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ABSTRACT

This article considers mixed problem for 2-dimensional symmetric t-hyperbolic system.
This system consists of constant coefficients. We investigated questions of setting
mixed problems (problems with initial-boundary conditions) for symmetric t-
hyperbolic system. It is known that for a symmetric t-hyperbolic system, the concept
of characteristic velocity plays a very important role. The main point of this article is to
construct a difference control scheme for these characteristic velocities. Control
parameters are introduced to control the characteristic velocities of a symmetric t-
hyperbolic system. The value of the parameter, the characteristic velocities can have
different signs. We will consider all possible cases. In these cases, it is obvious that a
symmetric t-hyperbolic system with 1 —equations can be in (n+ 1)(n+ 1)
different states. These states controlled by control parameters. Upwind difference
schemes constructed for each of these states depending on the value of
characteristic velocities. The suggested difference schemes for the mixed
problem were substantiated is exponential stability by the Lyapunov. It will be
shown that the difference scheme will be stable if the CFL condition is satisfied
and otherwise unstable.
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1. Introduction

A number of well-founded methods were proposed by Aloev et al., [2-4] for the numerical
solution of initial-boundary value problems for a 2-dimensional symmetric t-hyperbolic system. The
reference by Rakhmatillo, Mirzoali and Alexander [6] constructed the important difference schemes.
Obtained an a priori estimate for its solution of quasilinear hyperbolic systems. An approach of
constructing a dissipative energy integral for hyperbolic systems used. According to Aloev et al., [7,8]
for the numerical solution of initial-boundary value problems for a 2-dimensional symmetric t-
hyperbolic system, a finite element method based on linear basis functions was proposed. The finite
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element method was reduced to a difference scheme and its stability was studied for the cases of
constant and variable coefficients [7,8]. According to Blokhin and Alaev [9], a certain class of explicit
difference schemes for hyperbolic systems studied. A general approach to the study of stability in the
energy norm was developed.

In this article, we assume that a symmetric hyperbolic system with constant coefficients can be
in (n+ 1)(n+ 1) states. These states are controlled by control parameters. Upwind difference
schemes are constructed for each of these states depending on the value of characteristic velocities
[11]. For each case of suggested difference schemes of exponential stability are proved. Many applied
problems, such as the process of transferring energy from places of generation to places of
consumption, the flow of liquid in open channels or gas pipelines [21], the propagation of light in
optical fibres, are described by hyperbolic systems of partial differential equations [22]. From an
engineering point of view, for hyperbolic systems, the exponential stability (in the sense of Lyapunov)
of stationary states is a fundamental problem [23]. That is why this paper is completely devoted to
the exponential stability of stationary states of difference schemes for hyperbolic systems.

The definition of exponential stability is intuitively simple: starting from an arbitrary initial state,
the time trajectory of the system must converge exponentially in the spatial norm to the steady state.
Exponential stability analysis is a rather difficult problem, because stability test criteria are not easily
translated into simple practical stability tests.

The theorem provides just such simple practical criteria for checking the exponential stability of
the numerical solution of a mixed problem for a hyperbolic system.

1.1 The Symmetric t-Hyperbolic System

The symmetric t-hyperbolic system is given in the following form [12]:
+B—=0. (1)

V = (vy,vy,+,v,)T - is an unknown vector-function; A = AT, B = BT are the given matrices.
A, B —dimension n X n, symmetric matrices of with constant real elements.

The following parameters are introduced to examine
da(A1(4), 25(A),++, 2,(A)), dg (2, (B), 2, (B), -, A,(B)), where q=12,..,n, 2,(4)—
eigenvalues of matrice A4, and Aq(B) — eigenvalues of matrice B.

In this case, system Eq. (1) will take the following record form:

v + 4 + -~V _
at+(A +A)6x+(B +B)6y_0' (2)

Divide each of the matrices A and B into two parts. The non-negative definite part A%, B* and
non-positive part A=, B~. That gives us the possibility to build an upwind difference scheme for the
numerical solution of mixed problems for system Eq. (1).

As a domain where a mixed problem is stated for system Eq. (1), consider the domain Q =
{(t,x,¥):0<t<+4+00,0<x <X,0<x <Y} Itis well known that for the system of Eq. (1), it is
necessary to set the initial condition at the time momentt =0, typesonx =0, x =X,y =0,y =
Y of boundary conditions [1].

Assume that there exists a unitary matrix P that simultaneously reduces the matrices A, B to the
diagonal form. Then system of Eq. (2) takes the form:
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ou ou ou
o0t (A +A0-) 30+ (g + 45-) 50 =0 (3)

We already know the number of specified boundary conditions on different boundaries of the
considered area. As the initial data, we consider the conditions:

U@,x,y) =2(x,y) (4)

T .
Here d)(x'y) = ((pl(x'y)' (pZ(x'y)""i(pn(xiy)) ) <,01(X,y), (pZ(ny)""J(pn(ny) are given
functions [11].

