
 
CFD Letters 15, Issue 5 (2023) 86-96 

86 
 

 

CFD Letters 

  

Journal homepage: 

https://semarakilmu.com.my/journals/index.php/CFD_Letters/index 
ISSN: 2180-1363 

 

Analysis of Tangent Hyperbolic over a Vertical Porous Sheet of Carreau 
Fluid and Heat Transfer 

 

Hajar F. Ismael1, Mohd Ezad Hafidz Hafidzuddin2,*, Muhammad Amin S. Murad3, Norihan Md 
Arifin4, Hasan Bulut5  

  
1 Department of Mathematics, Faculty of Science, University of Zakho, Zakho, Iraq 
2 Centre of Foundation Studies for Agricultural Science, Universiti Putra Malaysia,  43400 UPM Serdang, Selangor, Malaysia 
3 Department of Mathematics, College of Science, University of Duhok, Duhok, Iraq 
4 Department of Mathematics, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia  
5 Department of Mathematics, Faculty of Science, Firat University, Elazig, Turkey 
  

ARTICLE INFO ABSTRACT 

Article history: 
Received 15 August 2022 
Received in revised form 14 September 2022 

Accepted 15 October 2022 
Available online 1 May 2023 

The purpose of this study is to investigate the boundary layer of Carreau fluid and heat 
transfer over an exponentially stretching plate derived in a vertical porous with 

variable surface thermal flux. The partial differential equations that represent the 

momentum equation and heat equation are commuted into non linear ODEs by 
applying similarity transformations and results found numerically. The impact of 

several emerging dimensionless parameters labelled the Weissenberg number (We), 

the power-law index (𝑛), Velocity slip (𝑆𝑓), Thermal jump (𝑆𝑡), and Prandtl number 

(𝑃𝑟) on the velocity profile and heat transfer on the boundary layer are showed in 
detail. In more detail, also the influence of physical parameters on local skin friction 

and Sherwood number are studied. The shooting method with the explicit technique 

is used to find the solution and all results are illustrated graphically and numerically. 

We noted that by increasing power index, radiation parameter and velocity slip, the 
velocity profile increases, and the temperature profile decreases. Furthermore, it is 

deduced that rising the thermal radiation parameter reduces the local Nusselt number. 
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1. Introduction 

 
Non-Newtonian fluid properties in several models have been studied by many researchers 

because of the absence of Newton’s law of viscosity. Carreau fluid model is a common model of non -

Newtonian viscosity model (for large and very small shear rates)  and is a combination of Newtonian 
and power-law properties. Within the past few decades, there is a lot of work done by researchers 
on boundary layer flow and heat exchange models via stretching surfaces.  The reason behind this 

immense favor is the pivotal role played by stretching surfaces in numerous technological processes 
and engineering applications. They also discussed the non-Newtonian fluid flow characteristics by 
incorporating pertinent physical effects. Research of a laminar stream and thermic e dge substrate 
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over a stretched plate in a viscous fluid flow is interesting and important because of its branches of 
applications and applicants on several theological processes, sciences, and engineers like polymer, 

and thermal oil recovery, diet processing, and slurry transportation.  
A kind of non-Newtonian fluid flow formula has been suggested in the literature keeping in its 

applications of their multiple theological aspects. In non-Newtonian fluid flow, the fundamental 

relationship that combines stress and rate of strain is nonlinear compared with the momentum 
equation which is generally fine for Newtonian fluid flow. Non-Newtonian fluid phenomena appear 
in many types of mechanical processes, chemistry, and substance engineering. A lot of non -
Newtonian mathematical models are complicated with some form of modification to the equation of 

fluid flow like as power-law fluids, viscoelastic fluids containing Johnson-Segalman liquid flow [1], 
Walters-B short memory models [2], and differential Reiner-Rivlin models [3]. The non-Newtonian 
fluid flow foreside of the temperature profile is an interesting research study because of its 

connection with polymer processing and biotechnology [4,5]. The porosity effects along with the 
mixed convection time-dependent boundary layer flow were discussed by Harris et al., [6]. The flow 
pattern of micropolar liquid caused by linearly elongated accompanied by variably surfaced thermal 

distribution was taken by Ibrahim and Hassanien [7]. Channeled boundary layer flow when both t he 
suction and injection are considered was reported by Temam and Wang [8]. The stability analysis for 
convectional flow was accomplished by Mureithi and Mason [9]. The time -dependent stagnant 

motion of micropolar liquid was intrigued by Lok et al., [10] stagnant viscid flow over a stretchable 
surface was incorporated by Nazar et al., [11]. The current advancement in the dynamics of the flow 
regime of numerous liquids under the Prandtl boundary layer approach can be retrieved in refs. [12-

16]. MHD Flow for various types of fluids has been studied such as double stratified micropolar fluid 
[17], Jeffery Hamel flow with suction/injection [18], viscoelastic nanofluid flow [19], the unsteady 
flow second-grade nanofluid [20], and micropolar fluid with a Buoyancy effect [21]. 

