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simulation (SS) method. The analysis has been carried out by considering the spatial
variation of the soil properties of the slope. The correlation function and the correlation
distance (A) for the uncertain parameters are modelled using random field theory
developed by Vanmarcke. The factor of safety (FOS) of the slope is determined using
Ordinary method of slices. The reliability based probabilistic slope stability analysis has
been carried out in a MS-Excel spreadsheet to determine the probability of failure (Pf)
and reliability index (B) of the slope. The spreadsheet mainly consists of three parts
i.e., deterministic analysis, uncertainty analysis and uncertainty propagation. The study
shows that the SS method has shown better performance as compared to FOSM

Keywords: method and MCS method especially at low failure probability levels. Also, SS method
Spatial variation of soil; 3; P¢; FOSM; ensures the generation of samples in the failure region which is not always possible in
MCS; SS MCS method.

1. Introduction

The soil characteristics changes from one point to another point along both the horizontal as well
as vertical directions. These variations are termed as the inherent spatial variability of soil. Baecher
and Christian [1] studied that these inherent spatial variabilities of soil are independent in nature and
thus cannot be minimized. Phoon and Kulhawy [2,3] found out that the soil properties with same
elevation but different locations are nearly equal and the soil properties along the horizontal
direction are more correlated to each other as compared to the vertical direction. Lump [4] proposed
that the spatial variability of soil along the vertical direction if soil properties are normally distributed,
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can be modelled using the mean and standard deviation of the soil properties. But, the correlations
between the soil properties at different location were not taken into consideration. Similarly, if the
soil properties are log-normally distributed, then the spatial variability of soil along the vertical
direction can be modelled using the mean and standard deviation of the logarithmic parameters soil
properties [5]. Vanmarcke [6,7] modelled the variation in the soil properties with depth along the
different locations by developing the correlation between the soil properties in terms of correlation
function and correlation distance (A). This concept is also known as random field theory. The
correlation distance is defined as the significant distance up to which the soil property shows a strong
correlation among each other. The correlation between the soil properties at different locations are
characterized by a correlation function. Phoon and Kulhawy [2,3] suggested the typical value of
correlation distance in vertical direction in the range of 0.8 — 6.1 m and average value of 2.5 m.

The uncertainties present in the soil such as inherent spatial variability affects the analysis and
design of geotechnical structures [8]. The probabilistic method of analysis can help to account these
uncertainties in slope stability analysis [9]. In probabilistic slope stability analysis, the safety of the
slope is measured in terms of reliability index (f) or probability of failure (Pf) of the slope. The
probability of failure of the slope is defined as the probability of having factor of safety (FOS) value
less than one. The term reliability index and probability of failure are correlated to each other and
given as Eq. (1).

Pr=1- @)= @(=h) (1)

in which,® is the standard normal cumulative distribution function. As per U.S. army corps of
engineers [10], the values of 8 varies from 5 to 1, which corresponds to Pr of 3 X 1073 to 0.16. For
a better performance of a geotechnical structure, the value of  should be at least equal to 3 which
corresponds to Pr of 0.001 i.e., one out of thousand times, the structure will fail. The reliability index
(B) and probability of failure (Pf) of the slope can be estimated by several methods such as first-
order second moment (FOSM) method [11-17], Monte-Carlo simulation (MCS) method [14-22] and
Subset simulation (SS) method [21-25].

FOSM method is a very simple approach for performing the reliability based probabilistic analysis
of slope. The reliability index (f) of the slope is calculated by FOSM as Eq. (2).

B = Uros—1 (2)

OF0S

in which pgos is mean value of the factor of safety, orgs is standard deviation of the factor of safety.
The probability of failure (Pf) of slope is calculated using Eq. (1).

