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stretching surface. Furthermore, the governing boundary layer equations which is
partial differential equations (PDEs) are transformedinto a set of ordinary differential
equations (ODEs) using similarity transformations. Then, these problems are solved
numerically using shooting method through Maple software. Itis shows that the rate
of heat transfer decreases with the increasein magnetic parameter. The velocity and

Keywords: temperature profiles, as well as local Nusselt number are observed with the specific
Hybrid nanofluid; magnetic; Marangoni;  parameter namely, magnetic parameter, nanoparticles volume fraction and suction.
permeable stretching surface; shooting By increasingthe volume fraction for copper and magnetic parameter, the velocity
method profiles decrease whilethe temperature profilesincrease.

1. Introduction

The boundary layer theory plays a vital role in the diverse area of engineering and scientific
applications. Most of the problems in engineering sciences are nonlinear, particularly some of heat
transfer problems. An enormous amount of research work has been invested in the study of
nonlinear boundary value problems [1-7]. Hybrid nanofluid has been introduced and mathematically
studied as it is promising better heat transfer performance in fulfilling industrial demand. Hybrid
nanofluids are new kinds of nanofluid that are formed by the combination of two different
nanoparticlesin the base fluid. There are two ways to produce hybrid nanofluid: dispersing different
types of nanoparticlesin the base fluid or dispersing hybrid nanoparticlesin the base fluid. The base
fluids may be water, oil, and ethylene glycol. Meanwhile, the nanoparticle materials are copper (Cu),
Silver (Ag), Aluminium Oxide (A4l,03), Titanium dioxide (Ti0,), and Copper Oxide (Cu0). The
preparation methods of hybrid nanofluid were discussed in detail using base fluid by Sarkar et al.,
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[8]. They observed that proper hybridization improves the thermal efficiency and heat transfer
performance of the hybrid nanofluid. Similarly, Sidik et al., [9] also showed a similar conclusion where
the hybrid nanofluid has better thermal conductivity compared to simple nanofluid and base fluid.
The potential of Al,0z-water nanofluid can enhance the performance of a single slope solar
application by increasing the solid volume fraction of nanoparticles (Rashidi et al., [10]). Gupta et al.,
[11] analyzed the synthesis and thermophysical properties of the hybrid nanofluid. Accordingto the
study, the thermophysical properties could be affected by the types of nanoparticles, solid volume
fraction, base fluid, particle size, and shape. Huminic and Huminic [12] investigated both
experimentally and numerically regarding the working of hybrid nanofluid in heat transfer
applications. Several reviews in hybrid nanofluid on boundary layer floware available inthis literature
for further reading: (see [13-19])

Furthermore, the dissipative layers that occur between the liquid-liquid or liquid-gas interfaces
are known as Marangoni boundary layers. Marangoni flow is induced by a surface tension gradient
at the interface of immiscible fluid whichisanimportant physical phenomenon undera microgravity
environment due to the increased importance of surface forces and greater extensions and
interfaces. Marangoni convection flow also significant in daily life uses such as coating flow
technology, film drainage in emulsions, foams, microfluidics, and surfactant replacement therapy for
neonatal infants. Al-Mdallal et al., [20] analyzed Marangoni radiative effects of hybrid nanofluid over
a flat surface with the existence of magnetic field. Three different types of hybrid nanofluid were
used such as alumina-silicon dioxide/water (Al,053 —Si0,), alumina-titanium dioxide/water
(Al,05 — TiO,/H,0) and titanium dioxide-silicon dioxide/water (Ti0, — Si0,/H,0). Aly and Ebaid
[21] studied Marangoni boundary layer flow in a hybrid nanofluid embedded in a porous medium
over a surface in the presence of a magneticfield and thermal radiation. In this study, the velocity
field decreased with an increasing Cu volume fraction and magnetic field. Meanwhile, the
temperature field vice versa. Khashi'ie et al., [22] numerically investigated the thermal Marangoni
convection flow of a hybrid nanofluid over a stretching/shrinking sheet. They concluded that heat
transfer rate enhanced with an increasing Cu volume fraction in shrinking flow and Marangoni
parameter in stretching flow. Recently, Wahid et al., [23] numerically investigated the Marangoni
hybrid nanofluid boundary layer flow embedded in a porous medium over a permeable infinite
stretching/shrinking disk. They observed thatthe local Nusseltnumberin shrinking surface increased
with an increasing Cu volume fraction and porosity.

In the presentstudy, due to the mentioned literature, we are inspired to furtherthe investigation
the Marangoni boundary layer flow of hybrid Cu — Al,03/water nanofluid past a permeable
stretching surface with the effects of magneticfield, alsoto extend the study by Khashi'ie et al., [22]
that only considered the hybrid nanofluid in the absence of magnetic field. The hybridization
between Al,05 and Cu nanoparticlesin wateris emphasized, where the volume fraction of Al, 05 is
set to be fixed, meanwhile the volume fraction of Cu is set to be varied accordingly. Therefore, a
numerical investigationis executed towards this model, in which the main highlight is to determine
the influence of the control parameter towards the separation of the boundary layer.

