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World Health Organization (WHO) recognised musculoskeletal disorder (MSD) as the 
main contributor to disability worldwide, with low back pain as the major disorder 
globally. The occupational disorder normally occurs during lifting. The weight of the 
load and manual handling tasks during lifting has an impact on the spine and joint 
torque. The purpose of this study is to propose a dynamic model of the spine that can 
estimate the vertebral joint torques. This study is a bimodal approach that consists of 
the experimental and theoretical parts. Ten healthy UniMAP students (10 males) 
participated in this study. The subjects were required to lift a 3kg weight plate for 
kinematics and EMG data collection. Retro-reflective markers were attached to the 
subject body, and then, the data was collected and stored in QTM software. Kinematic 
data was processed using C-Motion Visual3D. Eight Trigno Wireless Sensors were 
attached on the back muscles (left and right erector spinae, latissimus dorsi, external 
oblique and internal oblique). The EMG data were stored in EMG Acquisition software 
and subsequently, were processed using EMG Analysis software. Gordon’s method 
was used to develop a mathematical model of the spine. The model comprises of five 
kinematic chains which connected three lumbar, two thoracic and one cervical. The 
model calculated the value of joint torque on flexion/extension movement using 
Matlab and Microsoft Excel. When calculated on L5, the model gives an estimation 
within 0 – 30 kgm2s-2. The model was further used to estimate value of L3, L1, MAI and 
T2. The estimate average value of joint torque at L3 is within 5 – 25 kgm2s-2, MAI is 
within 0 – 6 kgm2s-2   and T2 is within 0 – 1 kgm2s-2. The average RMS values show the 
highest muscle activity on the right internal oblique muscle (1519 µV), followed by the 
right external oblique (1166 µV) and left external oblique (418 µV). The results 
obtained gives an insight on the value of joint torque that have been applied by the 
spine and the most activated back muscles during lifting. 
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1. Introduction 
 

MSD is the injury or pain that can affect the muscles, bones, and joints. This disease may be 
correlated to work, daily life or age, and affect musculoskeletal system. Tendonitis, epicondylitis, 
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osteoarthritis, muscle strain, back pain and trigger finger are some of the MSDs that can develop with 
continuous overworking. Too much force and repetition, poor posture, poor work practices, poor 
fitness and poor health habits are the risk factors that lead to MSD [1]. Unsuitable body position or 
awkward posture made the joint weaker or likely to become injured. Awkward postures can lead to 
fatigue and increase the chance to develop MSD. In the workplace, fatigue happens when the 
employees exposed to MSD risk factors. MSD became one of the reasons of why the labour forces in 
occupational population are declining [2]. As fatigue overtakes body’s recovery system, 
musculoskeletal imbalance is developed. Likewise, MSD can affect any part of the body such as low 
back, neck, shoulder and hand. Low back MSD include spinal disc problems, muscle and tissue 
injuries. These disorders correlated with physical work such as pushing, pulling, bending, twisting and 
lifting heavy loads. Activities that require lot of strength will affect the muscle, torso, joints and spinal 
disc. Working with correct posture can reduce stress on the back and on the extremities, while an 
unsuitable posture will increase spinal stress [3].  

Numerous researchers have tried to develop methods which include experimental and analytical 
approach. Various models have been utilised to analyse the spinal loads. In the past decades, Panjabi 
et al., [4] constructed three-dimensional mathematical models and developed equations of motion 
based on spine structure. Three years later, Panjabi et al., [5] used mathematical model to predict 
the biomechanical behaviour of the spine where the focused of the study was at thoracic part. The 
study used values from experiment and then correlated the model behaviour to predict real spine 
behaviour. Meanwhile, a study by Bassani et al., [6] used model to analyse lumbar spine loads at L4-
L5 level. Actis et al., [7] also examined a musculoskeletal model with a detailed lumbar spine to 
predict the loads on L4-L5. Another study by Harari et al., [8] analysed the biomechanical loads and 
kinematics during material handling tasks and developed models for the moments acting on a 
worker’s body. Selamat et al., [9] develop a hybrid exoskeleton to study movement during oil palm 
harvesting work. The movement includes lifting up, holding pole up and walk, elbow extension-
flexion and lifting up-down the pole.  

Previous studies on mathematical model of the spine develops the model of the spine by 
separating the spine into different parts, either on the cervical, thoracic or lumbar vertebrae. The 
intention of this study is to develop a three-dimensional dynamic model of the spine that includes 
joints on cervical, thoracic and lumbar vertebrae. The three-dimensional model of lifting behaviour 
is developed using Gordon’s method. Gordon used Kane’s method to formulate the dynamic 
equations of motion for a planar linkage having an arbitrary number of links which allowed the n 
dynamic equations for an n-link planar linkage to be written down without having to derive them 
[10]. Kane’s method is a vector-based approach which used vector cross and dot products to obtain 
velocities and accelerations. Gordon’s method is constrained to open, unbranched kinematic chains 
and requires segmental angles as the generalized coordinates. Gordon’s method benefit is that the 
dynamic equations are written in their most compact form, which is where the mass Matrix M is 
symmetric, positive semi-definite. This method also easy and less time consuming, so the result can 
be produced in short time compared to Kane’s method as the equations are derived accurately [11]. 
Lifting includes movements such as standing – bending forward – lifting a weight – standing. These 
movements when being done repetitively might put a risk to develop musculoskeletal disorder [9]. 
In this study, the subject will perform lifting movements. The mathematical model will be used to 
estimate the value of joint torques on cervical, thoracic and lumbar vertebrae. The results will give 
some insight on the joint that produce highest value of joint torque during lifting movement.       
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2. Methodology  
2.1 Data Collection 
2.1.1 Subjects 

