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transformed into nonlinear ordinary differential equations. The obtained self-similar
equations are numerically solved using the Optimal Homotopy Analysis Method
(OHAM). The numerical results are graphically represented, showcasing the influence
of various parameters on fluid flow and heat transfer characteristics. The study
uncovers important dynamics in transport phenomena. Examining and illustrating the
effects of dimensionless parameters on velocity, temperature, and concentration
profiles reveal significant insights. Moreover, skin friction and Nusselt number results
for Casson fluids are analyzed and presented. The findings indicate that the Casson

Keywords: parameter and Hartman number act in opposition to fluid momentum, while the
Magnetohydrodynamics (MHD); Casson thermal conductivity parameter enhances fluid temperature. Thus, this research
fluid; Thermal conductivity; Radiation; provides valuable insights into MHD boundary layer flows of non-Newtonian Casson
Optimal Homotopy Analysis Method fluids with thermal radiation effects, and the OHAM solution method proves effective
(OHAM) in predicting flow transport properties.

1. Introduction

Non-Newtonian fluid flow through different geometries has attracted extensive research interest
in recent years due to the wide applications in industrial and engineering domains such as oil
extraction, paper, detergent, and syrup production. Casson fluid is a non-Newtonian fluid with
distinct characteristics, behaving like an elastic solid and exhibiting yield stress in its constitutive
relation. Unlike traditional Newtonian fluids, they exhibit a yield stress, indicating that they require
a certain threshold of applied force to initiate flow. This characteristic sets them apart from
Newtonian fluids, where viscosity remains constant regardless of shear rate. However, what
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distinguishes Casson fluids is their unique response to shear, characterized by a sudden jump from
zero shear stress to a finite value at the yield point. This behaviour contrasts with other non-
Newtonian models, where the shear stress gradually increases with an increasing shear rate.
Additionally, the Casson model captures shear-thinning behavior, where the apparent viscosity
decreases with increasing shear rate, a feature crucial in understanding various practical applications
ranging from biomedical to industrial processes. Casson fluid transport phenomena occur across
various mechanical, chemical, and food processing engineering branches. Various materials,
including blood, mud, emulsions, paints, sugar solutions, and tomato pastes, exhibit non-Newtonian
properties and are pertinent to these applications. Heat transfer fluids like mineral oils and ethylene
glycol also have critical industrial applications in power generation, air conditioning,
microelectronics, etc. However, their performance is constrained by low thermal conductivities,
limiting usage in heat exchangers. Consequently, substantial research in the past decade has focused
on Casson fluids with enhanced thermal conductivity and variable viscosity. Understanding
conductivity is vital as it governs heat transfer between the fluid and the surface.

The investigation into non-Newtonian fluids, particularly the Casson fluid [1], unveils a distinctive
yield stress phenomenon. This fluid model applies to various substances like chocolate, honey, and
blood. Notably, silicon suspensions, toners in water, and lithographic varnishes in printing inks exhibit
nonlinear interactions between stress and strain velocity, as explained by the Casson fluid
constitutive equation. Fredrickson [2] analyzed steady flow in a pipe for Casson fluid, and Attia [3]
explored the impact of temperature-dependent thermal conductivity and viscosity. The study
established that an increase in the variable viscosity parameter enhances fluid flow and heat transfer
while variable thermal conductivity diminishes both. Mitsoulis [4] further delved into various
benchmark problems related to viscoplastic flows. Kameswaran et al., [5] investigated the two-
dimensional boundary-layer flow of Newtonian fluid due to a stretching sheet saturated in nanofluid
with chemical reactions. Hayat et al, [6] focused on Soret and Dufour's effects in the
magnetohydrodynamic (MHD) flow of Casson fluid. Jawali et al., [7] explored the combined influence
of thermal conductivity and variable viscosity on free convection fluid flow in a vertical channel.