2. Problem Formulation
A steady two-dimensional MHD Marangoni hybrid nanofluid flow past a permeable stretching
sheetis investigated. The fluid flowisassumed to be incompressible and laminar, with the presence

of the base fluid particles in thermal equilibrium. Further, Cartesian coordinate system, (x,y) is
applied (Figure 1). The velocity of the sheet is u,,(x) = ax where a > 0. Meanwhile, the
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2
temperature of the sheetis T,,(x) = To + T (%) where Ty, and T, are the ambient fluid and

characteristic temperature, respectively while L is the characteristic length. Furthermore, the main
agent for flow induction is a surface temperature gradient that developed the surface tension. The
surface tension (o) is taken to be linearly function of temperature, according to Devi and Devi [24]:

1 do

0=00[1—YT(T—Too)],YT=—J—05 (1)

where yr is the coefficient of temperature surface tension and &y is the surface tension at the
interface and gy > 0. it is also assumed that a uniform magnetic field, By, is applied in the normal
to the surface direction.

The governing boundary layer equations for a nanofluid can be written in the Cartesian
coordinates (x, y) as given by Devi and Devi [24]:

y Magnetic field (Bg)
A

\y

Fig. 1. A physical model of the problem

ou v

ox Ty~ O 2)
ou 0u _ MUnnf 0%u  Onnf 3
& — =" - - _ " pZ, 3
O0x v dy Phnf ay2 Phnf Ou ( )
oT oT knng 0°T
U—+v—=—7"——. 4
ox dy (pCp)hnf ay? (4)
subjectto the boundary conditions
du | 1 do |
VUV =V, . =0 — P =0 =
0 thfay y=0 ay Y 0
do arl T =T, (0 at 0
A A ly=0 = x)aty =y,
aT ox V=0 wiX) ary
u—->0, T->T, as y— oo, (5)

Here u and v are the velocity components of the hybrid nanofluid in the x and y directions,
respectively, T is the temperature of the hybrid nanofluid and v, is the constant mass flux velocity
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and A is the constant parameter. Further, ipp s, Prnys, Kpng, and (pCp)hnf are the dynamic viscosity,

density, thermal conductivity, and heat capacity of the hybrid nanofluid, which the correlations are
given in Table 1. The subscript of f and n refer to the properties of the water and nanoparticles,
separately. The thermal and physical characteristics for water and nanoparticles are givenin Table 2.
The following dimensionless variables are introduced for similarity solutions of Eq. (2) to Eq. (4) as
well as boundary conditions (5) as follows:

Table1l

The physical properties of nanofluid and hybrid nanofluid (Devi
and Devi [24])

Properties  Hybrid nanofluid

Density _ 1 -1y
P = a- ¢Z) +,pey + ¢2052
Heat 1- ¢1)(pCp)
Capacity (Pcp),mf =1 -¢;) +¢1(PC ) T+ ¢2(pcp)sz
PJs1
Dynamic Hnng _ 1
viscocity pe A —¢)*(1—¢,)%5
Thermal Kiny _ [ksz + 2k, — 2¢, (ko — ksz)]
conductivity kys ke + 2k + (kbf —ky)
where

@ _ [ksl + 2kp— 26 (kp — ksl)]
kf k51+2kf+¢1(kf_ksl)

Table2
Thermophysical properties for the nanoparticles
and water (Khanafer et al., [25] and Oztop and
Abu-Nada [26])

Physical properties Water Al,0; Cu

p(kg/m?) 997.1 3970 8933
C,(J/kgK) 4179 765 385
k(W /mK) 0.6130 40 400
, T—Too
u=axf'm), v=—Javef(m), 6(n) = T 1= y/\vs/a, (6)

where prime denotes differentiation withrespectto 7. Thus, we have

vy = —,/avfS, (7)
where S isthe constant mass flux velocity.

Substituting (6) into (3) and (4), we obtain the following ordinary (similarity) differential equations,

Mf'" =MAsf' + 2,(ff" = f'?) =0, (8)
114 17 ! / _
Sl 8" 4 0"~ 2f'0 = 0. (9)
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o k (pCp) (Com),
Hered, = Bhny | Ay = Phnf. Ag=—L Q=" Qo=——" pr=_—""1 js the Prandtl
Iz Pf of ky (PCp)f kf

number and M is the magneticfield parameter.
The non-dimensional boundary conditions are

f0) =S, f"(0) =-2Mal(1 — ¢)>>(1 — ¢p) %>,
6(0)=1at n=0, (10)
f'm) > 0,01 -0, asn—x

ooYTTo

?a [apsuf

where in the case of, if S > 0 is the suctionand S <0 is the injection,and Ma =

represents the Marangoni parameter.
Furthermore, physical quantities of interestin thisstudy is local Nusselt number, Nu,, which is
definedas:

_ Xqw
Ny = o (11)

where q,, isthe surface heat fluxand the term is written as:

w = _khnf (Z_;)y=0 ) (12)

Using (6), (11) and (12), we get

_ k
<Ny = = -0/ 0))
!

