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overseeing nonlinear PDEs by utilizing good comparability changes. The amounts
related to building angles, for example, skin grating, Nusselt and Sherwood numbers
alongside different effects of factors from the material on the speed and temperature,

Keywords: are outlined. Numerical consequences of the current investigation are acquired
Casson nano liquid; MHD; Inclined through the Runge-Kutta Fehlberg strategy alongside the shooting procedure and in a
porous surface; thermal Radiation constraining sense are diminished to the distributed outcomes for a precision reason.

1. Introduction

Researchers, engineers and scientists have been paying attention to non-Newtonian fluids
because of their numerous applications such as the production of food, annealing, etc. Also, there
are several manufacturing processes in industries due to non-Newtonian fluids. They are biological
fluids, lubricants, paints, polymeric suspensions etc. Several models such as the pseudo plastic model,
Ellis model, power-law model, viscoelastic model etc. have been examined with different rheological
equations and solved numerically in literature. Due to their complexity alongside nonlinearity,
rheological equations of different types have been used by authors in literature to describe non-
Newtonian fluids.

Casson fluid behaviour is different from all other types of non-Newtonian fluids. It is a shear-
thinning fluid with an indefinite zero viscosity shear rate and vice versa. Examples of fluid that
portrays this type of behaviour are orange juice, toothpaste, honey, tomato sauce, human blood and
soup. Hayat et al., [1] critically examined Casson fluid behaviour flowing on a stretchable surface.
Ugwah-Oguejiofor et al., [2] presented the influence of melting on the MHD Casson liquid flow past
a stretchable permeable sheet. Kamran et al.,, [3] elucidate Casson nanofluid MHD flow. They
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obtained the solution of their flow equations numerically. Reddy and Krishna [4] pondered the Soret
and Dufour effects on an MHD micropolar fluid flow over a linearly stretching sheet, through a non-
Darcy porous medium. They numerically solved their model using the method for Runge-Kutta along
with shooting technique. Shah et al., [5] studied the model of Cattaneo-Christov for Casson
ferrofluids past a stretchable sheet. The outcomes of their flow model were obtained using the
homotopy analysis approach. Sodium alginate is another type of Casson liquid that many researchers
have recently pondered on because of its applications in pharmaceuticals, textiles as well as
cosmetics. Sodium alginate is highly viscous, it has solubility properties and is very safe. It is a type of
Casson nano liquid. This type of fluid helps to enhance the fluid thermal properties. Khan et al., [6]
explored Sodium alginate MHD Casson nanofluid through a penetrable medium. In recent times,
Alwawi et al., [7] illustrated the movement of Sodium alginate Casson nano liquid past a solid sphere
under the influence of magnetic force. Sandhya et al., [8] presented the heat and mass transfer
effects on MHD flow past an inclined porous plate in the presence of chemical reaction.

The study of nanofluids is seriously trending in recent years. It is mostly treated as a mixture made
of a base fluid together with a nanoparticle. The nanofluid portrays a characteristic of a rise in the
thermal conductivity of the basic liquid. The major thing that interests researchers that have studied
the behaviour of nanofluids is because of its applications in engineering such as therapy, food
processing, biological materials, photodynamics etc. The study conducted by Dolatabadi et al., [9]
introduced the concept of nanofluids. In another study by Buongiorno [10], nanoparticles alongside
the convective transport of nanofluids were extensively discussed. After the study of Dolatabadi et
al., [9] and Buongiorno et al., [11], many authors have analyzed the Buongiorno model with
nanofluids. Ajam et al., [12] elucidate MHD nanofluid flow on a stretchable and penetrable plate by
employing Buongiorno's model. They obtained solutions to their equations using an analytical
approach and they discovered that a large Biot number enhances the heat transport coefficient.
Reddy et al.,, [13] numerically observed the MHD slip flow of Carreau nanofluid by considering
chemical reactions along with the Soret-Dufour mechanism. The model was solved using numerical
techniques and inferred that a hike in thermophoresis lead to a spike in Nusselt number. Jaradat et
al., [14] discussed the two-mode coupled Burger’s equation. Idowu and Falodun [15] recently
discussed MHD flow of nanofluid of non-Newtonian base-fluid. The models were investigated
numerically, and they came to a conclusion that the strength of the imposed magnetic field inhibits
the velocity. Gangaiah et al., [16] elucidated the impact of thermal radiation on the mixed convection
MHD flow of Casson nanofluid. Rafique et al., [17] elucidate Buongiorno model analysis together with
Brownian alongside thermophoretic diffusion for Casson nano liquid. Lund et al., [18] investigated
MHD flow of micropolar nano liquid with buoyancy impact. The transformed ODE was solved
numerically. They concluded that increasing Richardson number declines the micropolar nanofluid
velocity.