The velocity slip occurs when the fluid flow is unattached to a solid boundary layer, which is a 

phenomenon that has been observed under specific circumstances [22]. The slip fluid flow knot of 
the laminar edge substrate is of significant practical use. Micro-channels today's turbo-machinery 
technologies are vastly focused on the cooling of electronic machines, micro heat exchange regimes, 

and a lot of other processes. In the case, that the trait value of the fluid flow system is not large, nor 
the pressure of flow is tiny, slip flow occurs when the trait value of the fluid flow regime is disposed 
to the average free route of the molecular, continuum physics is no more observed. If the flow rate 

at a solid-fluid interface is zero, then the fluid temperature near the solid walls is equivalent to the 
solid layers. The fluids representing boundary slip discover usages in technology for example, in the 
polishing of artificial heart valves and internal cavities. The velocity slip effects are important  to 

certain industrial heat transfer problems, and the fabrication of the fluid dynamic machine. The 
significant analysis of laminar slip-flow of thermal exchange including uniform wall temperature was 
investigated by Sparrow and Lin [23] and Inman [24]. Larralde et al., [25] and Spillane [26] 
investigated the affection of slip boundary conditions of momentum and thermal transfer in circular 

tubes. Yu and Ameel [27] obtain an analytical solution on forced convection in isolux rectangular 
microchannels with thermal slip. Further important studies of slip flow on a microcylinder were 
reported by Crane and McVeigh [28]. The solutions to other viscous fluid flow remarkably as same as 

to boundary layer flow, like as Poiseuille, Couette, and Rayleigh flow, appeare d to a shift in thermal 
exchange and shear stress [29]. Akbar et al., [30] and Gaffar et al., [31] presented numerical fluid 
flow solutions with tangent hyperbolic heat transfer on a stretching sheet. Furthermore, 

comprehensive reviews on the effects of sl ip boundary layer flow are found in [32-36]. Atif et al., [37] 
discussed the effect of variable thermal conductivity and thermal radiation on MHD tangent 
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hyperbolic fluid past a stretching sheet. Recently, Shahzad et al., [38] presented their numerical study 
for an unsteady tangent hyperbolic nanofluid flow pas a wedge in the presence of suction or injection. 

Some generalized Newtonian rheological models usually describe the blood viscosity and 
chemical materials processing applications: the Carreau model, the Carreau-Yasuda model, etc. 
Motivated by various importance of non-Newtonian fluid and previous effort in the literature, the 

current study aims to analyze the non-Newtonian Carreau fluid flow and heat transfer of a tangent 
hyperbolic forward to a vertical. The dimensionless equations related to non-dimensional boundary 
layer conditions form a strongly nonlinear, coupled boundary layer problem. Then in the next section, 
the dimensionless form of the fundamental equations is solved using Shooting method.  Further, a 

result and discussion section has been presented precisely with graphical illustration and eventually 
a concluding section has been depicted briefly. 
 

2. Mathematical Model  
 
A steady laminar fluid of a viscous incompressible fluid flow and thermal transition tangent 

hyperbolic fluid towards a vertical porous plate, including radiation in two-dimension, are 
considered. Both the plate and tangent hyperbolic fluid with the same temperature is maintained 
initially. Directly they are grown to a thermal 𝑇𝑤 → 𝑇1, the thermal surrounded of the fluid which 

remains without change [39, 40]. The mass equation, momentum equation, and thermal transfer 
with the boundary layer approximations, one can be written as: 
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where 𝑢 is the velocity constituent on the 𝑥-axis, 𝑣 is the velocity constituent on the 𝑦-axis, and 𝑇 is 
the fluid temperature. 

