve
industrial production since conditions under buoyancy effects are significantin practical interest.

2. Mathematical Model

We defined (x, y) as Cartesian coordinates at y = 0, the surface and surrounding temperature
are denoted as T, (x,t) and T.., respectively, while the velocity is given by u,(x,t) att = 0 as in
Figure 1. Under the prior assumptions and boundary conditions, the problem formulation can be
signifiedin Cartesian coordinates as follows [12,13]:

Assisting flow

u, (x,1)

Opposing flow

T, (x.1)

Fig. 1. Physical illustration and coordinate system
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£>0 +4 (6u) 0T =T, +B<6T)

=0:u=u vi=—),v=0T = —,
u-u,,l—>T, asy — . (4)
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Here, T and g are the temperature and gravity acceleration, respectively. Next, u, = (iit)with
1 2
b>0,c=0andct <1,4; = A1 — ct)zis the velocity slip factor, T, = T, + [L(:o_xct) ] with L is

characteristic of the plate, Ty > 0 and T, < 0 defined the assisting flow and opposing flow,
1

respectively. Further, B; = B(1 — ct)z is the thermal slip factor, pp,r and up,r are the density and

dynamic viscosity of working fluid, (pCp)hnf is the hybrid nanofluids heat capacity and B,y is the

thermal expansion coefficient. Inaddition, k is thermal conductivity and (pCp) is the heat capacity.

The correlation coefficient of the hybrid nanofluids are given in Table 1 [19,20], while the physical
characteristics are giveninTable 2 [21].

Tablel
Fluid properties [19,20]
Properties Alumina-Copper/Water

Thermal capacity (pCp)hnf = (]Sl(pCp)s1 + ¢, (pCp)s2 + (1 - ¢)hnf)(pCp)f
Thermal expansion Brns — (1 — (llc)hnfi-)ﬁf: G181+ D252
(M) + Zkf + 2(¢1k51 + ¢2k52) - 2¢hnfkf

Thermal conductivity khnf _ ¢hnf
k. kg + ook
| (B )k — ikt ki) + Bl
where gy, = ¢, + ¢,

Dynamicviscosity Hpns = K

n 2.5

(1 - ¢hnf)
Density Prng = P10+ D205z + (1= dung )y
Table 2

Fluid characteristic [21]
Characterisic  x10°(YK)  p(kg/m’) k(W/mK)  C, (koK)

H,O 21 997.1 0.613 4179
Al;0s3 0.85 3970 40 765
Cu 1.67 8933 400 385

Followingthat, we expressthe dimensionlessvariables listed below [12]:

_ |avy _ T-T. _ a
Y= 1—ctxf(n)’0(n) T T yq’Vf(l—Ct). (5)

Using Eq. (5), Eq. (1) to Eq. (3) are modified as follows:

Khns (PBpnf
" 2 N (o)
w1 e (1= f 4 onf ) + 20 = 0, (6)
P P r
knng
1 k " ’ ’ 1 ,
Pl 0t f0 ~f0 (20 +5n6) =0, (7)
(pCp)f

f(0) =0,f(0) =6+vf"(0),6(0) =1 +96'(0),
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) - 1,0®) > 0asn — oo, (8)

Here, Pr =:;—f is the Prandtl number, € = %denotes as the unsteadiness parameter, and A =
f
Gry /Re?, represents the mixed convection parameter where A > 0 signifies the assisting flow and

A < 0 remarks the opposing flow. Next, y = Avbvisthe velocityslip parameterand 9 = Bfls the

thermal slip parameter. The occurrence of velocity and thermal slip parameters will affect the
velocity and temperature near the stretching/shrinking wall, respectively. This occurs as a result of
the slip condition's ability to partially transmit the pulling of the stretching/shrinking wall to the
working fluid. Meanwhile, § =% is the ratio of stretching/shrinking parameter, while Gr, =
9B (Tyy—Too) x3
vt
It is worth to mention that the Reynolds number is crucial for predicting the patterns of a fluid's
behaviour. In this study, we focused on observing Cr as the skin friction coefficient and Nu,, which

represents the local Nusseltnumber, denoted below:

Uhnf _ _XKnny ( OT
Cf prus (6y)y 0 » Nuy = kf(TW—Tw)( ay)yzo' (9)

and Re, =uvaf are the local Grashof number and local Reynolds number, respectively.