 
The subjects participated in this study are limited to a total of 7 male students at University 

Malaysia Perlis (UniMAP) where the research was carried out in the biomechanics laboratory at 
Faculty of Mechanical Engineering in UniMAP. Before subject participates in the study, each subject 
will be briefed the purpose of study. All subjects were provided with the informed consent to the 
research protocol. Table 1 shows the detail of subjects used in this study: 

 
Table 1 
Anthropometric characteristic of study cohort 
Variable Mean ± SD 
Age (years) 24 
Body height (m) 1.73 ± 0.05 
Body mass (kg) 72.5 ± 14.78 

 
2.1.2 Kinematic data collection  
 

The kinematic data was collected in Biomechanics lab using Qualisys Track Manager System. 
Before the recording, subject was explained regarding the data collection procedures, and an 
informed consent form was signed. The procedure is in accordance with the Universiti Malaysia Perlis 
ethical guidelines. The subject was required to perform standing-bending-lifting movement as in 
Figure 1. The total of 10 trials for each subject was recorded by infrared reflective cameras sampling 
at a frequency of 100 Hz.  
 

   

(a) (b) (c) 
Fig. 1. A subject performing (a) standing (b) bending (c) lifting movement with reflective 
markers attached to the subject’s body 

 
To observe the spine activity during the standing-bending-lifting movement, eight markers were 

attached on the right and left posterior superior iliac spines (RPSIS and LPSIS), the midpoint between 
the inferior angles of most caudal points of the two scapulae (MAI), the seventh cervical vertebra 
(C7), the second thoracic vertebra (T2), and of the first, third, and fifth lumbar vertebra (L1, L3, and 
L5). The markers attachment is shown as in Figure 2. The selection of points for marker attachment 
on the spine is following the study by Leardini et al., [12]. The five best standing-bending-lifting trials 
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with no marker loss were selected and processed using Visual 3D software to calculate the segmental 
motion data. 
 

 
Fig. 2. The location of 
markers attached on the 
spine 

 
2.1.3 EMG data collection 

 
Eight Trigno Avanti Wireless Sensors were placed on subject skin at the back muscles on different 

locations (Figure 3). Four back muscles were chosen for this experiment: left and right erector spinae, 
left and right latissimus dorsi, left and right external obliques and left and right internal obliques 
following the previous studies [13-15]. 
 

 
Fig. 3. The location of Trigno Avanti Wireless Sensors on back muscles 

 
Sensor configuration and collection of data were initiated using Trigno software called EMG works 

Acquisition installed on a PC. The base station is connected to the PC via the USB port to acquire data. 
However, it is important to ensure that the sensors are paired to the base station to provide wireless 
conveyance to the base station and to transmit the collected data to the EMG works Acquisition from 
the base station. This pairing can be done by placing the sensors on the base station magnet where 
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the sensors will blink green to indicate a successful pair and only after that the sensors can be put on 
the skin. This study used Delsys EMGs (Trigno™ Wireless System, Delsys Incorporated, Natick, USA) 
with acquisition frequency of 1000 Hz as in previous studies [16-19]. 
 
2.1.4 Lifting data collection procedure 
 

Details of the experiment protocol were explained to the subjects. The weight and height of the 
subjects were measured and recorded. Each of body segments was measured. The 28 markers were 
placed on the subject’s body. Before the subjects start to lift the weight plate, they need to stand on 
the platform for QTM to capture the static posture through the cameras. The static trial was 
necessary so that the model could be appropriately scaled and applied to the subject. Based on 
Manual Handling Guideline & Regulations from DOSH, recommended lifting weight for men is 10kg 
at the limit and for women it is at 7 kg at the limit. Following the guidelines, the load used in this 
experiment is only 3kg (minimum weight for men and women) to avoid unnecessary consequences 
to the subject such as back pain. To start the experiment procedure, a weight plate of 3 kg was placed 
on the platform and the subject need to lift it. All the six cameras captured the movement of the 
subject. Subjects performed 10 trials where each trial is recorded separately. Kinematic data and 
EMG data collection were recorded and collected simultaneously. 

 
2.2 Data Processing 
2.2.1 Kinematic data processing 
 

Each flexion-extension angle from orientation of the trunk segment for each subject was 
calculated in Visual3D using an X-Y-Z (flexion/extension, medial/lateral rotation and 
abduction/adduction) Cardan rotation sequence. Visual3D used marker trajectories to model and to 
define segment properties such as the segments proximal and distal ends, and the segments 
geometry. To do this, the imported dynamic files were assigned to static files. Static file contains all 
the markers used during experiment so that all the segments can be defined. All tracked and labelled 
trials in QTM were exported and save as .c3d file into Visual3D™ (Version 3.91, C-Motion, USA) and 
run through the Visual3D for the model building and to process the needed kinematics data. Before 
building the model, the markers were interpolated and filtered. Following the Visual3D tutorial of 
signal processing, a 3rd order polynomial was used to interpolate the marker trajectories and was 
filtered using low-pass Butterworth filter with a 6.0 Hz cut-off frequency [20]. To build the model, the 
static trial .c3d file loaded to Visual3D. 

The purpose of the anatomy model building is to analyse the movement of the skeletal system 
under the markers. In this study, pelvis acted as the base segment of the model, followed by the 
thorax, left and right upper arm, left and right forearm, left and right hand and lastly, left and right 
thigh. The model uses global optimisation to determine the position of the segments and their 
direction of orientation. Each segment has its own coordinate system, which is at a specific 
transformation relative to the global or laboratory coordinates system. 