MCS method is a computational process of continuously calculating a mathematical operator to
obtain a numerical result. The mathematical operator contains the random samples of the uncertain
parameter having specified probability distributions [26]. The samples obtained from the MCS
method is analogous to the samples observed from a physical experiment. In MCS method for slope
stability, the mathematical operator is used to calculate the FOS of the slope and the failure occurs
when FOS < 1. To expect a desired performance in P, the number of samples to be generated is
equal to 10/Pf [18]. That means to obtain a failure probability level of 0.001, a total 10,000 samples
of FOS should be generated. The probability of failure (Pf) and its corresponding reliability index (8)
of the slope using MCS method is calculated as Eq. (3) and Eq. (4) respectively.
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number ofsamples having F.0.S <1 (i.e.failure samples)

Pf:

(3)

total number of samples

p=o7'(1-P) (4)

SS method is an advanced MCS method developed by Au et al., [21], Wang et al., [22], Au and
Wang [23] and Au and Beck [24] to improve the efficiency and resolution of MCS method especially
at low failure probability levels. This method uses Markov Chain Monte-Carlo Simulation [27,28]
method to generate the samples based on Bayes’ conditional probability theorem. This method uses
the concept that the small failure probability event can be expressed in terms of several intermediate
failure events having larger conditional probability. The conditional samples of these intermediate
failure events are generated using Markov Chains until the target failure region is obtained. Let Y =
FOS be the output for slope stability problem and the probability that Y is lesser than a threshold
value x is of interest, (i.e., P(Y = FOS < x))and x = x, < x,_1 <...< X, < x;be increasing
order of nintermediate threshold value.Let F; =Y < x;,i = 1,2,...,nbetheintermediate events.
The probability of failure can be written as Eq. (5).

Pr=P(Y < x)= P <x)PY <xp]Y <) X XP(Y < xpy|Y < xpp_1) (5)

The threshold intermediate values (i.e. x,, ...,X3,x;) are generated such that the sample
estimates of P(Y < x;) and {P(Y < x;|Y <x;_1),i =1,2,...,n} corresponds to a conditional
probability value equals to 0.10 [21-24]. The number of samples generated by SS depends on four
parameters i.e., number of runs (R), number of samples generated per level (N), Conditional
probability (P,) and highest SS level (m). The total number of samples generated by SS per run is
equaltoN + mN(1 — P,).

This paper presents reliability based probabilistic analysis of a soil slope using FOSM method, MCS
method and SS method. The four cases based on inherent spatial variation of soil properties of the
slope have been considered in this study. The value of correlation distance (1) among the uncertain
soil parameters along the vertical direction is taken as 2.0 m. The FOS of the soil slope is determined
using limit equilibrium based ordinary method of slices [29]. The analysis has been developed and
executed in a MS-Excel spreadsheet, which mainly consists of three parts i.e., deterministic model
generation, uncertainty model generation and uncertainty propagation [15-17]. It has been seen that
SS method has shown better performance as compared to FOSM method and MCS method especially
at low failure probability levels. Also, the number of samples generated by SS method has significantly
reduced as compared to the MCS method. Moreover, SS method guarantee the sample generation
in the failure region which is not always possible in MCS method.

2. Problem Statement

A soil slope considered by Malkawi et al., [30] has been studied to assess its reliability. The cross
section of the slope is shown in Figure 1.
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Fig. 1. Cross-section of the slope

The soil properties of slope and their coefficient of variation (c.o0.v) taken in this study are shown
in Table 1. The cohesion (c) and friction angle (¢) of the soil is considered as an uncertain parameter
and the unit weight of soil (y) is taken as constant. The hard stratum is present at 10 m below the
top of the soil slope.

Table 1
Soil properties and their c.o.v

Coefficient of variation, c.o.v. (v)

Soil parameters Mean value Case 1 Case? Case3 Cased
Cohesion, c 10.0kN/m?  0.10 0.20 0.30 0.40
Angle of internal friction, ¢ 10.0° 0.05 0.10 0.15 0.20
Unit weight, y 17.64 kN/m3 -