1.2 Problem 1

Consider the following linear hyperbolic equation [16]:
Z+azt=0,a>0. (5)

Our task is to analyse the exponential stability of this equation with linear boundary conditions
in canonical form for x = 0:

u(t,0) =0, t € (0,+) (6)
and with initial conditions:
u(0,x) = uy(0),x € (0,0). (7)

Assume that the function in initial condition of Eq. (7) uo(x) € LZ((O, D), R) satisfies the following
consistency condition:

uo(0) = 0. (8)

Definition of L1. (Exponential stability [2]). Eg. (5) with boundary condition of Eq. (6) is
exponentially stable in L?-norm if there exist v > 0 and ¢ > 0 such that for any initial condition
uy(x) € LZ((O, l),R), L? is the solution of initial-boundary value problem of Eq. (5) to Eq. (8), and
satisfies the following inequality:

w208 < Ce_w”uo(x)“l,z((o,z),R)» t = 0. (9)

Let us introduce the concept of a weak solution to initial-boundary problem of Eq. (5) to Eq. (8)
in L2((0,1), R). To do this end, we multiply Eq. (5) on the left-hand side by 1 € C*([0,T] x [0, []; R),
where T is a given positive number. Then we obtain the following equation 1/)2—1: + t/)a(;—z = 0.

Both sides of this identity are integrable over domain (0,T) X (0, ). We assume that solutions u
belong to class C! with respect to t and x. Using the formulas for integration by parts and initial
condition of Eq. (7), we have:

Iy Jy [w5r +wass| dedx = [, 7|2+ a2 dedx — [ [ 5o + aS2u] dedx. (10)

97



Journal of Advanced Research in Applied Sciences and Engineering Technology
Volume 64, Issue 1 (2026) 95-120

Let us use the following transformations of the first integral term of the right-hand side of Eq.
(10). First, using initial condition of Eq. (7), we obtain:

l Tal/}u l l
foj; thdxz folp(T,x)u(T,x) dx—Lt/)(O,x)u(O,x) dx =
= [, (T, x)u(T, x) dx — [ (0, x)uo(x) dx. (10°)

Likewise, using boundary condition of Eq. (8), we obtain:

[N foTaa;”—x”dtdx = [, ap(t, Du(t, Ddt — [ ap(t, 0)u(t,0)dt = [} ap(t, Hut, Ddt. (10™)

Now we choose function I in that way the integrand of the integral Eq. (10) is zero. For this, it
is enough to assume that:

W(t, L) = 0. (11)

Then, after transformations of Eq. (10") and Eq. (10™"), we can get the following from Eq (10):
l l L (T[d a
Jo w(T,)u(T, x) dx — [ (0, X)ue(x) dx — [, [, [a—lfu + a%u] dtdx = 0. (12)

The key point here is that although this Eq. (12) was derived under the assumption that functions
u belong to class C! with respect to t and x, it makes sense even if functions u are not differentiable
and can therefore be considered as "weak" solutions to the system. Then L?-solutions are defined as
functions u that satisfy Eq. (12) for all 3 that satisfy Eq. (11) when initial function uy(x) belongs to
L?. The definition of an L?-solution is as follows.

Definition of L2. Let ¢ € L?((0, L), R). The mapping u: (0, +%) x (0,L) — R is an L2-solution to
the mixed problem Eq. (5) to Eq. (8) if for any T € [0, +) and for any ¥ € C1([0,T] x [0,L]; R),

satisfying conditions Eq. (11), the following functionsu € C° ([0, +o0]; LZ((O, L); R)) satisfy Eq. (12).
Consider the following function as a Lyapunov one:

V(t) & fOLge(x)uZ(t, x)dx, (13)
where
e(x) = exp (— %),,u > 0. (14)

1.3 Problem 2

Consider the following linear hyperbolic equation:

u ou
E—aa—o,a>0. (15)

Our task is to analyse the exponential stability of this equation with linear boundary conditions
in canonical form for x = [: Eq. (6) and with initial conditions of Eq. (7).
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Assume that the function in initial condition of Eq. (7) uy(x) € L?>((0,1),R) satisfies the
consistency condition:

uy(l) = 0. (16)

The definition L1 of exponential stability for Eq. (15) and Eq. (16) remains unchanged.
Let us introduce the concept of a weak solution to the mixed problem Eg. (15) and Eqg. (16) in
L?((0,1); R). To do this, we multiply Eq. (15) in the left-hand side by ¥ € C1([0,T] x [0,1]; R), where

. . i . . . d d
T is a given positive number. Then we obtain the following equation 1/)6—1: - zpaﬁ = 0.