 
2.2.2 EMG data processing 

 
The collected muscles data were saved as .hpf file in the PC. Data collected using Delsys EMG 

wireless sensors were processed using the EMG works Analysis software as suggested in previous 
studies [21,22]. EMG works Analysis was used to process all the EMG signals and the results are 
exported into Excel as .txt file. 
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2.3 Data Analysis 
 

The orientation of flexion-extension for the spinal vertebrae was determined using calculations 
in Visual3D. The obtained angles for each part were exported to MATLAB. Mathematical data was 
developed using Matlab (version R2019a 9.6.0.1072779, MathWorks, Natick, MA, USA). Data was 
exported from Excel .txt file and computed in MATLAB using the mathematical model. 

Next, using the Root Mean Square (RMS) function, the square root of the energy contained in the 
EMG signal was calculated for each sensor to provide a parameter for studying muscle strength 
during lifting activity [20]. According to Nur et al., [23], the RMS value correlate with the square root 
of the average power of the raw EMG signal in a given period of time. The RMS used to determine 
the muscle signals is expressed as follows: 
 

1 2
1

N
RMS xiN i

= ∑
=

                                                                                             (1) 

 
2.4 Mathematical Model 
 

Figure 4 illustrates the position of spinal vertebrae when lifting. There are five kinematic chains 
involved in this which are segment A, B, C, D and E. N is the pelvis which is the reference frame for 
this model where the segmental angles are measured by referring to it. Segment A includes the part 
of N to L5, segment B from L5 to L3, segment C from L3 to L1, segment D from L1 to T7 and segment 
E from T7 to T2. 𝜌𝜌 is the length of segment which includes part from end of proximal to mass center, 
𝑙𝑙 is the total length of segment. 
                  

 
Fig. 4. Five kinematic chains represent the spinal vertebrae 
during lifting activity 
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Rigid bodies of A, B, C, D, E and the reference frame N are joined together with frictionless pins 
at the endpoint of each segment (circle with no fill). These endpoints were referred as A0, B0, C0, D0 
and E0. Triads of mutually perpendicular unit vectors define vector component directions for each of 
these four rigid body reference frames. The mass centroids (circle with fill) referred as A*, B*, C*, D* 
and E* for the respective bodies are located at distances ρA, ρB, ρC, ρD and ρE from their proximal 
ends. A torque τN A⁄  is exerted by N on A, torque τA B⁄  is exerted by A on B, torque τB C⁄  is exerted by B 
on C, torque τC D⁄  is exerted by C on D, torque τD E⁄  is exerted by D on E. An endpoint force of arbitrary 
direction and magnitude, F⃗=f1n�1+f1n�2 is exerted by an external influence at the endpoint of the 
linkage, D0. 
 
2.5 Anthropometric Data 
 

To ensure an accurate measurement, the total length of the segment was obtained from a study 
conducted by Singh et al., [24]. The subject used in previous study is in agreement with the average 
height and weight of the subjects in this study where only male subjects were included. Based on the 
model, the total length of the segment is represented by lA, lB, lC, lD, lE and lF. The distance between 
the proximal and the centre of each segment mass is represented by notation ρA, ρB, ρC, ρD, ρE and 
ρF. The segment masses were needed for calculating gravitational forces and linear inertial terms, 
and to estimate the segment moments of inertia from angular inertial terms. The mass of each 
segment is represented by the notations mA, mB, mC, mD, mE and mF as found in the model. The mass 
of each segment is calculated based on the mass of the subjects and the mass fraction of each 
segment. The mass of each vertebral body mass was based on the predictions by Pearsall et al., [25]. 
This study was corresponded to the average mass and height of subjects’ body and they varied by 
less than one percent. The moment of inertia of the center of mass of each segment is represented 
by the notation IA, IB, IC, ID, IE and IF as found in the model. Table 2 shows the estimate mass, inertia 
and length for vertebral segments. 
 

Table 2 
Mass, inertia and length estimates of vertebral segments 
Segment Mass (kg) Inertia (kgm2) Length (m) 
Segment 1 (L5-L3) 5.2926 0.00963 0.07629 
Segment 2 (L3-L1) 5.0356 0.00926 0.07671 
Segment 3 (L1-MAI) 9.4636 0.06754 0.151125 
Segment 4 (MAI-T2) 5.5277 0.01977 0.10698 
Segment 5 (T2-C7) 2.4054 0.00156 0.04549 

 
2.6 Gordon’s Method 
 

The generalised coordinates for a five planar linkage are defined using segmental angles 
measured from a horizontal plane. The following equation is the auxiliary variables; µ, δ and γ for the 
spine: 
 

Auxiliary variables: 
 
𝜇𝜇1 = 𝑙𝑙𝐴𝐴(𝑚𝑚𝐵𝐵 + 𝑚𝑚𝐶𝐶 + 𝑚𝑚𝐷𝐷 + 𝑚𝑚𝐸𝐸)                                                                       (2) 
 
𝜇𝜇2 = 𝑙𝑙𝐵𝐵(𝑚𝑚𝐶𝐶 + 𝑚𝑚𝐷𝐷 + 𝑚𝑚𝐸𝐸)                                                                        (3) 
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𝜇𝜇3 = 𝑙𝑙𝐶𝐶(𝑚𝑚𝐷𝐷 + 𝑚𝑚𝐸𝐸)                                                                                (4) 
 
𝜇𝜇4 = 𝑙𝑙𝐷𝐷(𝑚𝑚𝐸𝐸)                                                                                        (5) 
 
𝜇𝜇5 = 0                                                                                               (6) 
 