Investigation of heat transport along a slanting porous surface has importance in the production
of paper, drawing of glass, plastic film, wire drawing etc. Reddy et al., [19] by considering the
numerical solution of MHD, Soret, Dufour, and thermal radiation contributions on unsteady free
convection motion of Casson liquid past a semi-infinite vertical porous plate. MHD free convective
flow past a vertical porous plate in the presence of radiation and heat generation was studied by
Mangathai et al., [20]. Gurrampati et al., [21] studied the similarity transformations of heat and mass
transfer effects on steady MHD free convection dissipative fluid flow past an inclined porous surface
with chemical reaction.

El-Dabe et al., [22] explained heat along with mass transport of second-grade fluid flow. Heat
transport of nanofluids is applicable in areas such as science and technology. Heat transport
enhancements in the free convection flow of nanofluids have been studied by Aman et al., [23].

112



CFD Letters
Volume 14, Issue 12 (2022) 111-125

Rashidi and Pour [24] discussed unsteady flow along with heat transfer because of a stretchable
sheet. Motsa and Makukula [25] elucidate boundary layer flow heat alongside mass transport
because of a stretchable surface. Singh and Agarwal [26] discussed the flow and heat transport of
Maxwell liquid under the impact of variable thermo-physical parameters. Khidir and Sibanda [27]
closely analysed MHD flow on the transfer of mass and heat on a rotating permeable disk. Idowu and
Falodun [28] studied how Soret-Dufour's affect MHD flow and heat alongside the mass transfer of
Walter’s-B liquid. The recent study by the effects of Soret number and heat source on unsteady MHD
Casson fluid flow past an inclined plate embedded on porous medium by Manjula and Sekhar [29].

Thermophoresis explains the migration of small particles towards degenerating thermal gradient
by the thermophoretic force. The particles are driven right from a hot to a cold surface. An example
of such a particle is dust. The consideration of thermophoresis together with Brownian motion is
trending in recent research due to its relevance in science and industries. The impacts of
thermophoresis on unsteady Oldroyd-B nano liquid flow were elucidated by Awad et al., [30].
Mallikarjuna et al., [30] examined thermophoresis along with transpiration's impact on non-Darcy
convective flow. They applied a numerical method to solve the model and they discovered that
velocity changes according to thermophoretic variations. Shehzad et al., [31] investigated the impact
of thermophoresis along with Joule heating on Jeffrey radiative fluid flow. Reddy et al., [32] elucidate
the radiation and chemical reaction effects on MHD flow along a moving vertical porous plate. Reddy
et al., [33] elucidate the combined thermophoresis along with Brownian motion effects on the
unsteadiness of MHD nano liquid flow. Meanwhile, many authors have done their research work on
MHD fluid flows along the thermal radiation effects on vertical and stretching surface [34-43]. Khan
et al., [44] presented the effect of MHD flow and heat transfer of double stratified micropolar fluid
over a vertical permeable shrinking/stretching sheet with chemical reaction and heat source. Jamali
et al., [45] investigated the effect of different types of stenosis on generalized power law model of
blood flow in a bifurcated artery. Hamrelaine et al., [46] explored an analysis of MHD Jeffery Hamel
flow with suction/injection by homotopy analysis method.

The present study explored areas that have not been considered by researchers in previously
published works. Inspired by the above-aforementioned literature, we hereby present in this paper
the Brownian, thermophoretic diffusion movement and Buongiorno model for MHD Casson
nanoliquid. The velocity and concentration alongside temperature profiles are illustrated with the
aid of diagrams. Tables are used to display the computational findings for quantities of engineering
importance.

2. Problem Description

Consider an incompressible, 2D, Casson nano liquid flow past a nonlinear slanting porous
stretchable sheet slanted at y, where u,,(x) = ax™ is the extending distance and u,(x) =0 is
ambient distance, where x signifies coordinate taken towards the extended sheet, a is a constant.
Chemical reaction is assumed during the flow. The magnetic field B is imposed normal to the flow
track. The thermophoresis and Brownian motion impact are presumed. The temperature T and
nanoparticle fraction C take the values T,,, and C,, right at the wall. The attributes of thermal radiation
are examined with a convective heating analysis with temperature Tr and heat exchange factor h¢
proportional to x~ 1. However, the structures for nano liquid temperature and mass partitions T,
and C,, are obtained at free stream, as presented in Figure 1.