A comprehensive exploration of slip, chemical reactions, and electrically conducting fluid above
a nonlinearly permeable stretching sheet was conducted by Yazdi et al., [8]. Bhattacharyya and Layek
[9] studied the impact of velocity slip on viscous fluid's boundary layer fluid flow past a permeable
stretching sheet in the presence of chemical reactions. Yasir Khan et al., [10] analyzed the effects of
variable liquid properties on a thin film over a stretching/shrinking sheet using the homotopy
method. Mukhopadhyay [11] emphasized that understanding fluid dynamics and heat transfer relies
heavily on comprehending the flow field of non-Newtonian fluids in a boundary layer adjacent to a
stretching sheet. Afif [12] delved into the response of Casson nanofluid to chemical reactions and
viscous dissipation. Aurangzaib et al., [13] theoretically explored the pressure of heat radiation on
irregular natural convection flow induced by stretching surfaces in the presence of a chemical
reaction and a magnetic field. Shehzad et al., [14] described the magnetic field's effect on Casson
fluid mass-transfer flow via a permeable stretched sheet with a concurrent chemical reaction. Pal
and Mandal [15] discussed the properties of mixed nanofluid convection flow on a stretching sheet,
considering thermal radiation and chemical reactions. Similar solutions were obtained for the Casson
fluid's unstable boundary flow caused by a stretching sheet immersed in a porous medium with first-
order chemical processes.

Gireesha et al., [16] focused on the magnetohydrodynamic (MHD) movement of a Casson-
nanofluid past a nonlinearly stretched sheet, considering nonlinear radioactive heat transfer. Arshad
et al., [17] studied the MHD movement of sodium alginate-based Casson nanofluid across a porous
medium with Newtonian heating. lbrahim et al., [18] investigated the similarity between solutions
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for Casson nanofluid flow over a vertically exponentially stretched cylinder. Animasaun [19]
presented non-draconian magnetohydrodynamic dissipative dynamics for Casson fluid flows over a
linearly stretched surface, considering the impact of various thermophysical parameters. Damseh et
al., [20], Magyar and Chamkha [21], and Malik et al., [22] explored the steady-state boundary layer
flow of micropolar fluid induced by nonlinearly stretching sheets. Pramanik [23] studied the thermal
radiation impact on Casson fluid past an exponentially permeable stretching surface, while Siddiqui
et al., [24] investigated two-dimensional MHD compress flow between similar plates. Prasad et al.,
[25, 26] found that Casson nanofluid flow over a variable thickness stretching sheet/disk decelerates
with suction and provides conflicting results with injection. The effect of chemical reactions and
variable liquid properties on Casson fluid over a rotational disk in the presence of variable thickness
was investigated by Vaidya et al., [27, 28]. Ramanuja et al., [29, 30] discussed the radiation effects of
Newtonian/non-Newtonian fluids through porous medium.

Dharmendar et al., [31] investigated magnetohydrodynamic, dissipative, and mixed convection
boundary layer copper-water nanofluid fluid flow over a nonlinear stretching/shrinking sheet in the
existence of heat generation/absorption and viscous dissipation. Goud et al., [32] investigate the
mass and heat transport phenomena associated with micropolar fluid flow created by a vertically
stretched Riga surface. A numerical study of chemically reactive effects on magnetohydrodynamics
(MHD) free convective unsteady flowing over an inclined plate in a porous material viscous
dissipation was examined by Bejawada et al., [33]. Wuriti et al., [34] explored the impact of the Soret
and Dufour properties, as well as the radiative phenomena, was noticed. The assumed flow was due
to the stretched cylinder. Shankar et al., [35] explored the characterization of the flow phenomena
of hydromagnetic nanofluid thermal stratified through the porous medium due to the influence of
the radiative heat energy.