Both parts of this identity are integrable over domain (0,T) X (0, ). We assume that solutions u
belong to class C! with respect to t and x. Using the formulas for integration by parts and initial
condition of Eq. (7), we obtain:

dYu _ dyu L (T [0y )
0y [w3r —wass| dtax = f, 7 [2* - a2 dtdx — [ [ [52u — aS2u] dtdx. (17)
Let us use the following transformations of the first integral term of the right-hand side of Eq.
(19). First, using initial condition of Eq. (17), we obtain:
l l
j f —dtdx = j Y(T, x)u(T,x) dx — f Y(0,x)u(0,x) dx =
0
l
S5 (T, x)u(T, x) dx — [ (0, x)u(x) dx. (18)

Likewise, with boundary condition Eq. (18), we obtain:
T awu _ T T _ (T
—f Jy a——dtdx = — [ ap(t, Du(t, Ddt + [, ap(t, 0)u(t,0)dt = [ ap(t,0)u(t,0)dt  (19)

Now we choose function 1 in that way the integrand of the integral equation g) is zero. For this,
it is enough to assume that:

W(t,0) = 0. (20)

Then, after transformations of Eq. (18) and Eq. (19), we can get the following from Eq. (10):

folt,[)(T, X)u(T,x)dx — foll,l)(O, X)uo(x)dx — fOL fOT [%u — a%u] dtdx = 0. (21)

The key point here is that although this Eq. (21) was derived under the assumption that functions
u belong to class C! with respect to t and x, it makes sense even if functions u are not differentiable
and can therefore be considered as "weak" solutions to the system. Then L?-solutions are defined as
functions u that satisfy Eq. (21) for all Y that satisfy Eq. (20) when initial function u,(x) belongs to
L?. The definition of an L?-solution is as follows.

Definition L3. Let @ € L2((0,L), R). The mapping u: 0, +) x (0,L) — R is an L?-solution to the
mixed problem of Eq. (15) and Eq. (16) if forany T € [0, +o0) and for any ¢ € C1([0,T] X [0, L]; R),

satisfying condition Eq. (20), the following functions u € C° ([0, +o0]; Lz((O, L); R)) satisfy Eq. (21).
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Consider the following function as a Lyapunov function:

V(e) 2 [, Ee(u?(t, x)dx, (22)
where e(x) = exp (%),,u > 0.

2. Methodology
2.1 Upwind Explicit Difference Scheme for Problem 1

In the field G = {(t,x):0 <t < T,0 < x € L}, we can build a difference grid with steps: 4t in
direction t and Ax in direction x. The nodal points of the difference grid are denoted by (t*, x;). Here
t =t £ kAt and x = x; £ jAx. The set of nodal points of the difference grid is denoted by Gp,
where G, £ {(t",xj):rc =0,..,K;j=0,..,]}

Numerical solution’s values are denoted by:

Steps of the G}, are selected the equations KAt =T and JAx = [ are fulfilled. In order to find a
numerical solution of the initial-boundary value problem of Eq. (5) to Eq. (8) over difference grid Gy,
we propose the following difference scheme.

At
utt =uf —a>=[u
Ax

/ y f—u)j=1..,J-1k=0,.,K-1 (24)

j
Initial conditions of Eq. (7) are approximated:

w =uo(x;),i=1,..,mj=1,..,]J. (25)
Boundary condition of Eq. (6) is approximated:

uf=0,k=0,..,K. (26)

Let us assume that for At and Ax satisfy the Courant-Friedrichs-Lewy condition j—;a < 1.Now we

learn the exponential stability of the numerical solution to the difference problem of Eq. (24) to Eq.
(26).

i. Definition L4: The solution to the difference scheme of Eq. (24) that satisfies boundary
conditions Eq. (26) is called exponentially stable if there exist the constants 7 > 0 and ¢ >

0 for any initial conditions {(uo)j}i € [? ({xj}i; R) the solution to the initial-boundary
value problem of Eq. (24) to Eq. (26) satisfies the following inequality.

Ax T3 (wf uf) < ce e ax B ([uol ) (o)) k = 1,2, ... N.

Use the following notation:
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ej £ exp (—%) v>0;

uj =ej_1H, u>0, j=12,..,]—1

To prove the exponential stability of the problem of Eq. (24) to Eq. (26), we can get the
discrete Lyapunov function:

% é%Zf 1€j- 1[u ] . (27)

ii. Lemma L1: Let T >0 and the discrete Lyapunov function be determined using formula of
Eqg. (16). If the At and Ax satisfy the CFL condition j—ia < 1, then numerical solution u]"

of the problem of Eq. (24) to Eq. (26) is exponentially stable in [2-norm.
iii. Lemma L2: The following inequality holds in solutions of difference scheme of Eq. (24).

