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theory has to be amended in certain areas to form the so called the extended BEMT.
In this study, a SSWT blade is designed using the extended BEMT method considering
3 factors: tip loss, low thrust at high axial induction factor, a and high angle of attack
in post-stall region where 5 a correction models applying also the tip loss correction
factor have been compared to the original BEMT model. The SSWT rotor has a diameter
of 3m. An airfoil, SG6043 known for its suitability for SSWTs is used in this study.
Furthermore, the blade geometry prior to the conduct of the shape optimization
process are calculated using polynomial obtained from experimental procedures. The
effect of infinite number of blades can be seen here to change the axial induction

Keywords: factor, a especially at the tip of the blade and as a result increases the lift coefficient,
Small scale wind turbine, blade element C, and overpredicts the overall power coefficient and power of the wind turbine. With
momentum theory, tip loss factor, axial the Prandtl’s tip loss factor along with the a correction model, the corrected final
induction factor values of aerodynamic performances have been determined.

1. Introduction

The environment issues have been one of the main priority of the world’s today to work on
especially involving green and sustainable energy [1], material [2-4] and manufacturing process [5].
With the increase in population and industries, wind energy has become an important source of
green and sustainable energy in the last decades. While Denmark has set a record of more than 40%
usage of wind energy [6], the USA has put a target of having 20% wind energy in 2030 [7]. The wind
energy is aimed to replace carbon-based energies that destroyed the environment as they have
served the world for so long [8-10]. Today, the wind energy is well sought not only on shores but also
in urban areas and low wind speed regions such that the demands for the small scale wind turbine
(SSWT) is fast increasing. With this, the simple but yet efficient method of designing the wind turbine
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(WT) blade using the element momentum theory (BEMT) has been commonly used. However, the
method still needs corrections partly due to the assumptions applied in the theory do not represent
real conditions. As such the so called extended BEMT is used here considering 3 corrections in the
loss of power at blade tips, loss of thrust at high axial induction factor, a and the loss of energy
especially at high angle of attack after the occurrence of stall [11-13]. Noted that designing a SSWT
requires such considerations on the wind condition, airfoil design, blade design and the energy loss
factor. As such, studies on the corrections made to the BEMT method is actually focussing on the
fourth design consideration mentioned above i.e. the energy loss factor.

In a research on the aerodynamic performance of a SSWT using the BEMT [14], it was shown that
at a mere wind speed of 3 m/s, the wind turbine can have power coefficient of 43%. However, to
produce power amounted to 600 W, a household need for electrical consumption, the wind speed
needed was 5m/s. In considering the high axial induction factor, Damirez and Augusto [15] compared
the results of the basic BEMT with those of the correction formulations given in literatures. The study
found that the correction proposed by Buhl gave the closest results compared to wind tunnel
experimental data taken from the literature. Similar comparison was made by Oliveira et al.[11] on
the BEMT performances on the HAWT related to lost factors. The results from experimental study on
the MOD-0 turbine were used. It was found that the BEM method combined with Prandtl (tip and
root loss), Wilson and Spera corrections (high values of the axial induction factor), and Viterna and
Corrigan (high angle of attack), presents a good prediction of the performance of horizontal-axis
turbines.

In this study, the BEMT analysis focussing on the loss factors in the design of a SSWT is conducted.
The effects of the 3 corrections embedded in the extended BEMT equations on the aerodynamic
performance of a SSWT are studied. The well-known airfoil for the SSWT, namely the SG6043is used
in this study. Furthermore, the blade geometry is following the Anderson’s experimental based
polynomial equations for chord length and twist angle [16]. The study provides the overall
aerodynamic performances of the WT along with the distributions of important parameters
throughout the blade length.

2. Methodology

The specifications of the wind turbine are given in this section. Furthermore, several models of
the extended BEMT method are discussed. Referring to Table 1, while the number of blade is 2, the
rotor radius of the SSWT considered here is 1.5m. The tip speed ratio (TSR), A changes from 1 to 8
which covers a suitable range for SSWTs [17].