Mahmood et al., [36] examined the laminar and incompressible MHD oblique stagnation point
flow of nanofluids over a stretched convective surface. Khadija et al., [37] explored the primary goal
of this research, which was to find out how nonlinear radiation, changes in viscosity, and aggregation
affect the flow of ethylene glycol-based nanofluids in three dimensions. Adnan et al., [38] examined
the transformation of shape-memory alloys to high-temperature shape-memory alloys, which could
be achieved by adding alloying elements or heat treatment. Bilal et al., [39] reported the mass and
energy transmission characteristics of an electrically conducting mixed convective nanofluid flow
past a stretching Riga plate. Khadija et al.,, [40] explored the industrial sector, which showed a
growing interest in hybrid nanofluids affected by magnetohydrodynamics (MHD) owing to their wide
range of applications, including photovoltaic water heaters and scraped surface heat exchangers.

Motivated by the above reference work and the numerous possible industrial applications, viz.,
polymer processing, coating and printing process, biomedical arena (blood flow modeling), and heat
exchangers or fluid flow systems of power generation units, it is of paramount interest in this study
to investigate the MHD stagnation point flow and heat transfer of Casson fluids over a stretching
sheet. To analyze these complex fluid dynamics scenarios, the governing nonlinear partial differential
equations (PDEs) are reduced to non-dimensional ordinary differential equations (ODEs) using
similarity transformations. The "Optimal Homotopy Analysis Method (OHAM)" is employed to solve
the transformed nonlinear coupled ODEs numerically.

2. Mathematical Modeling
Steady, 2-dimensional, viscous, and electrically non-Newtonian Casson fluid over a stretching

sheet with variable thickness in the presence of variable viscosity and variable thermal conductivity
is considered, the observable design depicted in Figure 1.
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Fig. 1. Physical model

The rheological Equation of state for an isotropic and incompressible stagnation-point flow of a
Casson fluid is considered. The fluid properties, including viscosity, consistency index, and thermal
conductivity, are assumed to be uniform. Heat source and chemical reaction effects are also
incorporated into the flow analysis. The Casson fluid satisfies the following rheological Equation of
state for isotropic and incompressible conditions:
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Where, 1t =¢;¢; = product of the deformation rate with fluid consistency coefficient, p, =———=

B
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yield stress, e, =— —L+—L | = Rate of strain tenor, e, is the (i, J)th component of
2{ 0x; 0O

deformation rate, n is the product of deformation rate with itself, 7, is a critical value of this product

R
N2

(u,) of the non-Newtonian fluid. The steady two-dimensional MHD flow of an electrically conducting

based on the non-Newtonian model, S Casson parameter, u; + is the plastic dynamic viscosity

non-Newtonian Casson fluid over a stretching sheet placed aty=0. The flow is restricted in the
regiony > 0. The wall is stretched while the origin is stationary as the equal and opposite forces are

applied along the x-axis. Consider a thin elastic sheet that emerges from a narrow slit at the origin of
a Cartesian co-odorant System. The continuous sheet at y =0 moves in its own plate with velocity:

Yasir Khan et al., [10]
U =bx (1)

Whereb <0 corresponding to the shrinking and b >0 corresponding to stretching and the surface
temperatureT, is defined as
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2
Ts =Tref |:2L:|+TO (2)
VO

Where T, taken as constant reference temperature, T ; is the temperature at the slit and such that
0<T,

assumed to be in the form given below.

<T,. The variation of the thermal conductivity with temperature and viscosity of the fluid is

K(T) =k, [L+¢(T —T,)] (3)

p(T) = pe <™ (4)

WhereK, and x, be the viscosity and conductivity of the fluid, respectively at slit temperatureT .