Following the formulations in the previous studies, the governing equations are [35-48]

ou av
et = 0, (1)
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The difference in temperature between the temperatures T and the free stream temperature T,

are small, and by leaving terms of higher order, the Taylor’s simplification about T, is
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Fig. 1. Physical geometry

Putting Eq. (5) and Eq. (6) in Eq. (3) is simplified to

T 160°T3, | 82T aC AT Dy (3T\2
u—+v—y=[a °°] [ —T( )]

3k*(po)s| ay? Boyay " T \3y

(6)

(7)
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The present analysis considered the boundary conditions (BCs) as:

u=1u,x) =ax™v=0; —kg—;= hf[Tf—T];C =Cyaty=0,

U Ux(x) =0;v > 0;T 5 Ty; C > Cpp aty > oo,

(8)

The transformations variables are

Cpoy 00 = I g = Sy g =y [0 (9)

Substituting Eqg. (9) into Eq. (1) to Eqg. (4), the following ordinary differential equations are
obtained;

2vax™

1/):

(1+ %) f" =2 ()2 + = (A0 + 8¢) cosa — —— (M +2) f =0, (10)
(1+%) 6" +Prfo’ + PrNb6’¢’ + PrNb (8')% = 0, (11)
¢" + (Nt/Nb)8" + Lef' — Kr Le ¢ = 0, (12)

The transformed boundary constraints are:

f =0 f'(n) =1 6'(0)=-Bi(1-6(0)); ¢(n) =1 atn=0,

13
@) = 0; 6 = 0; $(n) >0 as - oo, (13)
where
1=5.5= G_CZ;M _ aB&(x)x;K _ Kluw' N, = ‘[DB(CW—COO);
Rex Rey puy VX v
— _ 3 _ 3
Nt = ©D7(Ty Too); Gr = IBT(Tw—Teo)x ;GC — 9Bc(Cy—Co0)x ; (14)
VTeo v2 v2
_ Vv _v _M- 40‘Tc><> 2xKy . n
Le DB,Pr— ' Re, 1/,R pEy ; Kr (+1)WBL ke,

Here primes signify the differentiation wrt 7. The skin friction, Sherwood as well as Nusselt
numbers for the study are:

_  Tw _ Xqm
Cr _uépf‘Nu k(Tw Too) ;Sh = D5 (Cy—Ceo) ’ (15)

where

—[k+4::;°3°]g—;; qm=—DBZ—;; TWZ,M(].-F%)Z—; at y =0.

The dimensionless simplified Nusselt number —8'(0), Sherwood number —¢'(0) and skin
friction coefficient Cr = (1 + )f”(O) are:
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~0'(0) = ——T——; —¢'(0) ==

(1459)J(55)Rex (%57 rex

P Gr=£"(0) (%) Rex,

UwX .
where Re, = % is the local Reynolds number.

3. Outcomes and Discussion

The Runge-Kutta Fehlberg scheme with shooting technique is employed to investigate the results
of the transformed ordinary differential equations of Eqg. (10) to (12) with the BCs (13). The choice of
this method is due to its wide stability region and the rate of convergence for boundary value
problems have been established to be wide enough. The absolute error and the tolerance are set at
1076,

Flow parameters are varied and their significance on the flow are shown graphically and
tabularly.

The main aim is based on the impact of Brownian movement along with thermophoresis on MHD
Casson nano liquid limit layer over a nonlinear slanted permeable surface. The heat and mass
transport problem were set up with thermophoresis, thermal radiation and Brownian motion. The
flow model is solved numerically, and the physics of the problem is shown graphically. Also, we have
computed values for the physical quantities of engineering importance and the results are shown in
tables. Behaviours of pertinent flow parameters on local skin friction coefficient, Nusselt and
Sherwood number are shown in Table 1. The results in Table 1 show that all the flow parameters
enhance the transfer rate of mass and heat. This implies a great enhancement in the hydrodynamic
and thermal boundary layer thickness. This demonstrates the use of this study in regulating the pace
of cooling in heat transfer.

Figure 2 represents the magnetic and permeability terms’ effects on the velocity plot. The
magnetic parameter (M) is noticed to decline the velocity immediately after its value is increased. M
has a significant effect on the fluid flow such that when it is applied transversely in the flow direction;
it will produce the Lorentz force. In electromagnetism, Lorentz force is useful in engineering
applications such as in plasma accelerators, MHD accelerators, hydrodynamic etc. Lorentz force is a
phenomenon that slows the flow of an electrically conducting liquid. So, immediately the magnetic
parameter increases more, it triggers the Lorentz force to decline the velocity as well as momentum
boundary layer thickness. Also, a large permeability term (K) as shown in Figure 2 enhances the
velocity profile. The presence of K allows the exchange of fluid particles among regions within the
boundary layer. Now, increasing the value of K expands the pore size, hence providing space for more
movement of fluid particles.
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Fig. 2. Velocity profiles with magnetic and permeability parameters