Table 1
The wind turbines specifications
Airfoils SG6043
Wind speed, V 3-13 m/s
Rotor radius, R 1.5m
No. of blade, B 2
No. of element 15
Tips speed ratio, A 1-12

2.1 The Airfoil

The airfoil and Reynold’s number, Re determine the value of the important parameter of gliding
ratio, L/D. In this study, the airfoil used is the SG6043 that is known to be superior for the SSWT
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application [18, 19]. This airfoil is as illustrated in Figure 1. Using XFOIL codes, the plots of L/D against
angle of attack, AOA at Re=500000 for several airfoils are given in Figure 2. It shows that the SG6043
profile provides the highest L/D of 65. The critical AOA is slightly higher that of the Eppler and BW3
profiles at a.,, = 5°. However, the stall here is considered abrupt as the range of AOA at the vicinity
of maximum L /D is rather smaller compare to that of NACA6412.

/M
Mo.z 0.3 0.4 0.5 0 : 0.8 0.9 1.0

Fig. 1. The SG6043 airfoil

—8— SGH043 +— NACABA12 NACA4412
MID321a —eim Eppler ——BW3

Glide ratio, L/D

-10. 0 000 ~ 000 3.00 1000 1500 20000

Angle of attack, a®

Fig. 2. The glide ratio vs angle of attack at Re = 500000

2.2 The BEMT Method

The BEMT analysis provides final design data for the blade’s geometry, aerodynamic forces and
aerodynamic performances of the wind turbine such as the power, P, power coefficient, Cp, thrust,
F, and torque, Ts. Referring to Table 2, the blade is divided into 15 elements where Rn; = 1;/R is the
normalized position of the mid point of the it" element. For each blade element, the chord length, ¢
and the angle of twist, 6 of the blade have been prepared according to the Anderson’s polynomials
that are based on the wind-tunnel experiment [16].

With the readily available values of ¢ and 8 and the assumed values of axial (a) and radial (a’)
induction factors, the flow angle, ¢, AOA, relative wind speed, V,..; and Reynold’s number, Re can be
calculated [20]. Considering the AOA and Re as inputs, the values of lift coefficient, C; and drag
coefficient, Cp can be determined. The C; and Cp for airfoils SG6043 have been determined for
several specific Re ranging from Re=4000 to Re=600000 using the XFOIL codes that gives the values
of the C;, and Cp over a range of AOAs. Thus, in this study, to get the values of C; and Cj, for different
Re numbers, interpolations are conducted. With the values of the C;, and Cp, the new a and a’ can
be determined as in the following [20].
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a= 4—sin2d>+1 (1)
agCq
and
r_ 1
a = 4sin¢cos¢+1 (2)
O'Ct

With new a and a’ values in this pure BEMT method, new iteration will be followed until the two
induction factors converged.

Table 2
The radius, chord length and twist angle of the wind turbine

L]

Rn;(m) 0.3 019 025 031 037 043 049 055 061 0.67 073 079 0.85 0.91 0.97
c(cm) - - - -

2473 1677 11.28 7.61 523 369 265 1.87 1.21 0.63 017 026 068 1.11 1.53
6(°) 0.17 0.4 011 009 008 007 006 005 005 005 0.04 0.04 0.04 0.3 0.03
Elem. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

2.3 The Extended BEMT Method

The procedures explained above using the pure (nonextended) BEMT formula for a and a’ can be
containing errors and thus require corrections for more accurate results. The following discuss the 3
corrections in the applied extended BEMT method in this study.