The velocity and temperature field in the thin fluid layer is governed by the two-dimensional layer
equations for continuity, momentum, and energy, which are included in the flow. (Yasir Khan et al.,
[10])

a_u_l_ﬂzo (5)
ox oy

2
LR 9
ox oy p, B )oy oy Po
TELNVLLN ﬂ(kmﬁ]_ L (7)
X OY  Poc, O %) Poc, OY

Where u and v are the velocity components along x-and y-direction respectively, x(T) is the
variable viscosity, k(T) is the variable thermal conductivity, ¢, being specific heat, p; is the density of
the fluid, B, is the magnetic field parameter, o,defines fluid electrical conductivity,q, being the

radioactive heat-flux. The conditions that determine the behavior of a system at its boundary
situation are given by,

u=U; v=-V, T=T, at y=0
PP, v=u aty=h (8)
oy oy dx

Where V, be the suction velocity, h be the thickness of the film, 1 be the viscosity of the fluid.
The radiation heat flux , is modeled by using Rossel and approximation (Brewster [41]); the

radiative heat flux q, is given by,

4" \OT"
O __[3_kj oy (9)
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Where K is the coefficient of absorption, o* is the Stefan-Boltzmann constant. It is also assumed
that if the temperature with in flow is T*, then T* can be expressed as a linear combination of the
temperature, then expansion of T* by using Taylors series method about T, is obtained asT* =

T* + AT3(T — Ty) + 6Ty (T — Ty)? + -+, neglecting second the higher-order terms, leads to
T4 = 4T2T 3712

So that,

&, _ 60T 0T

= 10
Y X (10)
Using Eq. (7) and Eqg. (10) can be written as
*T3 A2
ua—T+va—T: 1 g(k(T)a—Tj+ 1 [160}* GZJ (11)
OX oy Poc, oy oy Poc, 3k oy
By introducing the dimensionless variable f () and 6(7) as,
v =(bv)"xf () (12)
bx2 1/2
n :[_] y (13)
VO
T=T+ e () +T, (14)
 Tref 2V0 n 0
T-T
Where 6(n) = .
Ts _To

Introducing the stream function, the continuity Eq. (2) is satisfied by introducing the stream
function w(x,y) such that,

u_ay bxf (77); v ax (bvy) ™ f(m) (15)

The mathematical problem defined in Eq. (6) to Eq. (15) are then transformed into a set of ordinary
differential equations given by,

(1+£](f”’—A49'f”—Aef”’+A20'<9f”)+ ff"— f2—Mnf’'=0 (16)

(1+%Rdj9”—599”+PrfH'—ZPrf’9—59’2:0 (17)
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With the transformed boundary conditions,

f(0)=S, f'(0)=-1  f(a)=0, f"(a)=0

18
00)=1  O(a)=1 (18)
Where
oB: bv,
5=-C(T,-T,), Mn=22 A=_£(T,-T,),5=| 2 |,
() 028 (1,7, 2]
b c 45T}
r=| 2| h, pPr=t0 =22 s
v, K, Kk,

The expressions for local skin friction and local Nusselt number are derived as follows:

8 =

3. Optimal Homotopy Analysis Method: (OHAM)

The governing equations comprise coupled nonlinear differential equations with variable fluid
properties. The Optimal Homotopy Analysis Method (OHAM) is utilized to obtain analytical solutions
to these Eq. (16) - Eq. (17) subject to the boundary conditions Eq. (18). OHAM divides nonlinear terms
into infinite linear sub-problems, which are solved recursively.

In this technique, we have an advantage in selecting the linear operator and introducing initial
approximation (Liao [42]). The initial guess for dimensionless velocity and temperature is given as,

fo(§)=3—ﬂ+[nz(%—3n[2}—%). 90(§)=%—ﬂ?7+1 (19)

We choose the auxiliary linear operators in the form,

4 2
szd—4, L, = dz (20)
dn dn

The expressions of exact residual error areas are as follows:

1 n)=J |

In spite of using exact residual errors, we used the average residual errorsE; (hf Jand E; (n,)

i‘éj W)D d. (21)

0

P 2 _ 1
S000]|on. E20-{[n]
because they take longer.
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()= 55 2 [ () A ()]
£ ()= 55 5 3 (1) ()]
E; (1)=E! (7, )+ ()

Where E; (n) is the total residual error, », =j/P, j=0,1.P. Now we minimize the error function

E, (hf) and E/ (7,) in 1, ,h,and obtain the optimal value of 7,7, for p™ order approximation.