𝛿𝛿1 = 𝑙𝑙𝐴𝐴
2 (𝑚𝑚𝐵𝐵+𝑚𝑚𝐶𝐶+𝑚𝑚𝐷𝐷+𝑚𝑚𝐸𝐸)+𝐼𝐼𝐴𝐴+𝑚𝑚𝐴𝐴𝜌𝜌𝐴𝐴

2

𝑙𝑙𝐴𝐴
                                                                  (7) 

 

𝛿𝛿2 = 𝑙𝑙𝐵𝐵
2 (𝑚𝑚𝐶𝐶+𝑚𝑚𝐷𝐷+𝑚𝑚𝐸𝐸)+𝐼𝐼𝐵𝐵+𝑚𝑚𝐵𝐵𝜌𝜌𝐵𝐵

2

𝑙𝑙𝐵𝐵
                                                                        (8) 

 

𝛿𝛿3 = 𝑙𝑙𝐶𝐶
2(𝑚𝑚𝐷𝐷+𝑚𝑚𝐸𝐸)+𝐼𝐼𝐶𝐶+𝑚𝑚𝐶𝐶𝜌𝜌𝐶𝐶

2

𝑙𝑙𝐶𝐶
                                                                                (9) 

 

𝛿𝛿4 = 𝑙𝑙𝐷𝐷
2 (𝑚𝑚𝐸𝐸)+𝐼𝐼𝐷𝐷+𝑚𝑚𝐷𝐷𝜌𝜌𝐷𝐷

2

𝑙𝑙𝐷𝐷
                                                                                   (10) 

 

𝛿𝛿5 = 𝐼𝐼𝐸𝐸+𝑚𝑚𝐸𝐸𝜌𝜌𝐸𝐸
2

𝑙𝑙𝐸𝐸
                                                                                           (11) 

 
𝛾𝛾1 = 𝑙𝑙𝐴𝐴𝑚𝑚𝐵𝐵 + 𝑙𝑙𝐴𝐴𝑚𝑚𝐶𝐶 + 𝑙𝑙𝐴𝐴𝑚𝑚𝐷𝐷 + 𝑙𝑙𝐴𝐴𝑚𝑚𝐸𝐸 + 𝑚𝑚𝐴𝐴𝜌𝜌𝐴𝐴                                                      (12) 
 
𝛾𝛾2 = 𝑙𝑙𝐵𝐵𝑚𝑚𝐶𝐶 + 𝑙𝑙𝐵𝐵𝑚𝑚𝐷𝐷 + 𝑙𝑙𝐵𝐵𝑚𝑚𝐸𝐸 + 𝑚𝑚𝐵𝐵𝜌𝜌𝐵𝐵                                                                             (13) 
 
𝛾𝛾3 = 𝑙𝑙𝐶𝐶𝑚𝑚𝐷𝐷 + 𝑙𝑙𝐶𝐶𝑚𝑚𝐸𝐸 + 𝑚𝑚𝐶𝐶𝜌𝜌𝐶𝐶                                                                              (14) 
 
𝛾𝛾4 = 𝑙𝑙𝐷𝐷𝑚𝑚𝐸𝐸 + 𝑚𝑚𝐷𝐷𝜌𝜌𝐷𝐷                                                                                    (15) 
 
𝛾𝛾5 = 𝑚𝑚𝐸𝐸𝜌𝜌𝐸𝐸                                                                                            (16) 
 

Mass Matrix, M: 
 
𝑀𝑀11 = 𝑙𝑙𝐴𝐴2𝑚𝑚𝐵𝐵 + 𝑙𝑙𝐴𝐴2𝑚𝑚𝐶𝐶 + 𝑙𝑙𝐴𝐴2𝑚𝑚𝐷𝐷 + 𝑙𝑙𝐴𝐴2𝑚𝑚𝐸𝐸 + 𝐼𝐼𝐴𝐴 + 𝑚𝑚𝐴𝐴𝜌𝜌𝐴𝐴2                                               (17)

  
𝑀𝑀22 = 𝑙𝑙𝐵𝐵2𝑚𝑚𝐶𝐶 + 𝑙𝑙𝐵𝐵2𝑚𝑚𝐷𝐷 + 𝑙𝑙𝐵𝐵2𝑚𝑚𝐸𝐸 + 𝐼𝐼𝐵𝐵 + 𝑚𝑚𝐵𝐵𝜌𝜌𝐵𝐵2                                                        (18) 
 
𝑀𝑀33 = 𝑙𝑙𝐶𝐶2𝑚𝑚𝐷𝐷 + 𝑙𝑙𝐶𝐶2𝑚𝑚𝐸𝐸 + 𝐼𝐼𝐶𝐶 + 𝑚𝑚𝐶𝐶𝜌𝜌𝐶𝐶2                                                                     (19) 
 
𝑀𝑀44 = 𝑙𝑙𝐷𝐷2𝑚𝑚𝐸𝐸 + 𝐼𝐼𝐷𝐷 + 𝑚𝑚𝐷𝐷𝜌𝜌𝐷𝐷2                                                                              (20) 
 
𝑀𝑀55 = 𝐼𝐼𝐸𝐸 + 𝑚𝑚𝐸𝐸𝜌𝜌𝐸𝐸2                                                                                    (21) 
 
𝑀𝑀12 = 𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 cos 𝑞𝑞1 − 𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 cos 𝑞𝑞2 + 𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝑙𝑙𝐴𝐴 cos 𝑞𝑞1 − 𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 cos 𝑞𝑞2 + 𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 −
𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 + 𝑚𝑚𝐵𝐵𝑙𝑙𝐴𝐴𝜌𝜌𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 − 𝑚𝑚𝐵𝐵𝑙𝑙𝐴𝐴𝑝𝑝𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2                                                           (22) 

