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The potential of hybrid nanofluid as an alternative heat transfer fluid is undoubted and 
the insightful research on enhancing its thermal conductivity is crucial. This study 
accentuates the influence of magnetic field and thermal radiation on the ethylene 
glycol base hybrid nanofluid with a combination of argentum and magnetite 
nanoparticles. The mathematical equations of the hybrid nanofluid model are derived 
with the suitable similarity transformations and then solved numerically with the 
execution of bvp4c codes in Matlab software. Graphical results show that an upsurge 
in magnetic parameter reduces the momentum boundary layer thickness while the 
higher thermal radiation enlarges the thermal boundary layer thickness. The effects of 
suction and nanoparticles concentration are also presented graphically. Stability 
analysis reveals that the first solution obtained in this study is stable, and conversely, 
the second solution is not.    
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1. Introduction 
 

Nanotechnology has piqued the interest of numerous academics, who have lately begun to use 
nanofluids in both experimental and theoretical studies. The growing interest in nanofluids in recent 
years stems from the discovery that employing ordinary fluid as a heat transfer medium has 
limitations. Choi and Eastman [1] theoretically established that adding nanoparticles stimulates heat 
conductivity. Nanofluid has extensive applications in the industrial, technical, and biological fields 
such as drug delivery, microchip cooling, hybrid-powered engines, cancer therapies, geothermal 
power extraction and industrial cooling. Latib and Kamaruzaman [2] demonstrated that nanofluid 
can be the ideal substitute for water as the coolant for rotating detonation engines. Researchers have 
recently concentrated on the new class of nanofluids known as hybrid nanofluids, which entail the 
inclusion of two or more nanoparticles to improve the heat transfer performance of nanofluids. Esfe 
et al., [3] conducted experimental work on argentum-magnesium oxide/water hybrid nanofluid and 
found that when the nanoparticle volume fraction was raised, the dynamic viscosity and thermal 
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conductivity of the nanofluid escalated. A year later, Harandi et al., [4] considered ethylene glycol as 
the base fluid with the combination of the magnetite nanoparticles and multi-wall carbon nanotube 
to examine the heat conductivity of this hybrid nanofluid. They reported 30% enhancement of 
thermal conductivity of nanofluid with 2.3% solid volume fraction. The non-isothermal hybrid 
nanofluid was the subject of investigation by Jahan et al., [5], and they noticed that an increase in 
viscous dissipation is seen to dramatically boost temperatures across the boundary layer regime. 
Hybridization of nanoparticles also can improve the fluid thermal conductivity and produce higher 
stability [6,7]. Moreover, hybrid nanofluid can be utilised in the air conditioning system where it 
functions as the refrigerant and prevents overheating [6]. One of the elements that can be considered 
in exploring the flow of hybrid nanofluid is magnetohydrodynamic (MHD). Magnetohydrodynamic 
flow has been the subject of a lot of research in the past, which involving the study of the magnetic 
characteristics and behaviour of electro-conductive fluids in the presence of a magnetic field. By 
coupling fluid flow with magnetic fields, magnetohydrodynamic participation in boundary layer flow 
regulates the fluid flow. In addition, the phenomenon of magnetohydrodynamics also significant in 
metallurgy process, chemical catalytic reactors, astrophysics and production of float glass [9]. 
Latterly, Ezhil et al., [10] considered magnetic field in the Cu-Fe3O4/ ethylene glycol hybrid nanofluid 
and discovered that as the presence of the magnetic field gets stronger, the nanofluid velocity 
declined. 

Besides the magnetic parameter, the influence of thermal radiation has also become a prevailing 
topic among the researchers since it has a significant impact on heat transfer on surfaces. Thermal 
radiation is also used as a source of alternative energy. It radiated energy onto the surface and 
subsequently raising the surface temperature in the process. Sreedevi et al., [11] considered thermal 
radiation in the unsteady hybrid nanofluid flow and found that greater radiative heat transfer led to 
the thicker thermal boundary layer. Motivated by the above-mentioned investigations, the potential 
of hybrid nanofluid as a superior heat transfer medium should not be overlooked. In this study, the 
hybrid nanofluid is modelled with the combination of the argentum Ag nanoparticles (which also 
known as silver) and magnetite Fe3O4 (iron oxide) nanoparticles with ethylene glycol C2H6O2 as the 
base fluid. In addition, the effects of magnetic field and thermal radiation are also taken into account.  