3.1 Validation of the Methodology

In the absence of Casson fluid, magnetic parameter and radiation parameter, i.e

(% —0,B,—0,q, —>Oj, Eq. (6) and Eq. (11) become,

uau +Va_u= 1 i[lu('r)a_u}

oy pyl oy (22)
uﬂwﬂziﬁ(kg)ﬁj
X ¥ Poc, O oy (23)

Using Eq. (12) — Eq. (15), the above equations reduce to following the form (Yasir Khan et al., [10]).

7 AG " — MO+ AOOT" + "~ £2 =0
0" - 500" +Pr f0'—2Pr £'0—50" =0

To validate the current technique, the obtained results are compared with those of Yasir Khan et
al., [10], and the comparison is discussed in Table 1. It is noted that an increase in the variable
viscosity parameter leads to a decrease in skin friction. The exact pattern is observed in the absence
of Casson fluid, magnetic parameter, and radiation parameter.

Table 1
Comparison results for skin friction coefficient when Pr=0.72, S=0.1
Yasir Khan et al., [10] Present

(%—)O, B, —0,q, —>Oj (%—)0.1, Mn —0.5,q, —>O.1j

A

f n(o) f ”(O)
0.1 0.00972 0.00487
0.5 0.00955 0.00476
1 0.00924 0.00463
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4. Results and Discussions

The numerical technique described above is applied across a range of values for various physical
parameters. Specifically, the investigation considers different values for thermal radiation and the
Prandtl number, with the exclusion of the Casson fluid parameter, magnetic parameter, thermal
conductivity parameter, steadiness parameter, and temperature. The resulting transformed
nonlinear coupled ordinary differential equations (ODEs) are then subjected to the numerical
solution using the "Optimal Homotopy Analysis Method (OHAM)." It offers a robust approach to
solving nonlinear ordinary differential equations arising from the similarity transformations applied
to the governing partial differential equations. The convergence of OHAM solutions is ensured
through iterative procedures. The method involves expanding the solution in a series form with
unknown coefficients and then determining these coefficients by imposing boundary conditions or
initial conditions. Convergence criteria are established to monitor the convergence of the series
solution. Typically, the convergence of the series solution is assessed by comparing successive terms
in the series and checking for convergence to a desired level of accuracy. Convergence of solutions is
ensured by maintaining a stringent accuracy criterion of 6 decimal places. The convergence rate of
the OHAM solutions typically exhibits exponential behavior, ensuring rapid convergence to the
desired accuracy level.

In this study, the default values assigned to the various parameters are as f=1to 10, A=0.1 Mn
=0.1 to 0.5,Rd =0.1 to 0.7,Pr=0.72,6 =0.3 to 0.7, and S =0.1 to 0.3. These parameter values are
systematically explored to analyze their influence on the system dynamics, and the OHAM method is
applied for numerical solutions in this comprehensive parameter space.