The symbols 𝜐, g, 𝜌,  𝐵0(𝑥) and Γ are representing kinematic viscosity, gravity, density material 
fluid parameter, and constant magnetic field strength, respectively. The parameters 𝐾 and 𝑐𝑝 are 

specific heat capacity, thermal diffusivity. 𝑞𝑟  is the radiative heat flux, defined as: 
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The boundary conditions subject to velocity and temperature field are: 

0 0, 0,  at 0,

0,  at ,
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  (5) 

 

In the case of 𝑁0 = 𝐾0 = 0, we get no-slip conditions. By using stream function  𝑢 = 𝜓𝑦 and 𝑣 =

−𝜓𝑥, where 
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and applying transformations, the continuity equation is automatically satisfied, and the following 
coupled partial differential equations are introduced 
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where 𝑆𝑓 denotes the dimensionless velocity slip, and 𝑆𝑡 is the thermal jump parameters. The 
interesting physical quantities which are the local Nusselt number and the Sherwood number are 
given as: 
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In case the lower stagnation point  𝜉 = 0, a coupled strong nonlinear ordinary differential 

equations related to their boundary conditions can be rewritten as 

 

  2 21 3 2 0,n f ff f nWef f g            (12) 
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 (13) 

 
subject to boundary conditions in Eq. (9).  

A couple of ordinary differential Eq. (12) and Eq. (13) together with boundary conditions in Eq.  

(9) are solved numerically using the shooting method. The non-dimensional quantities are defined 
as: 
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where 𝑃𝑟, 𝐸𝑐, 𝑀, 𝑊𝑒, 𝑅, 𝑆𝑓 and 𝑆𝑡 are Prandtl number, Eckert number, magnetic field, Weissenberg 
number, radiation parameter, velocity slip, and thermal jump, respectively. The Weissenberg number 
has been reported in some previous works. A critical Weissenberg number was reported by Ng and 

Hartnett [41] for solutions containing Separan AP-273. A similar study was reported by Kwack and Yi 
[42]. Weissenberg numbers have been determined for various pipe diameters, solutes, and solvent 
chemistry by Kwack and Hartnett [43,44]. 

 
3. Numerical Solution  
 

To solve and investigate favorable physical parameters and numbers, the Eq. (12) and Eq. (13) 
with boundary conditions in Eq. (9) are converted into first-order ordinary differential equations by 
letting:  
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and the corresponding initial conditions are 
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MATHEMATICA software 11.3 is used to solve numerically Eq. (15) and Eq. (16) by applying the 

shooting technique with truncation error less than 10−6. The effect of non-dimensional physical 
parameters is illustrated graphically and the interesting parameter local Nusselt number 𝑓𝜂𝜂(0) and 
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Sherwood number 𝑔𝜂(0) showed numerically and all affection of parameters are presented in Table 

1. 
 
4. Results and Discussion 
 

In this section, the results are graphically showed on the velocity profiles 𝑓′(𝜂) and heat transfer 
rate 𝑔(𝜂) for different interesting physical parameters illustrated, such as power index (𝑛), 
Weissenberg number (𝑊𝑒), thermal jump (𝑆𝑡), velocity slip (𝑆𝑓), radiation parameter (𝑅), Prandtl 

number 𝑃𝑟, Magnetic parameter (𝑀), Eckert number (𝐸𝑐), skin friction number and local Nusselt 
number. 

Figure 1 describes the Efficacy of power index n on the velocity profile s 𝑓′(𝜂). Here, it is 

noticeable that expansion in power index n increases the velocity of the fluid and skin friction number 
contrary to the local Nusselt number that is decreased. Figure 2, velocity profiles value and local 
Nusselt number grow in the order of increasing Weissenberg number while skin friction number 

declined. From Figure 3, it is concluded that for higher values of thermal jump  𝑆𝑡, the value of the 
velocity profile, skin friction number, and local Nusselt number is down. Figure 4, illustrates that for 
enhancing the various value of velocity slip 𝑆𝑓, the magnitude of the velocity profile and skin friction 

number increased conversely local Nusselt number decreased. 
It is observed that from Figure 8, Figure 11, and Figure 12, the effect of the nondimensional 

parameters 𝑛, 𝑆𝑡, and 𝑆𝑓  have the same effect of velocity profile on heat transfer rate, but 
Weissenberg number 𝑊𝑒 has the reverse effect on heat transfer in a contrary manner of velocity 

profile as shown in Figure 5. Physically Weissenberg number 𝑊𝑒 is the ratio of the relaxation time of 
the fluid and the specific process time. It grows the thickness of fluid and that is why velocity of the 
fluid depreciates. By increasing the value of Weissenberg number (𝑊𝑒), the reduction time upsurges 

which impedes the drift of fluid and henceforth velocity condenses. From Figure 6, that radiation 
parameter 𝑅 has a positive effect on heat transfer rate, skin friction number, and local Nusselt 
number, which means that increasing the value of 𝑅, increases the heat transfer of fluid flow, skin 

friction number, and local Nusselt number whereas Prandtl number 𝑃𝑟, has opposite manner effect 
on heat transfer, skin friction number and local Nusselt number as explained in Figure 7. 