 
2. Problem Formulation  

 
The Ag-Fe3O4 hybrid nanofluid model is investigated in the rectangular coordinate frame with the 

stretched/shrunk surface that parallel to x-axis and y-axis is orthogonal to the surface. For a better 
understanding of the flow configuration, Figure 1 portrays the coordinate system and the flow 
diagram of this model. The flow is affected by the permeable surface with the velocity 

for stretching surface  and shrinking surface , whereas the mass flux 

velocity is represented by . Besides, the magnetic field B0 is orthogonally imposed to the 
stretching/shrinking surface.  

 

( )wu u x axl l= = ( )0l > ( )0l <

wv
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Fig. 1. Coordinate system and flow diagram 

 
The derivation of the hybrid nanofluid flow equations are adopted from the two-dimensional 

Navier-Stokes equation which including the continuity equation reflecting viscous incompressible 
flow, momentum equation in terms of u and v components and the energy equation as follows: 

 

, (1) 

, (2) 

. (3) 

 
The extra term for magnetic field  is included in the momentum equation and the radiative 

heat flux  is encompassed in the energy equation. These governing equations are relying to the 
respective boundary conditions 
 

, (4) 

 
In the boundary condition, the surface temperature is symbolized as  whereas   is the 

uniform temperature of the ambient hybrid nanofluid.  Additionally, mathematical equations of the 
hybrid nanofluid model involve the heat capacity parameter, thermal conductivity, density, electrical 
conductivity, dynamic viscosity as well as thermal diffusivity which are represented by 

, , ,  and , respectively. The formulations of the hybrid nanofluid properties are 
listed in Table 1. Subscript s1 in this table represents the argentum nanoparticles while s2 represents 
the magnetite nanoparticles. The base fluid (ethylene glycol) is denoted by subscript f, nanofluid by 
nf and hybrid nanofluid by hnf. Then, by following Takabi and Salehi [12], the overall volume 
concentration of argentum and magnetite dispersed in hybrid nanofluid is formulated as  
since the correlation is practical and based on physical assumptions. As a reference, the 
thermophysical attributes of the ethylene glycol and nanoparticles are presented in Table 2. 
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Table 1 
    Formulations of hybrid nanofluid properties [12–14] 

Properties Nanofluid Hybrid nanofluid 
Density   

Heat 
capacity 

  

Dynamic 
viscosity   

Thermal 
Conductivity  

 

Electrical 
Conductivity 

  

   
 
 
 Table 2 
  Thermophysical attributes of the ethylene glycol and nanoparticles [10,15–17] 

Properties     

Ag 10500 235 429  
Fe3O4 5180 670 9.7 12.7 

C2H6O2 1115 2430 0.253  
 

The following similarity transformations are used to simplify the governing Eqs. (1)-(3), which 
relate to the boundary conditions in Eq. (4) 

 

 (5) 

 
Eq. (1) is now automatically satisfied. Subsequently, Eq. (2) and Eq. (3) are abridged to the following 
ordinary differential equations: 
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 (8) 
 
Here, s is the mass flux parameter and, in this study, we consider positive values of s for suction. 
Meanwhile, M is the magnetic number, Rd indicates the thermal radiation and Pr denotes the Prandtl 
number which are formulated as 

 (9) 

The heat flux from the sheet , the Nusselt number  and the skin friction coefficients  are 
defined as (Yushkun et al., [18]) 

. (10) 

 
The radiative heat flux  is indicated by 
 

 (11) 

 
using the Rosseland approximations. Then, we get the following Eq. (12) by applying the similarity 
transformations in Eq. (5) into Eq. (10) and Eq. (11) 
 

 (12) 

 

where  represents the local Reynolds number. 

 
3. Stability Analysis  

 
It is crucial to do a stability analysis to establish whether the solutions are physically feasible. 

First, as proposed by Merkin [19], the unsteady case for Eq. (2)-(4) must be examined, which can be 
written as 
 

, (13) 

, (14) 

where t demonstrating the time. Weidman et al., [20] mentioned that stability analysis requires the 
introduction of a new dimensionless time variable . As a result, the new similarity transformations 
are 

