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subjected to the shrinking surface. The case of Fe304-CoFe204/water is considered in
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this work. The initial procedure is conducted by reducing the complex model into a
system of nonlinear differential equations using similarity transformation technique. The
results are generated using the bvp4c package in the Matlab software and graphically
presented. The existence of dual solutions leads to the treatment of stability analysis
where the first solution is affirmed as the physical solution. Meanwhile, the impact of
Keywords: thermal radiation, magnetic field and suction are also observed for the distributions of
thermal rate and skin friction coefficients. These distributions boost with the imposition
of magnetic field and suction while a deterioration in thermal rate is observed with the
rise of thermal radiation.

Hybrid ferrofluid; magnetic field;
radiation; shrinking sheet

1. Introduction

Effective heat transmission is vital to improve the performance and compactness of heat
exchanger devices and machines. Typically, cooling agents such as water and oil are employed in a
variety of industrial processes such as power generation, chemical processing, and heating or cooling.
Pure water generally is classified as Newtonian fluid while liquids like suspension solutions and
lubricants are categorized as non-Newtonian fluid. Various non-Newtonian fluid models were
numerically analyzed by these researchers [1-10]. Howbeit, as an initiative to improve the thermal
properties of fluids, nanometre dimension particles (nanoparticles) were introduced, resulting in so-
called nanofluids [11]. Nanofluids have been found to exhibit excellent stability and rheological
characteristics, with much greater thermal conductivities and little penalty of pressure drop [12].
There are many advanced ideas and practical uses of nanofluids that provide unique heat
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transmission properties, such as solar collectors, medical devices, transformer applications, vehicle
thermal management and electronic cooling [13-16].

Recently, ferrofluids or magnetic nanofluids, have piqued the interest of scientists owing to their
paramagnetic features. Ferrofluids are stable colloidal suspensions of ultrafine single domain
superparamagnetic nanoparticles mostly iron and its oxides such as magnetite or maghemite in polar
or non-polar solvent [17]. The viscosity of ferrofluids is significant in optimising numerous commercial
applications [18,19]. However, to further enhance the properties of nano/ferrofluid, hybrid nanofluid
is later introduced. The suspensions of hybrid or composite nanoparticles in a solvent is found to
exhibit higher thermal capability compared to the single suspension [20]. This was experimentally
proven by Sundar et al., [21] where they found that by employing 0.3% of MWCN-Fe304/water, the
Nusselt number and friction factor increased by 31% and 18%, respectively. Besides, a 21% Nusselt
number enhancement was seen in another investigation for 0.009% of Fe,0s-TiO,/water [22]. Mishra
and Upreti [23] explored the mass and heat transfer properties of hybrid nanofluids namely Fe30as-
CoFe;04 /water-ethylene glycol and Ag-MgO/water past a curved surface. The radiative flow of
magnetic Fe;03-CuO/ H,0 hybrid nanofluid over a porous extend/contract wedge was scrutinized by
Izady et al., [24]. The magnetic parameter has shown that it has a favourable influence on the
enhancement of heat transfer. Later, Elsaid and Abdel-wahed [25] solved the mixed convection of
Fe304-Cu/H20 hybrid nanofluid flow problem in a vertical channel with a uniform transverse magnetic
field. The study towards Gr-Fe304/ H20 hybrid nanofluid on a movable uniform surface is addressed
by Khazayinejad and Nourazar [26] in elucidating the spatial fractional heat transfer. The elevation of
temperature has been noticed when hybrid nanofluid was considered. There are several others
interesting literature on hybrid nanofluid which can be referred here [27-32].

Researchers have found numerous applications for thermally radiative flow in industrial and
space technology products. Thermal radiation, for example, is used in engineering technology, in the
production of air conditioners, boilers, heaters, and crude oil refining. It is also employed in our
hospitals for a variety of purposes including sterilisation of medical equipment, cancer, and tumour
therapy. Rosseland [33] was the first to provide an equation for radiative heat flux that was used to
examine flows with thermal radiation, and this expression was subsequently simplified by Sparrow
and Cess [34]. For the latest investigation, Yaseen et al., [35] have studied the radiation effect on
hybrid nanofluid slip flow past a movable surface for the forward and reverse flow. It has been shown
in their research that radiation effect could augment the heat transmission. Conversely, different
scenario was witnessed by Gumber et al., [36] in their investigation towards micropolar hybrid
nanofluid flow past a vertical plate. The quadratic thermal radiation is later realized to procure
greater Nusselt number compared to linear radiation [37]. Further readings on radiative hybrid
nanofluid flow may be found in Refs. [38-40].