Finally in Figure 9 and Figure 10, they illustrate the influence of Magnetic field 𝑀 and Eckert 

number 𝐸𝑐  on heat transfer rate. It is observed that for the high value of the non-dimensional 
parameters, the temperature rate will grow. Skin friction number and local Nusselt number increase 
in case of increasing Magnetic field 𝑀 and Eckert number 𝐸𝑐  as shown in Table 1.  Physically, the 

magnetic field creates an obstruction force on the fluid flow and these kinds of power are called 
Lorentz force which impedes the movement of fluid. 
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Table 1 
Present numerical results of local Nusselt number and Nherwood 
number in various physical parameters 
n We Pr Ec M R Sf St 𝒇′′(𝟎) 𝒈′(𝟎) 

0.2 0.3 0.71 0.1 1 1 0.5 1 
0        0.17047 0.67521 
0.2        0.18699 0.67054 
0.7        0.23988 0.65927 

0.9        0.32739 0.6485 
 0       0.18729 0.67048 
 2       0.18533 0.67088 
 4       0.18350 0.67125 

 6       0.18179 0.67160 
  0      0.08577 0.888889 
  0.71      0.05585 0.69068 
  1.1      0.05059 0.65596 

  2      0.04358 0.60850 
   0.1     0.17832 0.67292 
   0.6     0.18210 0.68399 
   1     0.18531 0.69354 

   2     0.19412 0.72054 
    0    0.18642 0.66898 
    1    0.18699 0.67054 
    2    0.18756 0.67212 

    3    0.18814 0.67372 
     0   0.15187 0.59496 
     1   0.18699 0.67054 
     1.5   0.19736 0.69249 

     2   0.20548 0.70966 
      0.1  0.055858 0.69068 
      0.3  0.13525 0.67809 
      0.5  0.18621 0.67072 

      0.8  0.23588 0.66387 
       0.5 0.20861 0.79534 
       1 0.18699 0.67054 

       1.5 0.17120 0.58478 
       2.5 0.1491 0.47244 

 

  
Fig. 1. Effect of power indexes n on velocity 
𝑓′ (𝜂) 

Fig. 2. Effect of Weissenberg number (We) 
on velocity 𝑓′ (𝜂) 
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Fig. 3. Effect of Thermal jump (ST) on velocity 
𝑓′ (𝜂) 

Fig. 4. Efficacy of Velocity slip (Sf) on velocity 
𝑓′ (𝜂) 

  

  

Fig. 5. Efficacy of Weissenberg number (We) 
on 𝑔(𝜂) 

Fig. 6. Efficacy of Radiation parameter (R) on 
𝑔(𝜂) 

  

  
Fig. 7. Efficacy of Prandtl number (Pr) on 
𝑔(𝜂) 

Fig. 8. Efficacy of power index (n) on 𝑔(𝜂) 

  

  
Fig. 9. Efficacy of magnetic field on 𝑔(𝜂) Fig. 10. Efficacy of Eckert on 𝑔(𝜂) 
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Fig. 11. Efficacy of velocity slip on 𝑔(𝜂) Fig. 12. Efficacy of thermal jump on 𝑔(𝜂) 

 
5. Conclusions 
 

MHD boundary layer two-dimensional fluid flow for Carreau fluid model over a vertical porous 
sheet with radiation investigated numerically. Moreover, influences for different magnetics of 
physical numbers and parameters are discussed on the velocity profile  𝑓′(𝜂), heat 

transfer  𝑔(𝜂),  local skin friction coefficient 𝑓′′(0) and local Nusselt number 𝑔′(𝜂). The main results 
are as follows: 

I. Power index, Weissenberg number, and velocity slip are increasing coefficients on the 

velocity profile of Carreau fluid whereas thermal jump has a reverse effect on the velocity 
profile. 

II. Power index, Radiation parameter, Magnetic field, Eckert number, and velocity slip are 

increasing the coefficient of heat transfer rate, but Weissenberg number, Prandtl number, 
and thermal jump are decreased the coefficient of heat transfer rate.  

III. Power index, Eckert number, Radiation parameter, Magnetic field, and velocity slip grow 
skin friction number while other parameters have the contrary minor.  

IV. Weissenberg number, Eckert number, Radiation parameter, and Magnetic field have a 
positive effect on local Nusselt number and other parameters have a negative effect.  
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