3. Methodology

The reliability analysis has been performed in a MS-Excel spreadsheet with the help of Visual Basic
for Application (VBA) functions. The spreadsheet mainly consists of three parts i.e., deterministic
model generation, uncertainty model generation and uncertainty propagation model. The
Deterministic model is developed to calculate the FOS value of the slope using ordinary method of
slices. In order to determine the FOS, the system parameters such as slope geometry, soil profile, soil
characteristics, slip surface geometry etc. should be properly defined in the deterministic model. The
deterministic model developed for the slope stability problem is shown in Figure 2. VBA codes have
been run for calculating the FOS values for different combinations of centre coordinates (x,y) and
radius of slip surface and then identifying the minimum value as the FOS of the slope, which
corresponds to the critical slip surface having centre coordinate(x,, y.) and radius(r). For slope
stability problem, the FOS is obtained as 1.29 having critical slip surface coordinate (3.8, 7.5) and
radius of 9.0 m.

An uncertainty model shown in Figure 3 is developed to generate the random samples of
uncertain soil parameters based on their probability distribution. The 10 m soil slope is assumed to
be divided into 10 layers of 1.0 m thickness. Total eleven independent and identically distributed
random variables are required at 11 depths. Let ¢ = [c¢;(d;), c,(d3), ..., ¢11(d11)]" be vector ofc;at
depthd;and ¢ = [¢p(d,), P,(dy), ..., P11(d11)]T be vector of ¢; at depth d;, wherei = 1,2, ...,11.
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Fig. 2. Deterministic model for slope stability problem

The inherent spatial variation in ¢ and ¢of soil along the vertical depth is modelled by 1-D random
field theory and are log-normally distributed having an exponential correlation function. Letc(d) and
¢(d)be the cohesion and friction angle of soil at depth(d), then the correlation between In[c;(d;)]
and ln[cj(dj)]and between In[¢;(d;)] and ln[¢j(dj)]at depth d; and d;is given as Eq. (6).

|di—d;|
E = RU =e(_2 i ]) (6)

in which R is the correlation function between the uncertain soil parameters and A is correlation
distance between the uncertain soil parameters. When the ¢ and ¢ of soil are log-normally
distributed, then in space domain as per Cao et al., [14], it can be represented as Eq. (7) and Eq. (8)
respectively.

In(c)=Ul+CLZ (7)
In(p) =ML+ DLZ (8)

where U and C are the mean and standard deviation of In[c(d)], M and D are the mean and standard
deviation of In[¢(d)], [ is a column vector with 11 components all equal to one, Z is 11 dimensional
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standard normal vector, L is a 11 x 11 dimensional lower triangular matrix obtained by Cholesky
decomposition of correlation function R such that R = LLT. The generation of L matrix is obtained
using MATLAB code.

Figure 3 shows the uncertainty model generated for coefficient of variation (c.o.v.) of cohesion
(v¢) and c.o.v. of friction angle (vy) equals to 0.10 and 0.05 respectively. Similarly, different
uncertainty models are generated for the different c.o.v. values of cohesion and friction angle. For
this slope stability problem, four different uncertainty models are generated for four cases. The value
of ¢ (cells D18:N18 of Figure 3) and ¢ (cells D24:N24 of Figure 3) generated are random and these
values are copied to the values of ¢ (cells D10:N10 in Figure 2) and ¢ (cells D11:N11 in Figure 2) in
deterministic model by entering formulas in the cells, which links both the model. Now, the values of
FOS which will be generated in the deterministic model will be random (Cell N7 in Figure 2). At this
stage, by pressing the F9 key in Excel can generate the random values of FOS and one can generate
the required sample size. In place of constantly pressing the F9 key, a VBA macro code has been
written and run in MS-Excel to calculate the n number of random samples of FOS at a time. For the
slope stability problem, a total of 5000 samples of the FOS are generated and reliability analysis of
the soil slope has been performed using FOSM method and MCS method.