Using the listed expressionsin Egs. (5) and (9), we obtain:

Re:(; = “ELF0), Re, Ny = — 5 g'(0). (10)
kg

3. Stability Analysis

Asthere have been various solutions tothe boundary value problem Eq. (6)— (7), an investigation
of solution stability is conducted. Followingthe ideaby Merkin [22], we introduced:

bvg _ T-T, _ b _ b
(1—ct)f(n’ 0,00, 7) = TW—TOO'rI o w/Vf(l—Ct)‘T T (1-cb) t. (11)

Using Eq. (11), Eq. (6) to Eq. (7), as well asboundary conditions Eq. (8), are transformed and resulting
in:

_ bx 6_f
T (1-ct)an

0, v=-

Wims (0B) iy
L 03f a2f of 1 9%f (0B s
G4 o te|l-o— o= | +—5 16
Finf on an on 2'0n Phnf
Pr Pr
d
(6’;) —(1+S‘[)—+1—0 (12)
King
1 k 220 90
oy ?p_cph%nf ﬁ-l_ 377 9— (20+ )——(1+ )—— (13)
(Pcp)f
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f(@,7) =0, —f(O )—5+y62f(0 7), 0(0,7) = 1+96'(0,7),

g—/;(n, 0)-1, 6(1n,0) - 0,asn - . (14)

Afterthat, referringto the work done in Ref. [23], we have:

fm,0=fom) +e*F@m), 6(1n,1) =6, +e=°GH), (15)

where, F(n) and G(n) are relatively small to f, () and 8, () whilst ¢ isthe unidentified eigenvalue.
Substituting Eqg. (15) into Eq. (12) to Eq. (13), thus:

Kimf , ) (0B ims
uy 0° L oF _ 6 fo OF | 9%*fo __(9F | 1_0°F (B
P gt i -2 S Tl p 1 e (G430 50) + A6 = 0, (16)
P P
Kimf
LE L 00 50 (62, g 00) (36 +229)
e e e (¢ o 26 +229) 4 &6 = o, (17)

oF 0°F G
F(O’ T) - O, %(OIT) - Va_nz(O;T);G(O; T) - 19%(0)1-)1

z—;(n,r)ﬁO, Gn,t)—>0,as n—- o (18)

Now we set T — 0 and placingthe linearisation processinto practise, thus

Emnf (pﬁ)hnf
m ” [ ' 1 " ( B)

DL F 4 foF +Ffy = 2fo F' +1— e (F'+20F") + ~pek=2G + §F = 0, (19)
pf Pf

Kimg
—od—G"+ (fo—£2) 6 = (fo' + 26) G+ Fo —F 6y + G =0 (20)
Pr pcp hnf 0 2 0 0 0 )

(pCp)f

F(0) =0, F'(0)=yF"(0), G(0)=19G(0),
F@m -0, G@ -0 (21)
According to Ref. [24], when one of the boundary conditions is eliminated, the potential

eigenvalues become obtainable. Hence, in this study, F”(0) = 1 is implemented by replacing the
value of F'() - 0as n - o in boundary conditions Eq. (21) as &; is established.

58



CFD Letters
Volume 15, Issue 5 (2023) 54-64

4. Results and Discussion

The bvp4c solver in MATLAB software was used to numerically solve Eq. (6) and Eq. (7) with
respect to boundary conditions in Eq. (8). The bvp4c is a finite difference code that implements the
three-stage Lobatto lllaformula. This formula uses collocation, and the collocation polynomial offers
a Cl-continuous solutionthat is consistently fourth-orderaccurate in the interval of integration. The
reliability of the current results is confirmed by comparing the numerical data with Dinarvand and
Hosseini [25], as reported in Table 3. Since the current results are completely consistent, we claim
the acquiredfindings are valid and dependable. Next, the influence of specific physical characteristics
is then investigated, and the results are presented in graphical form. It is noticed that there exist
multiple solutionsin this study, therefore a stability solutionisrequired. The idea of stability derives
from a laminarflow whichis slightly disturbed. Once the laminarflow returnstoits original state, the
flow is considered stable; however, if the disturbance rises and changes the laminar state into a
different state, the flow is defined unstable. Ina normal situation, the first solutionis usually reliable
because it satisfies the far-field boundary condition. The smallest eigenvalue denotes as &; shows the
solutions properties in the stability analysis technique. The flow is considered stable if &; is positive
because it meets the stabilising feature. On the otherhand, the flowis denoted as unstable when &;
is negative. In this study, the first solutions with the positive eigenvalues distract the growth of the
disturbance in the solutions at some range of the mixed convection parameterin the opposingflow
(1 < 0), hence returning the flow to its original state. Thus, we can conclude that the first solution
is stable and reliable, whereas the second solutionis not, as seeninTable 4.

Table3
Variations of f”(0) and —6'(0) withassorted Pr as¢;=¢,=e=y =06 =
9=0,andA=1.0

Pr 77(0) —0'(0)
Dinarvandand Currentresult Dinarvandand Currentresult
Hosseini [25] Hosseini [25]
0.7 1.7063 1.706323 0.7641 0.764063
1.0 1.6754 1.675437 0.8708 0.870779
7.0 1.5178 1.517913 1.7225 1.722382
10.0 14927 1.492839 1.9444 1.944617
20.0 1.4482 1.448483 2.4573 2.457590
40.0 1.4104 1.410058 3.1014 3.101093
50.0 1.3986 1.398930 3.3418 3.341458
Table4
Variations of £, with assorted
A
A Firstsol. Secondsol.