Where Re, = Uy, (x)x/vf isthe local Reynolds number.

3. Results and Discussion

The nonlinearordinary differential Eq. (8) and Eq.(9) subject to the boundary conditions (10) were
solved numerically using shooting method through Maple software to analyze the different physical
parameters, such as magneticparameter M, Copper (Cu) volume fraction ¢, and the constant mass
transfer parameter S with S > 0 for suction, and S < 0 for injection. Effects of these physical
parametersare highlightedin Figure 2 to Figure 6. Table 3 shows the comparison values of f'(0) and
0'(0) for Cu-water with both Ma = 1, and M = 0 for the different values of ¢ where ¢ = 0.1 and
¢ = 0.2. From the Table 3, the present results show a good agreement with the previous result
obtained numerically by Khashi'ie et al., [22] and Sastry et al., [26]. Table 4 representthe numerical
data forlocal Nusselt number, Regl/zNux forvariousvaluesof Mand SwhenPr = 6.2,Ma =1,1 =

1,¢; = 0.1 and ¢, = 0.09. Itis observed that the local Nusseltnumber Re,. /*Nu, is decreasing as
the values of magnetic parameter M increasing. However, the suction case (when S > 0) produces

an increase in local Nusselt number Rex_l/zNux. Meanwhile, the local Nusselt number Re;l/zNux
is decreasingwhen S < 0 (injection).
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Table3
Comparison values of f''(0) and 6'(0) for Cu-water
withMa=1,M=0,A=1,S=0and¢; =0
)] 0.1 0.2
Present f”(O) -1.53687 -1.14487
0'(0) -3.40680 -2.58854
Khashiieetal,[19]  f"(0) -1.53687 -1.14487
0'(0) -3.40694 -2.58874
Sastryetal., [24] f"(0) -1.53687 -3.40361
9'(0) -2.58874 -2.58644

Table4

Values of local Nusselt number, Re;l/ZNuxfor various values of M = 0,1,2and S =
—0.5,0,0.5whenPr=6.2, Ma=1, 1=1, ¢, =0.1, and ¢, = 0.09
S M Re;'*Nu,
-0.5 3.429572
2.789934
2.308835
4.374033
3.735512
3.265533
5.778110
5.279899
4942785

0.5

N FRPONEKFONEKLRO

Figure 2 and Figure 2 3 show the velocity and temperature profile with the enlargement of the
magneticparameter M. The fluid velocity declines while the temperature profiles escal ates when the
magnetic parameter M increases. Theoretically, the velocity profiles decreases while the
temperature profilesincrease with increasing of magnetic parameter M. Furthermore, increasing of
magnetic parameter caused the induced Lorentz force increased in the boundary layer.
Consequently, an enlargement of the Lorentz force resiststhe fluid flow and reduces the fluid motion.
As a result, the temperature increases. Figure 4 and Figure 5 illustrate influence of Copper (Cu)
volume fraction ¢, on the velocity and temperature profiles, respectively. It is observed that the
velocity decreases with anincrease in Copper (Cu) volume fraction ¢,. Meanwhile, the temperature
profile vice versa. Figure 6 display the velocity and temperature profilesforselectedvaluesof S > 0
(suction)and S < 0 (injection)when ¢p; = 0.1 and ¢, = 0.09, respectively. These figures show that
the fluidinjection (S < 0) has more tendency toincrease both fluid velocity and temperature profiles
as well as the thickness of the thermal boundary layer. Nevertheless, the velocity and temperature
profilestendto decrease when (S > 0) for suction cases.
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Fig. 2. Variationof f'(n) with n for several
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4. Conclusions

In this study, hybrid Cu — Al,03/water nanofluid contributes to the enhancement of heat
transfer performances. Hybrid Cu — Al, 03 /water nanofluid consists of combination of nanopartides
and leads to better thermal conductivity compared to simple nanofluid and base fluid. The effects of
magnetic parameter, Cu volume fraction, and suction as well as local Nusselt number are studiedin
this present work. The similarity transformation was used to transform the governing partial
differential equationsinto anonlinearordinary differential equation and then numerically solved by
using shooting method through Maple software. The conclusions of present work are as follows:

i. The local Nusselt number are decreasing when (S < 0) and the values of magnetic
parameter M increasing. Meanwhile, the local Nusselt number is increasing when (S >
0).
ii. As the magnetic parameter M and Cu volume fraction enhances, the velocity profiles
decrease while the temperature profilesincrease.
iii. Both velocityand temperature profiles declined with the increment of suction parameter,
(S > 0) whileforinjection (when S < 0), both velocity and temperature profiles escalate.
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