Figure 3 shows the significance of the power index and the solutal buoyancy parameters on flow
velocity. The power index parameter (m) enhances the velocity profile due to the existence of
Brownian motion, thermophoresis along with Prandtl number. Hence, for a large value of m, the
velocity profile increases. The solutal buoyancy parameter (&) is observed to increase the velocity
profile in Figure 3. Now, an increase in (&) lead to large solutal buoyancy force and reduction in the
viscosity which leads to increased velocity profile. Variation in the velocity profiles based on the
impact of thermal buoyancy parameter (1) and Casson parameter (f) is shown in Figure 4. The
buoyancy force is noticed to increase the velocity profile as its value increases. Experimentally, an
increase in A lead to a reduction in the fluid viscosity which makes the fluid to thereby moves very
fast. Therefore, increasing A more leads to a drastic rise in the velocity profile (see Figure 4). The
effect of § as shown in Figure 4 is observed to decrease velocity profiles. This can be traced to the
fact § declines the yield stress in the Casson fluid. Hence, our experiment shows that 5 declines the
yield stress meaning that plastic dynamic viscosity is improved which makes the momentum
boundary layer to become very thick. The imposed magnetic field strength transversely to the flow
direction is also a reason [ degenerates the velocity profile. Figure 5 shows the impact of the
inclination factor (a) on the velocity profile. An increase in a reduces the velocity profile. This is a
reasonable result because the imposed magnetic field has a tendency of inhibiting fluid movement
and declines the velocity profile due to an increase in a. In a moment a = 0, it shows that the flow

is subjected to the greatest gravitational force. The velocity profile drops the more at a = g
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Figure 6 depicts the effect of the solutal buoyancy force parameter (1) and Prandtl number (Pr)
on the temperature profile. Raising « is observed to decrease the temperature profile. The solutal
buoyancy parameter acts like a pull which slows down the motion of an electrically conducting fluid
because of the presence of M and also, an increase in Pr is observed to reduce temperature profiles.
Experimentally, the thermal conductivity of the fluid degenerates with increasing Pr. Hence, this
leads to degeneration in the thermal boundary layer thickness. Figure 7 portrays the effects of
radiation parameter (R) and Biot number (Bi) on the temperature profile. Thermal radiation shows
a great impact on the heat transfer rate of the flow. The thermal radiation parameter helps to boost
the rate of heat transport. Hence, raising R enhances the thermal condition of the fluid by enhancing
the temperature profile along with the thickness of the thermal boundary layer. It is also observed
that an increase in Biot number boosts the temperature (see Figure 7). Hence, as Bi increases, the
heat transport coefficient also increases. However, this increases in heat transport coefficient
increased fluid temperature.
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Fig. 6. Concentration profiles with solutal buoyancy parameter and Prandtl number
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Fig. 7. Temperature profile with thermal radiation parameter and Biot number

Figure 8 portrays the impact of Brownian motion (Nb) and thermophoresis (Nt) on the
temperature profile. Increasing the value of both Nb and Nt is observed to boost the temperature
profile. This in return enhances the rate of heat transport. This means that the Brownian motion
mechanism could be useful in distributing the nano-particles in the flow regime. Also, a small value
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of Nb and Nt could be useful in cooling the flow regime. Figure 9 shows the impact of the inclination
factor (a) on the temperature profile. Increasing a is noticed to enhance the fluid temperature profile
and the entire boundary layer thickness. Figure 10 depicts the impact of Nb and Nt on the
concentration profile. An increase in the value of Nb is observed to degenerate the fluid
concentration profile while the increase in the value of Nt enhances the fluid concentration profile.
This shows that the thermophoresis parameter (Nt) helps the nanoparticle diffusion in the boundary
layer. Also, the concentration boundary layer thickness becomes very low because of an increase in
the Brownian motion parameter (Nb). Figure 11 shows the effect of the chemical reaction parameter
(Kr) and Lewis number (Le) on the concentration profile. Lewis number is a dimensionless number
which portrays the contribution of the rate of thermal diffusion to the rate of species diffusion. It is
derived from the ratio of the Schmidt number to the Prandtl number. Therefore, when Le=1, heat
alongside species diffuses at the same rate but whenLe > 1, heat diffuses faster than species. Also,
an increase in the value of Kr is seen to be destructive to the concentration profile as increasing Kr
degenerates the concentration profile. Figure 12 represents the effect of the inclination factor (@)
on the concentration profile. A gradual increase in a is observed to give a slight increase to the
concentration profile.
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Fig. 8. Temperature profile with Brownian motion and thermophoresis parameter
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120



