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The current research study is focusing on a mathematical model for free convection 
boundary flow on a horizontal circular cylinder in a viscoelastic nanofluid has been 
constructed in this paper with boundary conditions constant heat flux. The Tiwari and 
Das Nanofluid model have been chosen in this analysis to investigate more nanofluid 
effects. A dimensionless set of partial differential equations is formed by using suitable 
non-dimensional variables. The transformed boundary layer equations are solved 
numerically using a finite difference scheme namely the Keller-box method. The effects 
of a few chosen factors on flow and heat transmission are investigated. Numerical 
solutions were obtained for the reduced skin friction coefficient, Nusselt number and 
Sherwood number as well as the velocity and temperature profiles. The features of the 
flow and heat transfer characteristics for various values of the viscoelastic parameter 
and nanoparticles volume fraction were analysed and discussed.  
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1. Introduction 
 

Natural convection, often referred to as free convection, is a process, or form of mass and heat 
transfer, in which fluid motion is produced only by density variations within the fluid that arise 
because of temperature gradients, rather than by any external source like a pump, fan, suction 
device. Natural convection heat transfer has been researched for a long time because it is a model 
issue that is typical for many technical applications, including cooling electronics, heat exchangers, 
and other thermal systems. Recently, extensive research has been conducted on natural heat transfer 
such as [1-7]. Because of that, the heat transfers of natural convection that are applied on a 
horizontal circular cylinder also recently has attracted the attention of many researchers such as [8-
12] due to their importance in engineering and industrial technology. 

A few decades ago, the demands for heat transmission in industry, including manufacturing, 
refrigeration, automobiles, air conditioners, aviation, and other high-energy equipment, increased 
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quickly. The standard heat transfer techniques can scarcely keep up with the demands as they 
increase. Numerous variables that restrict the use of traditional procedures have been found after 
some research. Because they are less efficient at transferring heat than metal, one of the main 
limitations of traditional heat transmission is their poor thermal properties [13]. Increasing the 
thermal conductivity of fluids by suspending conducting particles became a viable method to address 
this poor attribute. However, the suspended particles in the range of micro to millimetres 
encountered a variety of issues, such as erosion caused by abrasive action, particle settling due to 
gravity, and blockage of narrow flow passageways. Despite having greater conductivities, they are 
still not useful as heat transfer fluids [14]. Nanometer-sized particles were used to replace these 
barriers. Argonne National Laboratory research by Choi [15] led to the concept's initial realization. 
Many researchers, such as [16-20], have undertaken extensive research on nanofluids with various 
effects and geometries. 

For the current research, the natural convection of a viscoelastic nanofluid past a horizontal 
circular cylinder with constant heat flux is theoretically investigated. The effects of Prandtl number, 
Pr and nanoparticles volume fraction,   and how these affect the thermal characteristics of the 

system are of particular interest. 
 

2. Methodology  
 
Choose the x-axis and y-axis such that they are orthogonal to one another. Consider a horizontal 

circular cylinder with radius a that is immersed in a nanofluid at room temperature T  and heated to 

a constant heat flux 
wq . Beginning at the lowest stagnation point = 0, and in the directions that are 

normal to it, the orthogonal coordinates of and are measured along the cylinder's surface. The 
dimensional governing equations of steady free convection boundary layer flow are given below [21, 
22], assuming that the boundary layer approximations are accurate. The system Eqs. (1) - (3) and Eqs 
(15) - (16), together with the boundary conditions (4) and (17), are solved numerically using an 
implicit finite-difference method known as the Keller-box method. The model has been solved in two 
types of equations where Eqs. (12) - (13) are in the form of PDE (full equation) and Eqs (15) - (16) are 
in the form of ODE (stagnation point) corresponding to boundary conditions (14) and (17), 
respectively. As the scheme is unconditionally stable, Newton’s method is first introduced to linearize 
the nonlinear system of equations before a block tridiagonal elimination method is employed on the 
coefficient matrix of the finite difference equations. The step size applied is 0.025 = . In this 

situation, the convergence criterion is set at 610−  which gives accuracy up to six decimal places. The 
model used in this work is the Tiwari and Das model [23], which is a single-phase model that employs 
the Brickman viscosity model. The dimensional governing equations of momentum equation and 
energy equation may be stated as follows under the presumptions and taking the nanofluid model 
into account. 
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where nfk  is the nanofluid thermal conductivity, T is the fluid temperature and 
wq  the constant heat 

flux. Table 1 provides the numerical values for the thermophysical characteristics of the base fluid 
and nanoparticles. 
 