A B c D E F G H J K L M N 0 P Q R ) T U v
1 Uncertainity Modelling Worksheet
2 Parameters
3 Mean of c (kPa) 10| U= 2.28761| mean of Ln(c) Mean of ¢ (degree) 10 M= 2.30134| mean of Ln(¢)
4 Std. of ¢ (kPa) 1 C= 0.09975|5td. of Ln(c) Std. of § (degree) 0.5 D= 0.04397|5td. of Ln(¢)
5 Covofc 0.1 A= 2m correlation length (assumed value) Covofd 0.05) A= 2m correlation length [assumed value)
6
7 Random Sample generation
8
9 Vertical depth (m) 5 4 3 2 1 0 -1 -2 -3 -4 5
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11 Std. NormallI.D.,Z 0.05| 0.5341| 0.1448| 18737( -1.7031| 16274 -0.587| -0.5041| 1.5843| 1.3661| 1.1662
12  PDFof Std. Normal I.1.D. 0.3384| 0.3453( 0.3948| 0.0563( 0.0936| 0.1061| 0.3358| 0.3513| 0.1136| 0.1568| 0.2021
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15
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17 |Ln(c)=U+C*L*Z 2.29262| 2.34531| 2.30173| 2.48218| 2.20756| 2.4154| 2.28652 2.24676| 2.4258| 2.47152| 2.46973
18 c(kPa) 9.90087| 10.4365( 9.99146| 11.9673( S5.0935| 11.1943| 9.84061| 9.457| 11.3124| 11.8405| 11.8193
13
20 Generation of Lognormal random field for ¢ by cholesky transformation
21
22 (L2 -0.05| 0.47821| 0.04132| 1.85031| -0.9027| 1.18086| -0.1112| -0.5098| 1.28605| 1.74343| 1.72543
23 |Ln(p)=M+D°L*Z 2.29884| 2.32523| 2.3034| 2.39379| 2.25623 2.36034| 2.29578| 2.27586| 2.3656| 2.38846| 2.38756
24 | ¢ (degree) 9.9626| 10.2291 10.0082| 10.955| 9.54701| 10.5946| 9.93218| 9.73631| 10.6504| 10.8967| 10.8869
25
26 Lower Traingular Matrix, L 5 - 3 1 0 -1 -2 -3 < -5
27 5 1 0 0 0 0 0 0 0 0 0 0
28 4] 03678 0.9298 0 0 0 0 0 0 0 0 0
29 3| 0.1353 0.3421) 05288 0 0 0 0| 0 0 0 0
30 2| 0.0488| 0.1258| 0.3421| 0.9288 0 0 0| 0 0 0 0
31 1| 0.0183| 0.0463| 0.1258| 0.3421| 0.9298 0 0 0 0 0 0
32 0[ 0.0067 0.0170( 0.0463( 0.1258( 0.3421| 0.92%8 0 0 0 0 0
33 -1| 0.0025| 0.0062| 0.0170| 0.0463| 0.1258( 0.3421| 0.9298 0 0 0 0
34 -2( 0.0009| 0.0023| 0.0062| 0.0170| 0.0463| 0.1258| 0.3421 0.9298 0 0 0
35 -3[ 0.0003| 0.0008| 0.0023| 0.0062| 0.0170( 0.0463| 0.1258| 0.3421| 0.3298 0 0
36 -4( 0.0001| 0.0003| 0.0008| 0.0023| 0.0062| 0.0170| 0.0463 0.1258| 0.3421 0.92%8 0
37 -5( 0.00005| 0.00003| 0.0003| 0.0008| 0.0023 0.0062| 0.0170 0.0463| 0.1258| 0.3421| 0.9293
38
39

4 4 » M| Deterministic cal. /CSS . Cholesky  U.M.1(3) ,~ U.M. 1(b) ,~ UM. 1(c) ,~ U.M. 1(d) | U.M.2(a) ~ U.M.2(b) ~ U.M.2(c) /~ U.M. 2(d) .~ U.M. 3(3) .~ U.M. 3(b)
Ready

Fig. 3. Uncertainty model generated for v. =0.10 and v, = 0.05 (case 1)
After linking the above two models, the uncertainty propagation is carried out using subset

simulation (SS) method as an Excel Add-In called Uncertainty Propagation using Subset Simulation
(UPSS). After each simulation run, the UPSS gives the plot for driving variable (P(Y = FOS < x))
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versus threshold valuex and based on the information, histogram or probability of failure (Pf) and
its corresponding reliability index (B) of the slope can be estimated. For the slope stability problem,
SS method is performed using following parameters i.e., number of samples per level, N = 500, P, =
0.1, number of simulation level, m = 2 and number of runs, R = 1. The total number of samples
generated is equal to 500 + 2 (1 —0.1) 500 = 1400 (i.e., 500 samples in level 0, 450 samples in level 1

and 450 samples in level 2).