         
𝑀𝑀13 = 𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝑙𝑙𝐶𝐶 cos 𝑞𝑞1 − 𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝑙𝑙𝐶𝐶 cos 𝑞𝑞3 + 𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 + 𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝜌𝜌𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 −
𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝜌𝜌𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3                                                                                           (23) 
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𝑀𝑀14 = 𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐷𝐷 cos 𝑞𝑞1 −𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐷𝐷 cos 𝑞𝑞4 + 𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 − 𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4                              (24) 
 

𝑀𝑀15 = 𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝜌𝜌𝐸𝐸 cos 𝑞𝑞1 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝜌𝜌𝐸𝐸 cos 𝑞𝑞5                                                                    (25) 
 
𝑀𝑀23 = 𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝑙𝑙𝐶𝐶 cos 𝑞𝑞2 − 𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝑙𝑙𝐶𝐶 cos 𝑞𝑞3 + 𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 + 𝑚𝑚𝐶𝐶𝑙𝑙𝐵𝐵𝜌𝜌𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 −
𝑚𝑚𝐶𝐶𝑙𝑙𝐵𝐵𝜌𝜌𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3                                                                                           (26) 

 
𝑀𝑀24 = 𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4 + 𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 −𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4                              (27) 
 
𝑀𝑀25 = 𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5                                                                   (28) 
 
𝑀𝑀34 = 𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4 + 𝑚𝑚𝐷𝐷𝑙𝑙𝐶𝐶𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 − 𝑚𝑚𝐷𝐷𝑙𝑙𝐶𝐶𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4                              (29) 
 
𝑀𝑀35 = 𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5                                                                   (30) 
 
𝑀𝑀45 = 𝑚𝑚𝐸𝐸𝑙𝑙𝐷𝐷𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐷𝐷𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5                                                                    (31) 
 
𝑀𝑀21 = 𝑚𝑚12                                                                                            (32) 
 
𝑀𝑀31 = 𝑚𝑚13                                                                                            (33) 
 
𝑀𝑀32 = 𝑚𝑚23                                                                                            (34) 
 
𝑀𝑀41 = 𝑚𝑚14                                                                                            (35) 
 
𝑀𝑀51 = 𝑚𝑚15                                                                                            (36) 
 
𝑀𝑀42 = 𝑚𝑚24                                                                                            (37) 
 
𝑀𝑀43 = 𝑚𝑚34                                                                                            (38) 
 

Vector of Applied Torques, 𝑇𝑇�⃑  
 
𝑇𝑇1 = (𝜏𝜏𝑁𝑁/𝐴𝐴 − 𝜏𝜏𝐴𝐴/𝐵𝐵) ∙ 𝑛𝑛�3                                                                                   (39) 
 
𝑇𝑇2 = (𝜏𝜏𝐴𝐴/𝐵𝐵 − 𝜏𝜏𝐵𝐵/𝐶𝐶) ∙ 𝑛𝑛�3                                                                                   (40) 
 
𝑇𝑇3 = (𝜏𝜏𝐵𝐵/𝐶𝐶 − 𝜏𝜏𝐶𝐶/𝐷𝐷) ∙ 𝑛𝑛�3                                                                                   (41) 
 
𝑇𝑇4 = (𝜏𝜏𝐶𝐶/𝐷𝐷 − 𝜏𝜏𝐷𝐷/𝐸𝐸) ∙ 𝑛𝑛�3                                                                                   (42) 
 
𝑇𝑇5 = (𝜏𝜏𝐷𝐷/𝐸𝐸) ∙ 𝑛𝑛�3                                                                                           (43) 
 

Vector of moments from gravitational forces, 𝐺⃑𝐺 
 
𝐺𝐺1 = −𝑚𝑚𝐵𝐵𝑔𝑔(𝑙𝑙𝐴𝐴 cos 𝑞𝑞1) −𝑚𝑚𝐶𝐶𝑔𝑔(𝑙𝑙𝐴𝐴 cos 𝑞𝑞1) −𝑚𝑚𝐷𝐷𝑔𝑔(𝑙𝑙𝐴𝐴 cos 𝑞𝑞1) −𝑚𝑚𝐸𝐸(𝑙𝑙𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1) −𝑚𝑚𝐴𝐴𝑔𝑔(𝜌𝜌𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1)   (44) 
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𝐺𝐺2 = −𝑚𝑚𝐶𝐶𝑔𝑔(𝑙𝑙𝐵𝐵 cos 𝑞𝑞2) −𝑚𝑚𝐷𝐷𝑔𝑔(𝑙𝑙𝐵𝐵 cos𝑞𝑞2) −𝑚𝑚𝐸𝐸𝑔𝑔(𝑙𝑙𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2) −𝑚𝑚𝐵𝐵𝑔𝑔(𝜌𝜌𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2)                        (45) 
 
𝐺𝐺3 = −𝑚𝑚𝐷𝐷𝑔𝑔(𝑙𝑙𝐶𝐶 cos 𝑞𝑞3) −𝑚𝑚𝐸𝐸𝑔𝑔(𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3) −𝑚𝑚𝐶𝐶𝑔𝑔(𝜌𝜌𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3)                                             (46) 
 
𝐺𝐺4 = −𝑚𝑚𝐸𝐸𝑔𝑔(𝑙𝑙𝐷𝐷 cos 𝑞𝑞4) −𝑚𝑚𝐷𝐷𝑔𝑔(𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4)                                                              (47) 
 
𝐺𝐺5 = −𝑚𝑚𝐸𝐸𝑔𝑔(𝜌𝜌𝐸𝐸 cos 𝑞𝑞5)                                                                                   (48) 
 