2.3.1 Correction due to tip’s loss

The first correction in the extended BEM is the application of the Prandtl’s tip loss factor, F to
correct the assumption of axisymmetric flow that model the helical vortex wake pattern as vortex
sheets such that the rotor has an infinite number of blades. With tip loss, the difference exist between
a two dimensional and a three-dimensional configuration of a turbine blade that is caused by the
circulation flow driven by the pressure equalization which arises at the tip of the blade. In reality, the
finite number of blades actually allows air flow to pass thru the blade, thus producing a non-
uniformity on the flow leading into a variation of the induction factor around the rotor, then a loss
of lift and hence a loss of power. WithF, the gap between the Betz ideal flow and the real flow is
getting smaller. F is defined as

F = %cos‘1 [exp (—w)] (3)

rsing
As such, new axial and radial induction factors, a and a’ respectively are
1

4Fsin2
sin ¢+1
agCq

a= (4)

and
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1
r_
a = zl-Fsind)cosd)_1 (5)
U’Ct

2.3.2 Correction due to high induction factor

The second correction of the BEMT is the effect of high axial induction factor, a that causes the
reduction in the thrust force. This has made the pure BEMT method invalid as it contrasts to results
from experimental procedures where the thrust force keep on increasing as a get higher [21]. The
correction considered here are based on several proposed models in literature.

1) Glauert’s [20, 21]
Defining the 2 parameters Y; and Y:

__ 4Fsin?¢

Y, = Tote (6)
__ 4Fsingcos¢
Y, = Tt (7)
The new a is then set to be:
24Y,— |4Y;(1-F)+Y?
. - Y, > 2
2(1+FY;)
a, = (8a)
(2+cht—J((cht+2)2—4(1—%FY1)))
> Y; <2
where
¢ =1 —2/3(F) (8b)
And the new radial induction factor,
, 1
a = W (9)
(1-a)
2) Shen’s [22]
Define the following parameters,
g=exp(-0.125*(N * 1 — 21) + 0.1 (10a)
f = 0.5(N)(1/r —1)/sin(¢) (10b)
F, = 2/mxcos™ (e 91)) (10¢)
. 2 .
For C§ = Fy(C) and Cf = Fy(C,)and ¥, = =" Land ¥, = =028
a t

So,
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aT =32 + Y === (T =F) + NA+F1)/2;

Ao 2
a, = { K+1’K = 4F(sin” (¢)/0C, aT <1/32
af aT > 1/32

3) Wilson and Walker’s [23]
Fora > a., wherea, = 0.2,

C, = 4(a?+ (1 —2a.)a)F

a= %[2 +K(1—2a.) —J(K(1 = 2a,) + 2)? + 4(KaZ — 1)]
Where

K = 4Qsin?¢
oCy

4) Buhl’s [23]

Fora > 0.4,

(1SJCa+36F25in2¢—40Fsin2¢—6 J(18FaCysin? ¢>+36F4sin4¢—48F3sin4¢))
2(90C,—50Fsin2¢+36F2sin2¢

a=

2.3.3 Correction due to stall

(11a)

(11b)

(12)

(13)

(14)

(15)

The third correction of the BEMT is due to the occurrence of stall. This extension of the BEMT
includes incorporating the effects of the flat plate region i.e. the post-stall region where the BEMT
underestimates the rotor power when compared to experimental results. This is due to lacks of
accurate values of C; and Cp at off-design condition of post-stall region [24]. In this study, the values
of C;, and Cp interpolated for post-stall region by Viterna and Corrigan by applying an empirical model

will be used [25]:

For dseparation < @ < 90°:

cos?a

c .
C, = %sta + K, ——

Cp = Cpmax Sin* a + Kp cos a

where

Sin ag

K, = (CL,S — Cg maxSin ag cos as) Cos?a,

(16)
(17)

(18)
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Ko = Cp,s—Cpmax Sin? a
D

o cos ag (19)

Cp max 1S the maximum drag coefficient for the completely separate region that is based on the
aspect ratio, u such as

u < 50: CD,max =111+ 0.018u (20)
u > 50: CD'max = 2.01 (21)
where

_ R-Thup

o c(r) (22)

For the range of 90° and 180° (+ve and -ve), the C; and C; can be taken as the flat plate/fully
stalled region values [26, 27]:
For 90° < a < 180°:

C, = Crpiat = 2sinacosa (23)
Cp = Cpplar = 2sina (24)
The BEMT analysis here is conducted through a developed MATLAB’s codes [28].