Table 1 
Thermophysical characteristics between base fluid and nanoparticles 

Physical Properties ( )3kg m −
 ( )1 1J kg KpC − −

 ( )1 1Wm Kk − −
 ( )5 110 K −  

Base Fluid (CMC) 997.1 4179 0.613 21 
Nanoparticle (Cu) 8933 385 401 1.67 

 
The controlling non-dimensional variables were then introduced: 
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where Re is Reynolds number. The dimensionless system below is produced by replacing Eq. (5) with 
Eq. (1) through Eq. (3). 
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given the modified boundary conditions, 
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where Pr f p fC k=  is Prandtl number, o fK k U a=  is viscoelastic parameter. 

 
3. Mathematical Solution 
 

The following variables have been considered in order to solve Eq (6) through (8), subject to the 
boundary conditions (9). 
 

( ), ,xF x y =
 

( ), ,x y =
                     (10) 

 
are introduced where   is the stream function defined as 
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Eqs. (10) and (11) were substituted into Eq. (6) through Eq. (8) to achieve; 
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of which the following boundary conditions apply 
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When 0x  , the ordinary differential Eqs. (12) and (13) are as follows: 
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considering the boundary conditions 
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4. Results  
 

Analysis is done on the fluid flow behaviour for viscoelastic nanofluid via a horizontal circular 
cylinder subject to continuous heat flux. By comparing the skin friction and heat transfer coefficients 
with the findings from [24] and [25], the validity of numerical solutions is determined. The results as 
displayed in Table 2 have produced good agreements. 
 

Table 2 
Numerical values of fC  for different values of the x  at 0K = , Pr 1= , 0 =  

fC  w  

x  Merkin and Pop [24] Kasim et al., [25] Present Merkin and Pop [24] Kasim et al., [25] Present 

0.0 0.000 0.000000 0.0000 1.996 1.996116 1.99351 
0.2 0.274 0.279052 0.2786 1.999 1.997936 1.99482 
0.6 0.795 0.795651 0.7908 2.014 2.012061 2.01303 
1.0 1.241 1.243863 1.2455 2.043 2.041627 2.04159 

 
Figures 1 and 2 show graphs of skin friction and heat transfer coefficients as well as the impacts 

of nanoparticle volume fraction acting on fluid. It has been found that increasing the volume 
percentage of nanoparticles increases the measurements of skin friction and heat transfer. This is 
predicted because an increase in the volume percentage of nanoparticles improves the fluid's 
thermal conductivity, which causes an increase in the coefficients of skin friction and heat transfer. 

The impact of the Prandtl number on the skin friction coefficient and heat transfer coefficient in 
comparison to K = 1.0 and 0.03 =  is discussed in Figures 3 and 4. Figure 3 shows that, for a given 

value of Pr, the skin friction coefficient grows monotonically. Additionally, it should be remembered 
that when Pr increases, the skin friction coefficient lowers. Figure 4 illustrates how the skin friction 
coefficient decreased as the Prandtl number increased. Additionally, for a certain Pr, the heat transfer 
coefficient rises in a specific area before falling along the positive x-direction. 
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Fig. 1. Variation values of 0 =  for skin friction 

coefficient 
 Fig. 2. Variation values of 0 =  for heat transfer 

coefficient 
   

 

 

 
Fig. 3. Variation values of Pr for skin friction 
coefficient 

 Fig. 4. Variation values of Pr for heat transfer 
coefficient 

 
The fluid where the graphs of velocity and temperature profiles are presented in Figures 5 and 6 

is affected by the viscoelastic parameter, K. With an increase in the viscoelastic parameter, the 
profiles of velocity drop and grow while the temperature rises. According to the temperature profiles, 
a rise in the viscoelastic parameter's value causes a rise in the temperature distribution. The 
temperature then gradually drops to the surrounding air's temperature. This occurs because of the 
viscoelasticity's qualities, which combine both elastic and viscous traits. Due to the viscosity property, 
which states that a fluid with a higher viscosity opposes the motion, the velocity reduces as K 
increases. As K increases, the temperature profile accordingly rises. 
 

 

 

 
Fig. 5. Variation values of K for velocity profiles.  Fig. 6. Variation values of K for temperature 

profiles. 
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5. Conclusions 
 

The conclusions drawn from this modern research are as follows: Velocity slows down and 
increases with augmentation in viscoelastic parameters. In the meantime, skin friction and heat 
transfer coefficients increase when nanoparticles volume increase. Besides that, the effects of the 
Prandtl number show the opposite results where skin friction and heat transfer coefficients decrease 
for the increasing values of Pr.  
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