(0) , (0) (0) 1, ( ) 0, ( ) 0.f s f fl q q¢ ¢= = = ¥ ® ¥ ®

( ) 2 * 3
0

*
16Pr , , ,
3

f p f fw

f f ff

C Bv Ts M Rd
k a k ka

n r s s
rn

¥= = = =

wq xNu fC

( ) ( )2 0
0 0

, ,hnf w
f x w hnf r y

f w f wy y

x qu TC Nu q k q
u y k T T y

µ
r =

¥= =

æ ö æ ö¶ ¶
= = = - +ç ÷ ç ÷¶ - ¶è ø è ø

rq

* 4 * 3

* *

4 16
3 3r

T T Tq
k y k y
s s¶ ¶

= - = -
¶ ¶

( )
1
2Re (0), 1 Re 0hnf hnf
x f x x

f f

k
C f Nu Rd

k
µ

q
µ

æ ö
¢¢ ¢= = - +ç ÷ç ÷

è ø

Re w
x

f

u x
n

=

22
0

2
hnf hnf

hnf hnf

Bu u u uu v u
t x y y

µ s
r r

¶ ¶ ¶ ¶
+ + = -

¶ ¶ ¶ ¶

( )
2

2
1 r

hnf
p hnf

qT T T Tu v
t x y y yC

a
r

¶¶ ¶ ¶ ¶
+ + = -

¶ ¶ ¶ ¶ ¶

t



CFD Letters 
Volume 14, Issue 11 (2022) 88-101 

93 
 

 (15) 

 
We obtain the following equations by substituting similarity variables in Eq. (15) into Eq. (13) and Eq. 
(4): 
 

 (16) 

 (17) 

 
accompanied by the boundary conditions 
 

 (18) 

 
The stability behaviour may be assessed by perturbing the fundamental flow  and 

as proposed by Weidman et al., [20]  with the following functions 
 

 (19) 
 
where  is an unspecified eigenvalue parameter, and  and are relatively small  to  

and  The solution for the eigenvalue problems in Eq. (16)-(18) results in an infinite set of 

, and  is the minimum eigenvalue. If  is negative in this scenario, there is an initial 
increase in disturbances, indicating that the flow is unstable. The flow, on the other hand, is 
considered to be stable if  is positive and there is an initial decline in disturbances. Substituting Eq. 
(19) into Eq. (16)-(18) yields the following linearized equations: 
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The range of potential eigenvalues can be generated by loosening a boundary condition at  
[21]. Accordingly, the boundary condition  was loosened, and the system of Eq. (20)-(22) 

was solved using the stabilizing boundary condition . 
 
4. Results and Discussion  

 
To offer a physical observation of the flow problem, numerical simulations have been done 

thoroughly utilizing the built-in bvp4c function in Matlab programme. The current findings of the 
local Nusselt number are compared to prior research by Mukhopadhyay [22] to verify the correctness 
and validity of the present study. Mukhopadhyay [22] utilized the shooting technique to obtain the 
results for a certain value of parameters. The comparisons, as shown in Table 1, demonstrate great 
agreement, indicating that the bvp4c function used in the present study is legitimate. Moreover, 
Table 3 also exhibits an increment in the local Nusselt number as the value of Prandtl number Pr 
increasing but slightly decreases as the thermal radiation and magnetic parameter rises.  These 
results elucidate that an increase in the magnetic field and thermal radiation cause a reduction in the 
process of heat transfer. 

 
          Table 3  
          Comparison of  for various values of Pr, Rd and M when  and . 

Pr Rd M Mukhopadhyay [22]  Present Results 
1 0 0 0.9547 0.954782709 
5 0 0 2.5001 2.500131408 

10 0 0 3.6603 3.660371730 
1 0 1 0.8610 0.861094745 
1 1 0 0.5311 0.531239860 
1 1 1 0.4503 0.451162010 
2 0.5 0 1.0734 1.073518899 
3 0.5 0 1.3807 1.380752049 

 
The graphical analysis of the boundary layer flow of argentum-magnetite (Ag-Fe3O4) hybrid 

nanofluid flow and heat transfer is conducted. Since the base fluid is ethylene glycol (C2H6O2), thus 
Prandtl number used in this study is 24.4. The impacts of several governing dimensionless 
parameters, such as the magnetic parameter, thermal radiation parameter, suction parameter, and 
nanoparticle concentration on the velocity as well as temperature profiles are determined and 
depicted in Figures 2-9. 

The performance of the magnetic parameter on the velocity profile is shown in Figure 2, which 
demonstrates a decrease in the thickness of the momentum boundary layer for the first solution 
within the specified values. It is noticed that when the magnetic parameter's value increases, the 
thickness of the boundary layer thins. The Lorentz force is increased by the high magnetic field inside 
the boundary layer, which greatly opposes the flow in the opposite direction. 