3. Results

In this section, the performances of the wind turbine in the forms of power coefficient, C,,
torque, T, power produced, P and thrust, F, are deliberated under the effects of the three correction
factors considered here. Prior to that, the behaviours of the aerodynamic parameters such as a and
a’ throughout the blade are discussed as well. Noted that the significant of the 3™ factor is there as
the variation of the TSR will cause the increase of AOA to above critical angle, a.,- and such the
importance of using the 3" extended BEMT cannot be stressed more.

3.1 The Aerodynamic Parameter Behaviour Throughout the Blade

The study here is done at a specific wind speed, V=5m/s and TSR=7. The graphs of axial and radial
induction factors against the blade position are given in Figures 3 (a) and (b), respectively. From
Figure 3(a), it shows the reduction of a values moving toward the tip of the blade for all models under
consideration except the BEMT with tip loss model. All four models show similar values of a up to
the mid-range of the blade length. The concerned effect of tip loss can be clearly seen in the graph
as it approaches the blade’s tip. For the pure BEMT model where the Prandtl’s tip loss factor, F is not
considered, the infinite rigid blade has caused a to reduce greatly at the tip. However, considering
the F in the BEMT with Prandtl’s tip loss, the values of a can be seen to increase greatly. Considering
also the a correction factors in the Glauert and Wilson-Walker models, the values of a are brought
down to give moderate increases if compared to the pure BEMT model. Table 3 shows the different
values of a at the mid-point of the las element at the blade’s tip where the BEMT with tip loss effect
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has moved up the a values by about 208% while the Gluert and the Wilson Walker models move
closer back to the BEMT model by having about 107% and 139%, respectively.

Table 3
The difference between a of 4 different correction models
Model BEMT BEMT+ Tip Loss Gluert Wilson-Walker
o 0.084 0.259 0.174 0.201
% difference from a 0 208.33 107.1429 139.2857
—g—BEMT —a—BEMT+Tip Loss Gluert Wilson-Waker
0.3
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E B
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E‘

S

s

5

£ 01
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(b)
Fig. 3. The (a) axial and (b) radial inductions factors against radial positions
of the blade

In contrast, as the effect of the tip loss and the a correction factor are mainly related the thrust
of the blade, they can be seen to have no effect on the radial induction factor. The 3 models show
equal plots of the a’ vs /R graphs moving from hub to tip position as shown in Figure 3 (b).

Without the non-uniformity of a for turbine with infinite number of rigid blades, the pure BEMT
model gives an overpredicted coefficient of lift, C; such as shown in Figure 4. While the effect is none
at the first middle-half of the blade, the BEMT model gives the highest C; of 1.283 at the blade’s tip.
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As expected, the addition of the tip loss factor decreases the C; to 1.122 where the models of Glauert
and Wilson-Walker can be seen to increase back the C; to 1.2 and 1.173 respectively. Noted that the

maximum value of C; can be seen at about R,, = % = 0.3. With the behaviours of a and C in Figure

3(a) and 4, it can easily be expected that the pure BEMT theory will over-predict the thrust, power
coefficient and power especially at the tip of the blade while the correction models of Glauert and
Wilson-Walker will close the gap between the Glauert and the BEMT with tip loss model.

—gp— BEMT  —#— BEMT=Tip Loss Glauert Wilson Waker

[
e

[y
L
{

=
[
-

Lift coefficient, C

=
=

0 0.2 0.4 0.6 0.