4. Results and Discussion

Total 5000 samples of FOS have been generated using MCS method for four different cases. The
FOS histogram obtained from MCS samples have been shown in Figure 4. The detailed analysis of the
FOS histogram is presented in Table 2.

500 200
>
> [8)
Q c
c o
3 S
o3
2 0 g 0
2 w NS 400N NOWOWMONTST A ®
w N A N OO NN A 0N MmN~ o SO ddaNMMI N §ON KX
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Fig. 4. FOS histogram obtained from MCS method

Table 2 shows the probability of failure (Pr) and reliability index (8) of the soil slope obtained
for four different cases using MCS method. For example, (say case 2), 7 samples out of 5000 samples
have failed i.e., 7 samples have FOS value less than one. The probability of failure (Ps) of the slope is
calculated as 7/5000 = 0.14 % which corresponds to the reliability index () equals to ¢ "1(0.14%) =
2.99. Similarly, Pr and f have been calculated for other cases as shown in Table 2. It has been
observed that with the increase in the c.o.v. values of soil parameters (c and ¢), the probability of
failure of the slope increases and thus, the slope becomes less reliable.
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Table 2
Result obtained from MCS method
Coefficient of variation (v)

Failure Probability of  Reliability
Method Total number of Cohesion Angle of samples (FOS  failure Index
samples generated (ve) internal Cases <1) (P) % )
(o]
¢ friction (ve) f
0.10 0.05 Case 0 - -
1
0.20 0.10 Case 7 0.14 2.99
2
MES >000 0.30 0.15 Case 118 2.36 1.98
3
0.40 0.20 Case 357 7.14 1.46
4

The FOSM method has been applied on 5000 MCS samples of FOS. The mean and standard
deviation of FOS samples for four different cases has been shown in Table 3. For example, (say case
3), the mean and standard deviation of 5000 samples of FOS is obtained as 1.291 and 0.165
respectively. The reliability index () is equals to (1.291 — 1)/0.165 = 1.76 and its corresponding
probability of failure (Pf) of the slope is equals to @(—1.76) = 3.92 %. The same procedure has
been adopted for calculating the § and P for other cases.

Table 3
Result obtained from FOSM method
Coefficient of variation (v)

Total number Angle of Mean of  Standard Reliability ~ Probability
Method of samples Cohesion internal Cases the deviation of  Index of failure
generated (ve) friction samples  the samples () (Pr) %
(vg)
0.10 0.05 fase 1.289 0.056 5.16 1.23E-05
0.20 0.10 gase 1288 0.114 2.53 0.57
FOSM 5000
0.30 0.15 gase 1.291 0.165 1.76 3.92
0.40 0.20 :ase 188 0.221 1.30 9.68

Figure 5 shows the reliability index obtained using FOSM method for different sample size ranging
from 50 to 5000 for four cases. It can be seen that with the increase in the sample size, the value of
reliability index is almost constant.
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Fig. 5. Reliability index for different sample size using FOSM method

The FOS histogram obtained from three different levels of SS method for four cases are shown in
Figure 6. The number of samples generated in level 0 is equal to 500, level 1 is equal to 450 and level
2 is equal to 450. It can be seen from Figure 6 that with the increase in simulation level, the samples
are shifting towards the failure region. The detailed analysis of the histogram obtained from SS
method is presented in Table 4.
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Table 4 shows the result obtained using SS method for four different cases. For example, (say
case 2), 0 samples out of 500 samples have failed (i.e., FOS < 1) in level 0 of SS, 0 samples out of 450
samples failed (i.e., FOS < 1) in level 1 of SS and 76 samples out of 450 samples have failed (i.e., FOS
< 1) in level 2 of SS. The probability of failure (Pf) is calculated as 0.1 X 0.1 X 76/450 = 0.17 % and
its corresponding reliability index () is found out to be ¢~ (0.17%) = 2.93. As compared to the MCS
method, the occurrence of failure events increases significantly in SS method.