-0.01 0.7054 -0.8912
-0.02 0.4821 -0.5426
-0.03 0.2519 -0.3674
-0.04 0.0037 -0.0048
-0.05 0.0003 -0.0011
*Note: sol.=solution

The characteristics of f”(0) which represents the skin friction coefficient in pure water
(¢ = ¢, = 0.00), nanofluids (¢p; = 0.00, ¢, = 0.01) and hybrid nanofluids (¢p; = ¢, = 0.05) are
available in Figure 2(a), while the heat transfer rate —0'(0) is portrayed in Figure 2(b). It is observed
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that the similarity solutions for viscous flow (¢; = ¢, = 0.00)are available when 1> A, =
—0.0394. The range of solution becomes wider when the nanoparticle volume fraction is added
where 1 > A, = —0.0422 and 1 > 1, = —0.0481 denote the Al,03/H.0 nanofluids and Al,0s-
Cu/H20 hybrid nanofluids, respectively. Figure 2(a) indicates that the growth of ¢, enhances f"(0);
thus, thissignifies f”(0) of Al,03-Cu/H20is more significant than Al,03/H.0 and water when 1% and
5% of ¢, (Cu) volume concentration is presented. The Al,03-Cu/H20 characteristics are portrayed in
Figure 3(a) concerning f”(0) toward the stretching/shrinking vertical plate A as € varied. Figure 3(a)
shows that as & improved, f”(0) increases in the first solution. Figure 3(b) demonstrates an
increasing pattern of —6’(0) when ¢, improvesinthe first solution. As aresult, thermal performance
quality has improved as the viscous flow transforms into Al,03/H,0 nanofluids and Al,0s-Cu/H20
hybrid nanofluids past the shrinking vertical plate. Also, Figure 3(b) observes that —8’(0) isimproved
when ¢ escalates in the first solution. It should be noted that a rise in ¢p, and € has broadened the
range of solutionsasseenin Figure 2 and Figure 3, hence permitted fora delayin the boundary layer
separation process.

The profile of velocity f' (), whichis presented in Figure 4(a), demonstrates that the momentum
boundary layer depth improved as ¢ increased. This phenomenon boosts the Al,03-Cu/H,0 density
and eventually increases the velocity gradient hence improving f’ (). The temperature profiles 6 (1)
in Figure 4(b) back up the trend seenin Figure 3(b), which shows how the temperature of changes as
€ increases. The deterioration in Al,03-Cu/H;0 temperature declines the thermal transmission and
gradually upsurges the convective heat transfer rate. Figure 5(a), Figure (b) and Figure 6(a), Figure
6(b) presentanothersample of f'(n) and (1) for certainrange of y and 9 parameter, respectively.
Based on our findings, all profiles asymptotically satisfy the free stream conditions (8), which then
authorises the validity of the numerical. The decreasing trend of the first solution resultsin f'(n)
and 6(n) is figured out with the rising values of ¥ in Figure 5(a) and Figure 5(b), respectively.
Meanwhile, as 9 boosts up, the firstsolutionin f'(n) and 8(n) is enlarged as displayed in Figure 6(a)
and Figure 6(b). However, the second solution is decreases as the thermal slip paramete r improves
in both velocity and temperature distribution profiles.

3.0
y=9=£=0.1
o0=05
1.5 1
¢ =g, =0.00
—_ o
2 00 Joy = 00394 =
2 =¢. =0.05
x‘\' =4 =003 Jen =—0.0422 Q? | 1
J,5 = —0.0481 .
1.5 1 ey s 0T W
A :i-:,z:::” s S
N s — First Solullon» — First Solution
---Second Solution --- Second Solution
3.0 ' } 1 0.0 f f
-0.08 -0.04 0.00 0.04 0.08 -0.1 0.0 0.1 0.2 0.3

(a) (b)
Fig. 2. Different values of ¢, and ¢, with A (a) reduced skin friction coefficient (b) reduced heat
transfer coefficient
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Fig. 3. Different values of € with A (a) reduced skin friction coefficient (b) reduced heat transfer
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Fig. 4. Different values of € with n (a) velocity profile (b) temperature profile
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Fig. 5. Different values of y with n (a) velocity profile (b) temperature profile
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Fig. 6. Different values of 9 with n (a) velocity profile (b) temperature profile

5. Conclusions

The current work verified a numerical evaluation of the unsteady mixed convection stagnation

point of Al,03-Cu/H20 hybrid nanofluid towards a stretching/shrinking vertical plate. According to
our observations, the presence of the first and second solutionis demonstrated for a wide range of
control parameters throughout the Al>03-Cu/H>0 combination, and evidently, the thermal efficiency
can be improved by increasing the nanoparticle volume fraction concentration. This means that the
hybrid nanofluids have a higherthermal conductivity than the nanofluids and traditional fluids. Also,
the increment of the unsteadiness parameter stimulatesthe thermal performance enhancementin
the Al203-Cu/H20. The consistency of the first solutionis ensured by the analysis of solution stability.
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