[==]
[

1.2
Radialdistance, r/R

Fig. 4. The coefficients of lift, C; against radial positions of the blade

The variations of two important parameters that determine the lift and drag coefficients of the
airfoil and thus the aerodynamic performances of the wind turbine i.e., the AOA and Re throughout
the blade radius for different TSR can be seen in Figure 5 and 6 respectively. This analysis is based on
the Glauert’s model. The AOAs can be seen to increase moving from the hub and after reaching a
maximum value, AOAs will decrease as the curve moves toward the blade’s tip. It is apparent also
that as the TSR is increased, the applied AOA is decreased thought the blade. It shows that at low
TSR, the blade has AOAs beyond the critical angle, ., for the airfoil SG6043 in this study. Thus, the
need for interpolating values C; and Cp can be seen here. In contrast, the Re seems to be decreased
for small TSR and increased for higher TSR as the curves move toward the blade’s tip. Also, as the TSR
is increased, the Re is increasing as well.
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Fig. 5. The graf of AOA against against radial positions of the blade for several TSR
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Fig. 6. The graf of Re against against radial positions of the blade for several TSR

3.2 The Aerodynamic Performances using the Extended BEMT

Here, the aerodynamic performance parameters of P, Cp and F, are discussed with respect to
BEMT models considering the tip loss factor, the correction to the high induction factor and the wide
ranges of AOA.

The plot of power coefficient against TSR for various models are given in Figure 7. All models show
the same pattern of having maximum values at a certain TSR at certain values of TSR as found by
other researchers [11, 12]. Again, it can be seen the plot for the BEMT model without the tip loss
effect, having higher C; gives a high maximum value of C, = 46.7% at TSR=9. By adding the tip loss
factor, the maximum Cp is reduced to 40.8% at TSR of 8. However, the model of Glauert and Wilson-
Walker, considering the adjustment made on each axial induction factor, a have increased the Cp to
44.2 at TSR=9 and 46.6 at TSR=10, respectively. It can be seen that different models give different
not only the highest Cp but also the peak TSR when this happens. Noted also that at low TSR up until
TSR=5, all model give the same plot.
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Fig. 7. The power coefficient, (), against the TSR

Similar plots to C,, vs TSR can be seen in the plot of power vs TSR in Figure 8 where all plots follow
the typical plots of power vs TSR where the plot shows maximum values of power at a value of TSR.
All models start with the same curve but above TSR=6, the plots starts to split into different curves
where the BEMT model give the highest power.

— = BEMT —— BEMT+Tip Loss —&— Glauert

Shen —=— Wilson-Walker «-«-g--- Buhl

Powear (W)
[
=

Fig. 8. The power against the TSR

The plots thrust vs TSR for all models considered here can be seen in Figure 9. All models follow
the same path until TSR=8 where the plot for each model split. As in the previous plot for
aerodynamic performances, the plot for Shen overlaps with the plot for Buhl. Upon the a correction,
the Glauert and Wilson-Walker model give the highest thrust. Table 4 shows the peak power along
with their TSR, A.,- for each models.

Table 4

The difference between a of 4 different correction models
Model BEMT BEMT+ Tip Loss Gluert Shen Wilson-Walker Buhl
Power, P 247.67 216.38 234.12 245.05 0.201 216.38
TSR, A,y 9.00 8.00 9.00 9.00 139.2857 8.00
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Figure 9 gives the variation of the thrust, F, for changes of TSR. While all models give the same
plot of for TSR of about 8, the curve for each model varies at points following that TSR. The curves
can be seen to have no maximum points the BEMT curve are almost the same as the Glauert and the
Wilson-Walker plots of up to TSR=9. Noted also that the Buhl’s and BEMT models provide similar
curves for the power coefficient, power and thrust curves.

BEMT BEM T+Tip Loss +« v ++ GlALIErT

Ehen - @— Wison-Waker ——g— Buhl

Thrust (M)

Fig. 9. Thrust, F, against the TSR
4. Conclusions

The BEMT method has been a popular method in analyzing the aerodynamic performances of
wind turbines. However, there are errors to be corrected in the original BEMT equations including in
the three areas considered in this study: the tip loss, the low thrust at high axial induction factor and
the post-stall region with high angle of attacks. The impact of the tip loss factor especially at the tip
region has been discussed. A total of 5 models has been used to compare with the aerodynamic
performances of the original (nonextended) BEMT model. The effect of infinite number of blades can
be seen here to change the a especially at the tip of the blade and as a result increases the C; and
overpredicts the overall power coefficient and power of the wind turbine.
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