Vector of moments from external forces and torques, 𝐸𝐸�⃑  
 
𝐸𝐸1 = 𝑓𝑓2(𝑙𝑙𝐴𝐴 cos 𝑞𝑞1) − 𝑓𝑓1(𝑙𝑙𝐴𝐴 sin 𝑞𝑞1)                                                                     (49) 
 
𝐸𝐸2 = 𝑓𝑓2(𝑙𝑙𝐵𝐵 cos 𝑞𝑞2) − 𝑓𝑓1(𝑙𝑙𝐵𝐵 sin 𝑞𝑞2)                                                                     (50) 
 
𝐸𝐸3 = 𝑓𝑓2(𝑙𝑙𝐶𝐶 cos 𝑞𝑞3) − 𝑓𝑓1(𝑙𝑙𝐶𝐶 sin 𝑞𝑞3)                                                                     (51) 
 
𝐸𝐸4 = 𝑓𝑓2(𝑙𝑙𝐷𝐷 cos 𝑞𝑞4) − 𝑓𝑓1(𝑙𝑙𝐷𝐷 sin 𝑞𝑞4)                                                                     (52) 
 
𝐸𝐸5 = 𝑓𝑓2(𝑙𝑙𝐸𝐸 cos 𝑞𝑞5) − 𝑓𝑓1(𝑙𝑙𝐸𝐸 cos𝑞𝑞5)                                                                     (53) 
 

The equations of motion can be written in the matrix form: 
 
𝑀𝑀𝑄̈𝑄 = 𝑇𝑇�⃗ + 𝐸𝐸�⃗ + 𝐺⃗𝐺                                                                                    (54) 
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𝑙𝑙𝐴𝐴
2𝑚𝑚𝐵𝐵+𝑙𝑙𝐴𝐴

2𝑚𝑚𝐶𝐶+𝑙𝑙𝐴𝐴
2𝑚𝑚𝐷𝐷+

𝑙𝑙𝐴𝐴
2𝑚𝑚𝐸𝐸+𝐼𝐼𝐴𝐴+𝑚𝑚𝐴𝐴𝜌𝜌𝐴𝐴

2

𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1 −𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2 +
𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝑙𝑙𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1 −𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2 +
𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 −𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 +
𝑚𝑚𝐵𝐵𝑙𝑙𝐴𝐴𝜌𝜌𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 − 𝑚𝑚𝐵𝐵𝑙𝑙𝐴𝐴𝑝𝑝𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2

𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝑙𝑙𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1 −
𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝑙𝑙𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞3 +
𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 −
𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 +
𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝜌𝜌𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 −
𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝜌𝜌𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3

𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐷𝐷 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1 −
𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐷𝐷 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞4 +
𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 −
𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4

𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝜌𝜌𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1−
𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝜌𝜌𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞5

𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1 − 𝑚𝑚𝐶𝐶𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2 +
𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝑙𝑙𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1 − 𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2 +
𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 +
𝑚𝑚𝐵𝐵𝑙𝑙𝐴𝐴𝜌𝜌𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 − 𝑚𝑚𝐵𝐵𝑙𝑙𝐴𝐴𝑝𝑝𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2

𝑙𝑙𝐵𝐵
2𝑚𝑚𝑐𝑐+𝑙𝑙𝐵𝐵

2𝑚𝑚𝐷𝐷+𝑙𝑙𝐵𝐵
2𝑚𝑚𝐸𝐸

𝐼𝐼𝐵𝐵+𝑚𝑚𝐵𝐵𝜌𝜌𝐵𝐵
2

𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝑙𝑙𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2 −
𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝑙𝑙𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞3 +
𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 −
𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝑙𝑙𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 +
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𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 −
𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4 +
𝑚𝑚𝐷𝐷𝑙𝑙𝐶𝐶𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 −
𝑚𝑚𝐷𝐷𝑙𝑙𝐶𝐶𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4

𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3−
𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5

𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐷𝐷 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1−𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝑙𝑙𝐷𝐷 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞4+
𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1−𝑚𝑚𝐷𝐷𝑙𝑙𝐴𝐴𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4

𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2−𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4+
𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2−𝑚𝑚𝐷𝐷𝑙𝑙𝐵𝐵𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4

𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 −
𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝑙𝑙𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4 +
𝑚𝑚𝐷𝐷𝑙𝑙𝐶𝐶𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 −
𝑚𝑚𝐷𝐷𝑙𝑙𝐶𝐶𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4

𝑙𝑙𝐷𝐷2𝑚𝑚𝐸𝐸 + 𝐼𝐼𝐷𝐷 + 𝑚𝑚𝐷𝐷𝜌𝜌𝐷𝐷2
𝑚𝑚𝐸𝐸𝑙𝑙𝐷𝐷𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4−
𝑚𝑚𝐸𝐸𝑙𝑙𝐷𝐷𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5

𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝜌𝜌𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1−
𝑚𝑚𝐸𝐸𝑙𝑙𝐴𝐴𝜌𝜌𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5

𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 − 𝑚𝑚𝐸𝐸𝑙𝑙𝐵𝐵𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5
𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 −
𝑚𝑚𝐸𝐸𝑙𝑙𝐶𝐶𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5

𝑚𝑚𝐸𝐸𝑙𝑙𝐷𝐷𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4 −
𝑚𝑚𝐸𝐸𝑙𝑙𝐷𝐷𝜌𝜌𝐸𝐸𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞5

𝐼𝐼𝐸𝐸 + 𝑚𝑚𝐸𝐸𝜌𝜌𝐸𝐸2 ⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

  