Figure 3 shows the influence of the radiation parameter on the temperature profiles, and it shows 
that the thickness of the thermal boundary layer for both solutions increases. Generally, increasing 
the value of the radiation parameter indicates more radiative heat energy will be emitted from the 
hybrid nanofluid flow, and subsequently causing a rise in the temperature distribution profile. The 
same pattern of graph also had been obtained by Thirupathi et al., [23] where they concluded that 
the rising of thermal radiation enhanced the fluid’s energy distribution. 
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Fig. 2. Trends in  for various M values 

 

 
Fig. 3. Trends in  for various Rd values 

 
Figure 4 demonstrates that when suction increases, the velocity gradient at the surface increases, 

implying an increase in wall shear stress. This will diminish the thickness of the momentum boundary 
layer indirectly. At the same time, increased suction results in a decrease in the temperature 
distribution profile, as seen in Figure 5. Subsequently, the thinning thermal boundary layer thickness 
will stimulate the process of heat transfer. 
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Fig. 4. Trends in  for various S values 

 

 
Fig. 5. Trends in  for various S values 

 
Figure 6 delineates the effect of argentum Ag nanoparticles volume fraction  on the velocity 

distribution profile. The higher volume fraction of argentum increases the velocity for the first 
solution but there is an opposite behaviour for the second solution. Meanwhile, the higher 
concentration of Ag nanoparticles causes the decrement in temperature distribution profile for dual 
solutions as shown in Figure 7. In contrast, Figure 8 illustrates the influence of magnetite (Fe3O4) 
nanoparticles concentration  on the velocity distribution profile. The first solution shows the 
decrement of the velocity, but the second solution shows the improvement of it. Besides, magnetite 
nanoparticles concentration causes the increment in temperature distribution profile for dual 
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solutions as portrayed in Figure 9. Conclusively, variations of argentum nanoparticles concentration 
give different impacts to the velocity and temperature profile as compared to the variations in the 
magnetite nanoparticles. This is most probably owing to the fact that the reactivity of magnetite or 
iron oxide is higher than the argentum.  

 

 
Fig. 6. Ag concentration’s effects on  

 

 
Fig. 7. Ag concentration’s effects on  
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Fig. 8. Fe3O4 concentration’s effects on  

 

 
Fig. 9. Fe3O4 concentration’s effects on  

 
Figure 10 illustrates the variation of the Nusselt number  in response to a change in 

the values of thermal radiation parameter Rd. It is obviously seen that the results of the Nusselt 
number declines as Rd increases. Physically, higher thermal radiation contributes to the higher 
temperature of the hybrid nanofluid and enhances the thermal boundary layer thickness because the 
surface heat flux increases under the impact of thermal radiation. Therefore, this circumstance will 
reduce the rate of heat transfer.  

To determine the viability of the first and second options, stability analysis is necessary. As 
illustrated in Figure 11, it was accomplished by solving the eigenvalue problems in Eq. (20)-(22) and 
calculating the lowest eigenvalue . Positive values of  cause decay, meaning that the initial 
solution has a stabilizing feature. Negative values of , on the other hand, imply the expansion of 
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disturbances in the second solution. Therefore, the first solution is clearly stable, but the second 
solution is unstable, as seen in Figure 11. 

 

 
Fig. 10. Variations of the Nusselt number for some values of Rd 

 

 
Fig. 11. Variations of  with  

 
5. Conclusions  

 
The mathematical modelling of argentum-magnetite (Ag-Fe3O4) hybrid nanofluid with the base 

fluid of ethylene glycol was examined. The analysis of the physical insight heat transfer with thermal 
radiation and magnetic field was examined. Physical insight analysis of the hybrid nanofluid model 
was devoted on the flow and heat transfer rate with the inclusion of magnetic field and thermal 
radiation. The velocity distribution profile increased by the presence of magnetic parameter and 
suction, which led to diminution of the momentum boundary layer thickness for the first solution. 
For both solutions, the temperature profile revealed a decrease in Ag nanoparticle volume fraction, 

1g l
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whereas the Fe3O4 nanoparticle volume fraction had the opposite trend. The existence of thermal 
radiation increased the surface heat flux and subsequently deteriorated the process of heat transfer. 
Finally, stability analysis of both solutions proved the feasibility of the first solutions with the positive 
eigenvalue. In future, this study can be extended by considering the other physical configurations 
and governing parameters. 
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