The effective heat transfer for different miniatures and technological processes continue to draw
researchers to discover a concurrent solution to this challenge. This study is intended to analyze the
thermal properties and fluid flow behaviour of radiative ferrofluid in a three-dimensional system
subjected to a shrinking surface. The method of similarity transformation is utilised to simplify the
governing model, which is then solved with the efficient bvp4c solver. The effect of physical
characteristics such as suction and thermal radiation is explored, as well as the thermal augmentation
capabilities of these ferrofluids.
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2. Mathematical Formulation

We consider a three-dimensional flow of Fes04-CoFe,0a/water over a stretching/shrinking sheet
where the stretching/shrinking velocities are described as v, (y) =ay (y —direction) and

u, (x)zax (x—direction), respectively with positive constant a as presented in Fig. 1. Both

ambient (Tw) and wall (Tw) temperatures are constant.
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Fig. 1. Physical view of present model

The boundary layer including energy equations are (see Wahid et al., [41], Khashi’ie et al.,
[42] and Waini et al., [43])

8_u+@+6‘_w20’ (1)
ox oy oz

u@_u+va_u+wﬁ_u=ﬂ8_?_%35u, (2)
ox Oy 0z Py 027 Py

x dy 0z p,y 07 py

k.. 2
ua—T+v6—T+w6—T= w 0T _ I %, (4)

Ox a)/ 0z (,OCP )hff' azz (pCp )hff 0z ’

with
u=Au,, v=yv,, w=w, I'=T, at z=0

(5)

uv—>0, T>7T, a z—>»®

as the boundary conditions. Here u,v,w are the velocities, T is the fluid temperature, w, is the mass
velocity, 4 and y are the stretching/shrinking parameters. The term ¢, in Eq. (6) is approximated

using Rosseland formula as
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40" oT*
4 ==~ (6)
3k" oy
Using the Taylor series, T* in Eq. (6) is simplified as
k.. 73 2
ué‘_T+ oT W, 160°T; aT. )

ox 6)’ (PC )y 3(PC,)y Kooy
The similarity variables for the similarity solutions are [41,42],

wmadf'(n), vewg'(n), wear [s(n)+()]. On)=1—r, n=zfafr @

Hence,

w, =—Jav, S (9)

where S > 0 stands for the suction. The following ODEs are obtained when Eq. (8) is substituted into
Egs. (2), (3) and (7),

ﬂhﬁ/ﬂffm'i'(f'i'g)f” (hﬁ/ fM+f]fr (10)
P | Py wr | Py

:“hff/f”f +(f+g)g" [G/1ff/UfM+ng,:0

P/ pf wr | Py

(11)

1 (0C,), (kh,;- 4 ]

— L RO+ (f+g)0 =0, (12)
Pl‘(,on)hﬁr kf 3 ( )

with the reduced conditions

£(0)=5. f'(0)=4 g(0)=0, g'(0)=z 6(0)=1,

13
() =0, g'(n)—>0, 6(n)—>0 as 5> (13)

where Prz(Cp,u)f/kf (Prandtl number), M:GfBoz/pfa (magnetic parameter) and

R=4c" Toj/kfk* (thermal radiation parameter). Tables 1 and 2 show the correlations and

thermophysical properties for hybrid ferrofluids, nanoparticles and base fluid, respectively.
Meanwhile, this definition is essential for the observation of fluid flow behavior and heat
transfer characteristics where

_'uhtf'//uf(a_”j e _ﬂhtf'/ﬂf(@j . Nu = Xk (GT

© v T = . 14
" ul(x) PV . k (1, -1.)\ 0 l_OJ’(%)Z—O (14)

Substituting Eq. (8) into Eq. (14), the reduced coefficients of skin friction and heat transfer are

. k.
RZC, =2 p7(0),  Re' C, = g"(0),  ReNu, =- [ﬂ+ ERJ 6'(0). (15)
Hy Hy ko3
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Table 1
The correlation of a general hybrid nanofluid [41-43]
Properties Nanofluid
Density Puy =BPa + P + (1 — Py )pf
Heat Capacity (pCp )hﬁ’ =4 (pCp )Sl + ¢, (pCp )32 + (1 D )(pCp )f
Hy .
Dynamic Viscosity My =7 25> ¢hfy =¢ + 9,
( IR )
k k
(W] =20k, +2(dk + ok, )+ 2k,
Thermal Conductivity - ¢ht'f‘ k
Tk + ik !
{”“] + @k, —(Bk +dyk, )+ 2k,
hf

_£¢1G1 +$,0,

¢hﬁ’

]—2¢hﬁ,af +2(4o, +¢o,)+ 20,

Electrical Conductivity

e go +¢,0, o

(%J + ¢hff0f - (¢101 +¢,0, ) + 2af |
Table 2
Thermophysical properties for CoFe;04, Fes04 and H,0 (see Tlili et al. [32])
Thermophysical Properties CoFe;04 Fes04 H,0
C,(I/keK) 700 670 4179
p (kg/m?) 4908 5180 997.1
o (S5/m) 1.1x 107 0.74 x 10° 0.05
k (W/mK) 3.6 9.8 0.6130
Pr - - 6.2

3. Stability Analysis

Following Merkin [44] and Weidman et al., [45], the unsteady form of differential equations
pertinent to the model were used to discover the stable solution.