⎣
⎢
⎢
⎢
⎡
𝑞𝑞1̈
𝑞𝑞2̈
𝑞𝑞3̈
𝑞𝑞4̈
𝑞𝑞5̈⎦
⎥
⎥
⎥
⎤

 = 

⎣
⎢
⎢
⎢
⎢
⎡
(𝜏𝜏𝑁𝑁/𝐴𝐴 − 𝜏𝜏𝐴𝐴/𝐵𝐵) ∙ 𝑛𝑛�3
(𝜏𝜏𝐴𝐴/𝐵𝐵 − 𝜏𝜏𝐵𝐵/𝐶𝐶) ∙ 𝑛𝑛�3
(𝜏𝜏𝐵𝐵/𝐶𝐶 − 𝜏𝜏𝐶𝐶/𝐷𝐷) ∙ 𝑛𝑛�3
(𝜏𝜏𝐶𝐶/𝐷𝐷 − 𝜏𝜏𝐷𝐷/𝐸𝐸) ∙ 𝑛𝑛�3

(𝜏𝜏𝐷𝐷/𝐸𝐸) ∙ 𝑛𝑛�3 ⎦
⎥
⎥
⎥
⎥
⎤

+ 

⎣
⎢
⎢
⎢
⎢
⎡
𝑓𝑓2(𝑙𝑙𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1) − 𝑓𝑓1(𝑙𝑙𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠 𝑞𝑞1)
𝑓𝑓2(𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2) − 𝑓𝑓1(𝑙𝑙𝐵𝐵 𝑠𝑠𝑠𝑠𝑠𝑠 𝑞𝑞2)
𝑓𝑓2(𝑙𝑙𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞3) − 𝑓𝑓1(𝑙𝑙𝐶𝐶 𝑠𝑠𝑠𝑠𝑠𝑠 𝑞𝑞3)
𝑓𝑓2(𝑙𝑙𝐷𝐷 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞4) − 𝑓𝑓1(𝑙𝑙𝐷𝐷 𝑠𝑠𝑠𝑠𝑠𝑠 𝑞𝑞4)
𝑓𝑓2(𝑙𝑙𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞5)− 𝑓𝑓1(𝑙𝑙𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞5)⎦

⎥
⎥
⎥
⎥
⎤

+ 

⎣
⎢
⎢
⎢
⎡
−𝜌𝜌𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞1 −𝑙𝑙𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1 −𝑙𝑙𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1 −𝑙𝑙𝐴𝐴 𝑐𝑐𝑜𝑜𝑠𝑠 𝑞𝑞1 −𝑙𝑙𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞1

0 −𝜌𝜌𝐵𝐵𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞2 −𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2 −𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2 −𝑙𝑙𝐵𝐵 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞2
0 0 −𝜌𝜌𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞3 −𝑙𝑙𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞3 −𝑙𝑙𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞3
0 0 0 −𝜌𝜌𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑞𝑞4 −𝑙𝑙𝐷𝐷 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞4
0 0 0 0 −𝜌𝜌𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐 𝑞𝑞5⎦

⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎡
𝑚𝑚𝐴𝐴𝑔𝑔
𝑚𝑚𝐵𝐵𝑔𝑔
𝑚𝑚𝐶𝐶𝑔𝑔
𝑚𝑚𝐷𝐷𝑔𝑔
𝑚𝑚𝐸𝐸𝑔𝑔⎦

⎥
⎥
⎥
⎤
                     (55) 

 
By rearranging the Eq. (54) and Eq. (55), the value of join torque at each joint can be calculated.  
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3. Results  
 

The goal of this study is to develop a three-dimensional dynamic model of the spine. The model 
evaluation provided evidence that the result obtained from mathematical model was reliable. All the 
calculations were carried out in MATLAB and Microsoft Excel. 
 
3.1 Muscle Activities 
 

The muscle activities were evaluated using the root mean square (RMS) to determine the 
activation level of back muscle during lifting. RMS value was chosen because it is one of the 
parameters that is most frequently used in scientific research and because it is more accurately 
depicts the levels of muscular activity both at rest and during contraction [26]. Also, RMS is important 
to point out the muscle activation strength [27]. Figure 5 indicates the average RMS values for each 
muscle involved. The bar graph illustrated the average RMS of the left and right erector spinae, 
latissimus dorsi, external oblique and internal oblique for all seven subjects. There is a clear 
difference in RMS of muscle activity. Muscle with the highest RMS value was internal oblique (IO) 
followed by external oblique (EO). Meanwhile, latissimus dorsi (LD) had the lowest RMS values where 
both right and left muscle were lowest in RMS when compared to other back muscles.  
 

 
Fig. 5. Average root mean square (RMS) during lifting activity on different back muscles 

 
The distributions of RMS are different between each muscle. Internal oblique muscle 

demonstrated the highest muscle activity followed by external oblique, erector spinae and latissimus 
dorsi. This can be explained as muscle activity tended to be redistributed to the lumbar region during 
lifting [28]. The subject also tend to perform right lateral bending during lifting movement which 
might impact a difference in right and left external and internal oblique. The beginning phase of trunk 
extension motion (pre-bending) is initiated by pelvis moment while the ending phase (post-bending) 
is achieved mainly by lumbar spine extension motion [29]. So, the EMG redistribution may be related 
to the duration of the lumbar muscles are active as depicted in [28,30].  
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3.2 Mathematical Model using Gordon’s Method 
 

Gordon’s method was used to evaluate the value of torques during rotation at L5. Based on 
calculation result from Gordon’s method, the developed mathematical model was able to give a good 
performance. Figure 6 illustrated the graph of average torques at L5 calculate from all subjects. 