In this section, the influence of various physical variables on velocity and temperature is visually
interpreted through graphical representations. The key observations from the figures are
summarized as follows. Examining Figure 2, the effect of the Casson parameter (B) on the velocity
profile, it is apparent that as B approaches higher values, the fluid behaves more like a Newtonian
fluid. Physically, an increase in § (as B—><°) leads to a decrease in yield stress, resulting in a noticeable
reduction in velocity profiles, leading to a smoother transition between the fluid's behavior under
different shear rates. Consequently, the velocity profile becomes more uniform and resembles that
of a Newtonian fluid, which does not exhibit a yield stress. The impact of the variable viscosity
parameter (A) on the momentum boundary layer thickness is illustrated in Figure 3. Increasing A
brings about a decrease in the thickness of the momentum boundary layer. This phenomenon stems
from the fact that larger values of A signify a greater temperature differential between the surface
and the surrounding fluid. Consequently, the increased temperature gradient accelerates the fluid
near the surface, thereby thinning the momentum boundary layer. Figure 4 shows the influence of
the magnetic parameter (Mn) on the velocity profile f (). A higher value of Mn opposes the fluid
flow, attributed to the amplified Lorentz force generated by the larger Mn value, introducing
resistance between particles and leading to a decrement in the velocity profile. The effect of the
radiation parameter (Rd ) on the temperature profile is depicted in Figure 5. An increase in Rd
results in a significant decrement in the temperature profile. This is because of the mean absorption
coefficient, which plays a vital role in decreasing the pattern. Figure 6 highlights the impact of the
Prandtl number (Pr) on fluid temperature. Increasing Pr values enhance the fluid temperature;
physically, the connection between the Casson fluid's kinematic viscosity and thermal diffusivity
showcases a similar trend as observed in the case of the thermal conductivity parameter (6) on the
temperature 6(n) in Figure 7. Figure 8 illustrates the effect of the steadiness parameter (S) on the

velocity profile. Increasing values of S cause resistance between fluid particles, leading to a decrease
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in velocity profiles. These graphical interpretations provide valuable insights into how changes in
each parameter affect the velocity and temperature profiles in the system.
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Table 2

The values of skin friction coefficient and Nusselt number for different physical parameters

Jij A Mn Rd Pr o S f”(O) 9!(0)
1 0.00508  0.01937
2 0.1 0.00496  0.01937
10 0.5 0.00487  0.01937
0.1 0.00487  0.01937

0.5 0.1 0.00476  0.01937

1 0.72 0.00463  0.01937

0.1 0.00878  0.01937

0.3 0.1 0.00682  0.01937

0.5 01 0.00487  0.01937

0.1 0.00487  0.01937

0.3 0.00487  0.01539

10 0.5 0.00487 0.01277
0.72 0.00487  0.14033

0.1 0.96 0.00487  0.18722

05 1.09 0.00487 0.21321

0.3 0.00487  0.02402

0.1 0.5 0.00487 0.03156

0.72 0.7 0.00487  0.04464

0.1 0.00487  0.01937

0.1 0.2 0.00392  0.01937

0.3 0.00284  0.01937

175



CFD Letters
Volume 17, Issue 2 (2025) 163-178

Table 2 presents the numerical values of skin friction and Nusselt number ( f"(O) and 0'(0))for

various values of embedding parameters. It is evident that the impact of the Casson parameter,
Hartman number, variable viscosity parameter, and steadiness parameter decreases skin friction. On
the other hand, the Prandtl number and Thermal conductivity parameter increase the Nusselt
number, while a reverse trend is observed in the case of the Radiation parameter.

5. Conclusions

In conclusion, our study has highlighted several key findings regarding the effects of various
parameters on the flow and heat transfer characteristics of Casson fluids in magnetohydrodynamic
(MHD) boundary layer flows over a stretching sheet.

i.  The Casson parameter and Hartman number exhibit an opposing effect on fluid momentum.
ii.  Thevariable viscosity parameter leads to a reduction in the velocity profile, and a similar trend
is observed in the case of the steadiness parameter S.
iii.  The influence of the Radiation parameter and Prandtl number on fluid temperature shows a
contrasting behaviour.
iv.  The thermal conductivity parameter has a positive effect, enhancing the temperature of the
fluid.

Further investigation could focus on finding the optimal combination of the Casson parameter
and Hartman number to achieve specific flow characteristics or heat transfer rates. Also, future
research could explore the contrasting behaviour of the Radiation Parameter and Prandtl Number on
fluid temperature to develop more accurate models for predicting heat transfer in MHD flow
systems.
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