6_u+ ou ou 6_u Ly O’u O Bz

—+Vv—+w (16)
ot ox oy 0z Py oz’ Py
(o}
L N L v _ % — B2v (17)
ot ox Oy 0z Py oz P
k - 1 *T3 2
8_T+u8_T+ 8_T+W8_T_ L 6o I, oT (18)

o oy az |(pC),, 3(pC), k" | oz
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The suitable similarity variables for Egs. (16)-(18) are [41,42]

u=ax%’;’r), v=ayMa w=—Jav, [ f(n.,7)+g(n.7)],

(19)
T-T,
0(n,7)= T T n=zalv,.
where 7 = at is a time variable. The new differential equations are as follows
3 2 2
loy 1By |OF (o )OS [ CwlOr g NS T (20)
Pig | Py 877 877 Pwy /P, On )On Onot
/uhff//uf O /Oy 6_g og g ~0 (21)
2 — Y
ph/j/p/ ph///pf a77 on onot
) 0’0 00 00
I A H(fre) -, (22)
Pr (pC )W[ ] on’ (f )877 or
with reduced conditions
o (0,7) 9g(0,7)
0,7)=S, =1, 0,7)=0, =y, 6(0,7)=1,
ro)=s. ZE0=1 g00=0. E2D=r (o)
%) 0
M—)O, M—)O, 0(n,7)>0 as 5 —>oo (23)
on on

For the analysis of stable solution, Eq. (24) (perturbation equation with eigenvalue y ) is substituted
in Egs. (20)-(22). Besides, F(n), G(n) and H(n) are introduced as a relative of f (77) , & (77) and
6, (77) accordingly:

f(n.t)=fy(n)+e”F(n)
g(mz)=g,(n)+eG(n) (24)
0(n,7)=6,(n)+e " H(n)

Applying the perturbation equation in (24), Egs. (20)-(22) are now in the linearized form:

Fog [ By o, +(fy+g))F" - (2f0 e+ %y | fMJF +(F+G)f!=0, (25)
Pur | Py Pur | Py
luhﬁ/luf Gm (ﬁ)+g0)G/I [2g0 7/+ h/"f/ fM]Gr (F+G)g(;,20, (26)
Pur | Py Pur | Py
1 (eC,), khﬁ 4

_— +—R|\H"+(F+G)oO H'+yH =0, 27
Pr oGy 30O Ry 7

along with the linearized conditions
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F(n)=0, F'(7)=0, G(n)=0, G'(n)=0, H(n)=0 at 75=0,

28
F'(n)—>0, G'(n)—>0, H(n)—>0 as n-oow 28)

After linearizing the problem, we now consider F"(O) =1 as suggested by Harris et al. [46]. Hence,

by solving Egs. (25)-(28) and replaced F'(?]) — 0 with the suggested condition, ¥, is obtained where

the solution is stable if the smallest eigenvalues are positive.
4. Results and Discussion

The generation of the similarity solutions in Egs. (10) to (13) are successfully computed using the
bvpdc solver. The impact of physical factors like volumetric concentration of the hybrid nanoparticles,
suction, magnetic and radiation parameters are analyzed for the graphical trend of the thermal rate
(local Nusselt number) and skin friction coefficients. Meanwhile, the stability analysis are also
conducted upon the existence of dual solutions. The available solutions are observed with the
consideration of these parameters based on the main references such that 2.5<§<3.1,

0.01<M <0.03, 0< ¢hﬁ. <0.01 (equal concentration of magnetite and cobalt ferrite) and
0.01< R <0.03. The equal strength of the stretching/shrinking parameters (/1 = ;() is considered
except for the validation purpose. The comparison of —f”(O) is done with Wahid et al. [41] and

Yusuf et al. [47] as shown in Table 3 which validates the present model. The values of —49'(0) are

also enclosed for future guidance to the other researchers. For present analysis, two solutions are
observed within a certain range of the parameters. Hence, for the justification purpose, stability
analysis is conducted as discussed in previous section to analyze the correct solution. Table 4 is
designed to compare the smallest eigenvalues between first and second solutions when A =-1.3,
# =¢,=0.005, R=0.01, M =0.02 and various S. The first solution with positive smallest

eigenvalue shows that this solution is the real and stable solution.