CFD Letters
Volume 14, Issue 12 (2022) 111-125

Nb=0.1,0.2, 0.3, 0.4

02r

0.8

0.7

09l

Nt=0.1,0.20.3 0.4

25 3

]

0.9 1 09
08 1 08
0.7 B 0.7
06 1 06
= =
505 308 Le=0.5,1.0,1.5,2.0
/
04 1 04t
03 1 03f
Kr=0.5,1.0,15,20
7/
0.2 1 02t
01F 41 o1t
0 . : . . . 0 .
0 05 1 15 2 25 35 4 45 5 0 05 25
n

Fig. 12. Concentration profile with inclination factor

a =7/6, wl4, ©/3, wl2

2 25

121



CFD Letters
Volume 14, Issue 12 (2022) 111-125

Table 1
Computational values of different flow parameters on local skin friction, Nusselt and Sherwood number
M K m A 9 B Pr R Nb Nt Kr Le a Bi Cf Nu Sh
1 1.233354  0.072799  2.131724
2 s 1.383640  0.073107  2.144011
3 : 1.521480 0.073466  2.157612
4 05 1.649481  0.073892  2.172872
1 : 0.927143  0.074411  2.190304
2 0.9 0.943393  0.074718  2.200075
3 : 0.975295  0.074829  2.203521
4 o1 1.066662  0.074886  2.205283
1 : 1.248577  0.074017  2.174142
2 1.262181 0.074168  2.175710
3 0.5 1.268252  0.074254  2.176629
4 0.71 1.271624  0.074311  2.177230
1 ’ 0.553403  0.089823  2.156779
2 1 0.770516  0.090079  2.174759
3 0.992048  0.090299  2.191762
4 o1 1.218581  0.090493  2.207915
1 : 0.729060  0.074638  2.190333
2 0.841156  0.075284  2.205774
3 0.1 0.959843  0.075825  2.219696
4 1.086907  0.076291  2.232448
05 5 1.210731  0.072833  2.133445
1 1.431945 0.073013  2.140694
1.5 1.552122  0.073314  2.152397
2 T 1.628086  0.073928  2.174682
05 6 4 1.241202  0.089083  2.153118
7 1.241536  0.089796  2.153932
8 1.241788  0.090348  2.154921
9 0.1 1241985 0.090789  2.156133
7 1 1.238474  0.083620  2.154921
2 1.239388  0.085402  2.158643
3 1.240417  0.087457  2.161399
4 1.241536  0.089796  2.163519
0.1 1.241109  0.081929  2.154921
0.5 0.2 1.241536  0.085064  2.171138
0.3 1.242169  0.087661  2.177223
0.5 0.4 1.242634  0.089796  2.180837
0.1 1.228234  0.089470  2.096771
0.9 0.2 1.232675 0.089582  2.115110
0.3 1.237109  0.089690  2.134505
0.1 0.4 1.241536  0.089796  2.154921
0.1 1.241536  0.089434  2.154921
05 1 1.264279  0.089517  2.678377
1.5 1.280017  0.089630  3.115223
7 2 1.291853  0.089796  3.497552
0.5 1.033845  0.090424  0.582769
1 1 1.095579  0.090632  0.874960
1.5 1.133928  0.090917  1.104605
01 2 1.161051  0.091341  1.299896
T 1.194393  0.089515  2.137252
6
T 1.241536  0.089718  2.149859
4
05 T 1.303363  0.089796  2.154921
3
5 E 1.454565  0.089853  2.158746
2
T 0.1 1.225173 0.089796  2.114918
4 0.2 1229707 0.162697  2.125481
0.3 1.235082  0.222809  2.138521
0.4 1.241536  0.273073  2.154921
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4. Conclusion

The Runge-Kutta Fehlberg together with the shooting procedure is utilized on the transformed
differential equation of Eq. (10) to (12) subject to (13) which describe the Brownian, thermophoretic
diffusion and Buongiorno model for MHD Casson nanoliquid flow with convective boundary
constraints. The method used in this study agreed very close to previously published works. The key
findings in the present study are:

l. A large value of M is noticed to degenerate the velocity profile;
Il. The velocity profile degenerates with a large value of 3;
Il The Biot number (Bi) is noticed to increase the heat transport coefficient;
V. A large value of Nb and Nt is observed to boost the temperature profile; and
V. All pertinent flow parameters are noticed to enhance the rate of heat and mass transport
by increasing the local skin friction coefficient, Nusselt and Sherwood number.
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