 

 
Fig. 6. Average torque at L5 of all subjects 

 
In order to evaluate the mathematical model, this study compares the value of torque at L5 during 

bending with previous studies [31,32]. At time zero, subject was performing maximal bending. 
Torque estimates from the model at L5 during lifting activity agreed well with published values. Since 
this study is in consistent with the previous studies, the Gordon’s method was extended to calculate 
torque at L3, L1, MAI and T2 during lifting activity. Figure 7 illustrated the torques at L3, L1, MAI and 
T2.  
 

  
(a) (b) 

  
(c) (d) 

Fig. 7. Average torque at L3, L1, MAI and T2 during lifting activity for all subjects: a) average 
torque at L5 b) average torque at L1 c) average torque at MAI d) average torque at T2 
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Table 3 shows the average peak of torques during lifting activity where L1 produced greater 
torques during lifting activity followed by L3, MAI, L5 and T2. The validation of the torque at L5 served 
as a good example of the validation techniques employed for the entire model.  
 

Table 3 
Mass, inertia and length estimates of vertebral segments 

Joint L5 L3 L1 MAI T2 
Average of Torque 
(kgm2s-2) 

0 – 30 7 - 18 0 - 25 0 - 6 0 - 1 

 
During lifting activity, the average torque value at L5 was 0 – 30 kgm²/s², which indicated safe 

lifting load for healthy subject and less dangerous than the maximum permissible limit of 30-40 
kgm2s-2 reported by Brosche et al., [31] and Dolan & Adams [32]. Hence, the comparison shows a 
good agreement with the value obtained in this study where the values do not exceed the limit for 
healthy subject recommended by previous studies. The average torque value at L3, L1, MAI, and T2 
were 7 – 18 kgm2s-2, 0 – 25 kgm2s-2, 0 – 6 kgm2s-2, 0 – 1 kgm2s-2, respectively. When looking at time 
zero (the time subjects performing maximal bending), the highest torque exerted were at L5, L3 and 
L1.  
 
4. Conclusions 
 

This study was conducted to develop a three-dimensional dynamic model for the spine during 
lifting activities comprises of five joints at L5, L3, L1, MAI and T2. The model was developed using 
Gordon method, which is a vector approach method for determining velocity and acceleration. The 
method introduces several important quantities for constructing dynamic equations of motion such 
as generalized velocity, partial linear velocity, partial angular velocity, generalised active force and 
generalised inertial force. Kinematic data obtained through experimental study was processed using 
Visual3D software by applying the Visual3D pipeline and computed using spline method as being 
done by previous study [33]. All the kinematic values were then used as an input in the mathematical 
model of the spine developed using Gordon’s method. The model was initially evaluated before being 
used to estimate the joint torques during lifting.  

The evaluation of the joint torque at L5 was compared to previous studies [31,32], and the result 
shows the model is adequate to estimate joint torque values at L3, L1, MAI and T2. Lifting demands 
a greater support from lumbar spine [34]. During maximal bending, the highest torque exerted were 
at L5, L3 and L1. This result is in agreement with EMG study where external oblique muscle and 
internal oblique located at lumbar body produced higher muscle activity during lifting. External 
oblique muscle generated large flexion moments during the extension during lifting [35]. Internal 
oblique acts to stabilize the spine and to compensate the fatigue of trunk muscles during repetitive 
trunk movements [36]. Hence, internal oblique increases their activity to compensate fatigue and the 
increase in muscle activation increase in spinal stability [36]. In fact, lumbar could be often damaged 
mechanically due to the asymmetric or unbalanced lifting movement where the heavy weight of an 
object is a critical factor to the lumbar damage [37]. The weakness on lumbar muscles been proposed 
to contribute to lumbar spine during lifting [38]. Decreased ability of the muscle to produce force 
may contribute to greater lumbar flexion during lifting [34]. 
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5. Strength and Limitations 
 

Gordon’s method has been used to develop the mathematical model consists of 5 joints, namely 
L5, L3, L1, MAI and T2. The benefit of Gordon’s method is that the equations of motion can be written 
in the most compact form as this method is constrained to open and unbranched kinematic chain. 
Therefore, Gordon’s method can help in deriving the equations of motion of more complicated 
model; i.e., whole body model consists of all segments. The study used bimodal approach – EMG 
analysis and mathematical model. EMG analysis showed that high muscle activity can be seen at 
internal and external oblique muscles. These results support the estimation of value of torque using 
the mathematical model where L5, L3 and L1 shows higher joint torque values compared to the other 
three joint.  

However, this study has limitations as the results may vary from one individual to another [21]. 
The variation might be because of the subject sometimes sweat during data collection and sweat 
build up beneath the electrodes may cause the EMG amplitude to become more sensitive [28]. There 
is also possibility that RMS is influenced by individual factors such as sensor location as stated in 
previous studies [27-29], body fat and individual skin condition [39]. As the task in this study 
conducted in repetitive condition, it is expected to accumulation of fatigued due to the subsequent 
changes of trunk motion and muscle activity [40]. Also, sample size remain is one of the limitations 
of this study. Only seven from ten subjects were analyzed as other three subjects were 
underrepresented in the data due to marker occlusion. Future work will incorporate the data of 
additional subjects to determine the significance of variables. However, analyzing more subjects may 
require many more hours of work, and the challenge in recruiting suitable subjects. Situations where 
retro-reflective markers continually fell off during the lifting were also an issue. After several trials of 
lifting, sweat began to accumulate on the skin of the subject and the markers to fall off more easily. 
So, before continuing the experiment, the markers need to be replaced, which might reduce the 
accuracy of the data. 
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