Table 3
Validation of the present numerical values —f"(0) when 2=1, y=0, S=¢ =¢, =0, R=0 and various

M

~1"(0) -0'(0)
M

Present Wahid et al. [41] Yusuf et al. [47] Present
0 1.000000001 1.000000057 1.000008 1.770947689
1 1.414213562 1.414213562 1.4142143 1.680264667
5 2.449489743 2.449489743 2.4494893 1.457526005
10 3.316624790 3.316624790 3.3166242 1.285700392
50 7.141428429 7.141428429 7.1414285 0.778734625
100 10.049875621 10.049875621 10.049876 0.582228910
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Table 4
Smallest eigenvalue from the stability analysis when A =-1.3, ¢ =¢, =0.005, R=0.01, M =0.02 and
various S

71
S
First Solution Second Solution
2.957 0.6012 -0.0777
2.955 0.3995 -0.0245
2.9549 0.0181 -0.0179
2.9548 0.0063 -0.0063

The effect of suction, shrinking parameter, magnetic and radiation parameters on the reduced

Re|” C,,, Re)? C, and Re,"” Nu, is displayed in Figs. 2-4. In this work, the Re.* C,, Re}*> C, and

Re;“2 Nu _are plotted against suction strength S with variation of parameters to further analyze the
minimum suction value that is requirable for the acquisition of two solutions. In Figs. 2(a) and 2(b),
stronger value of shrinking parameter requires higher value of suction for the generation of two
solutions such that S, =3.0674 (/1 = —1.4), S, =3.0117 (l = —1.35) and §, =2.9548 (ﬂ = —1.3).
Physically, higher shrinking parameter means stronger obstruction for the fluid to flow freely which
makes the demand for suction is higher. In addition, both Re.” C, and Re"? Nu, increases with the

reduction of shrinking parameter (},:—1.4,—1.35,—1.3).Figures 3(a) and 3(b) portrayed the

X

Re;“2 Nu_, Rely/2 C; and Re "? Nu_towards S with different magnetic parameter. The addition of
magnetic field reduces the usage of minimum suction strength such that S, =2.9621 (M = 0.01),

S, =2.9548 (M =0.02) and S, =2.9474 (1 =0.03). Further observations show that the magnetic

field enhances both skin frictions and thermal rate for each value of S . From physical evaluation, the
Lorentz force which evolved from the magnetic field usually opposes the fluid motion (Fe3Oa-
CoFe,04/water) and concurrently hold the boundary layer separation [48]. However, in this case, the
Re|” C, and Re)” C,, enhances due to the involvement of high suction value (S >2.9).

The visualization of thermal rate and temperature profile with various radiation parameter is
presented in Figs. 4(a) and 4(b). Remarkably, the thermal rate deteriorates with the upsurge of R
while the minimum suction strength that is necessary to generate all solutions are same for all values
of R. This behaviour may happen due to the consideration of shrinking sheet. The radiation
parameter only affects the thermal profile of the Fe304-CoFe,0as/water due to the process of energy
transmission, hence no change in the skin friction coefficients [42]. The addition of R supplies more
energy to the Fe304-CoFe,0s/water which simultaneously, increase the fluid temperature by thinning
the thermal boundary layer as displayed in Fig. 4(b). Besides, it is clear that the temperature profile
fulfills the requirement of boundary conditions which affirm the accuracy of present solutions.
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5. Conclusion

The investigation of the radiative heat flux on the MHD hybrid ferrofluid flow in a three-

dimensional system subjected to the shrinking surface is established. The composition of the fluid
consists of Fe304-CoFe;04 as the hybrid nanoparticles whereas water is the base fluid. The
conclusions can be made from the study are listed as follows:

Dual solutions are possible for certain values of the physical parameter. This is due to the reverse
flow occurs in the boundary layer flow created by the shrinking surface.

The magnitude of Re|” C,, and Re"? Nu, are boosted with the imposition of magnetic field on

the boundary layer. This behavior occurs due to the resistance force called the Lorentz force
which created by the magnetic field.

However, the present of radiation R is to reduce the Re "’ Nu_ where the critical point is

occurred at the same point. Moreover, the rise of R provides more energy to the fluid which
increase the fluid temperature by thinning the thermal boundary layer. Thus, the temperature
gradient on the surface is increased and consequently retards the rate of heat transfer.

The domain of the solutions for S are lessen when the values of A are increased. This signify
that the separation of the boundary layer is fasten for weaker shrinking rate. Similar behavior is
observed when larger M is considered.

By the aids of the temporal stability analysis, the first solution is confirmed to be a stable and
relevant solution. Meanwhile, the second solution is unstable. This can be verified from the
eigenvalue obtained in the stability analysis where the first solution gives the positive value.
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