Table 4
Result obtained from SS method
Coefficient of variation (v Number of I .
Total number V) um er of samples Probability Reliability
. Angle of having FOS < 1 ;
Method of samples Cohesion . of failure Index
generated (ve) internal Cases Level Level Level (P) % B
¢ friction (vg) 0 1 2 !
0.10 0.05 Case O 0 23 0.05 3.29
1
0.20 0.10 Case O 0 76 0.17 2.93
2
55 1400 0.30 0.15 Case O 119 450 2.64 1.94
3
0.40 0.20 Case O 399 450 8.87 1.35
4

Table 5 shows the comparison of the results obtained for four different cases from FOSM method,
MCS method and SS method of reliability analysis. The reliability index of the slope varies from 5.16
to 1.30 (FOSM method), 2.99 to 1.46 (MCS method) and 3.29 to 1.35 (SS method). It can be observed
that in case of rare events (i.e., probability of failure is very low), the SS method generates the
samples in failure region which is not always possible with MCS method (i.e., Case 1). Also, it can be
seen that MCS method underestimates the probability of failure and thus, gives higher value of
reliability. This situation is not ideal for a geotechnical structure especially the heavy ones like dams,
bridges etc. Moreover, the SS method has generated less samples as compared to MCS method and
shown a better performance in terms of generating failure samples.

Table 5

Comparison of results obtained from different reliability methods
Coefficient of variation (v) FOSM Method MCS Method SS Method

Angl f . . .
. Angle o Probability ~ Reliability ~ Probability  Reliability ~ Probability  Reliability
Cohesion internal . . .
(ve) friction Cases of failure Index of failure Index of failure Index
C o) (Py) % ® % ® % ®

0.10 0.05 fase 1.23E-05 5.16 ; ; 0.05 3.29
0.20 0.10 gase 057 253 0.14 2.99 0.17 2.93
030 015 gase 397 1.76 2.36 1.98 2.64 1.94
0.40 0.20 :ase 968 130 7.14 1.46 8.87 1.35
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5. Conclusion

This paper presents reliability analysis of a soil slope by considering various uncertainties in soil
parameters. The analysis has been performed using FOSM method, MCS method and SS method. The
whole procedure for determining the reliability of slope has been carried out in a MS-Excel
worksheet. The deterministic model of the slope is developed based on the limit equilibrium method
and further has been extended to a probabilistic method of analysis by considering the inherent
spatial variation in soil parameters. Based on the above results and discussion, the following
conclusions can be made:

i.  The combination of uncertainty model using random field theory and deterministic model
using limit equilibrium method can provide a better understanding to consider the failure
mechanism caused due to inherent spatial variation of soil parameters.

ii.  The probability of failure of the slope increases significantly with increase in the c.o.v.
value of cohesion and friction angle of the soil and subsequently, the reliability of the
slope decreases.

iii.  The FOSM method directly calculates the reliability index of the slope using the samples
generated by MCS method. This method does not provide any information regarding the
failure samples.

iv.  MCS method is very simple and efficient approach for performing the reliability analysis
but this method may not generate the samples in the failure region in rare events (e.g.,
Table 5, case 1).

v.  Forsuchrare events, a very large number of samples (>5000) are required to be generated
in MCS method for getting the desired failure probability level.

vi.  The SS method makes sure that the samples are generated in the failure region with lesser
number of samples (1400). The results also indicate that the SS method has performed
better as compared to MCS method and FOSM method and is more reliable.
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