-1

~

A N (T e S

J

I
Y

iv. Lemma L3: Let the boundary condition of Eq. (26) be satisfied. In this case the following
equation is true.

J 1€j- 1{[ ] - [w] } [ug]? eJ—l[”f—l]Z—szgiejﬂ[u}(]z- (28)

From Lemma L4, considering Eq. (28), we obtain

\.

VK+1 _ VK -1

PRV S ol - [T} -

j

)
-

J-
—ue;_ 1[u] 1] — vAx Z - ,uej_l[u}‘_l]z -V < —vie

or

VK+1_vK

< —vW¥Kk=0,.. N—1. (29)
At

v. Lemma L4: Let the following sequence of inequalities of Eq. (29) be true for V. Then there
exists positive constant C such that solution uj" of the boundary difference problem of Eq.
(24) to Eq. (26) satisfies the a priori estimate.

llu®]|? < Ce Vi ||u®||%, k = 1,2, ..., N. (30)

Here ||u||? = AxZﬁi(u]’-‘,u]’-‘).
vi. Proof: Recursively applying inequalities of Eq. (29) we obtain:
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VR < (1 — Aty)* V0 < o VALADY 0 = o=Vl 70 g = 0,1,...,N — 1.

. . ! .
Let us introduce positive constants C; = %exp (— Ev) ,Cy = % Then, it follows that

J-1 J-1
C,4x E(u]")z SVE<e VY0 < Cze‘VtKsz (uo(xj))z,
j=1 j=1
J-1 J-1
2 2
Ax Z(u]’-‘) < Ce‘VtKAxZ: (uo(xj)) . k=1,..N; C=C,/C,.
=1 =1

Thus, numerical solution u]" to the mixed problem is exponentially stable in [2-norm. Lemma L4
is proved.

2.2 Upwind Explicit Difference Scheme for Problem 2

To get a numerical solution to the mixed problem of Eq. (15) to Eq. (18) over the G}, we can offer
the following difference scheme.

uitl

At .
] =u]’-‘+ad—[u]’-‘+1 —u]'-‘],] =1..,/J-1k=0,..,K—1. (31)

X

Initial conditions of Eq. (17) are approximated as follows:

W =uy(x;), i=1.,m j=1,..]. (32)
Boundary conditions of Eq. (16) are approximated as follows:

uf =0, k=0,..,K. (33)
Let us assume that the At and AX satisfy the CFL condition:

At

Ea <1

Now we learn the problem of the exponential stability of numerical solution to the difference
problem of Eq. (31) to Eq. (33).

i. Definition of L5: The solution of Eq. (31) that satisfies boundary conditions of Eq. (33) is
called exponentially stable if there exist constants 7 > 0 and ¢ > 0 for any initial

conditions {(uo)j}i_l € [? ({xj}i_l; R), the solution to the problem of Eq. (31) to Eq. (33)
satisfies the following inequality.

J-1 J-1
sz uf,uf) < ce‘"tKAxZ([uo]]-, [uol;), Kk=1,..,N.
j=1 j=1
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Let us introduce the notation.

ej:exp( 7 ),v>0,
u;’ =ei_14t, >0, j=1,..,]—1

To prove the exponential stability of the problem of Eq. (31) to Eq. (33), we can get the following
function as a candidate for the discrete Lyapunov function of Eq. (13):

Ve & SZ] e]+1[u ] . (34)

ii. Lemma L5: Let T > 0 and the discrete Lyapunov function be determined using Eq. (34). If
the At and Ax satisfy the CFL condition j—;a < 1, then numerical solution u]" of the

problem of Eq. (31) to Eq. (33) is exponentially stable in [2-norm.
iii. Lemma L6: Solutions of difference scheme of Eq. (31) satisfy the following inequality.

-1

~

yEHL K 2 2
A—t <u €j-1 {[u}c+1] o [u]K] }
J

I
Y

iv. Lemma L7: Let boundary condition of Eqg. (33) be satisfied. In this case the following
equation is appropriate

J-1 J-1
> e {luf]’ — ]} = g [w]” — e = x> > e [uf]” =

j=1 j=1

—€ [ul] — Ax -~ Z] 1 e]+1[u]x]2- (35)

v. Proof: Using the difference differentiation formula, we obtain

Sirea [l = [} = 2 {emlul” - olu]} - 2z e - )l (36)

We study each sum on the right-hand side of equation (36) separately. It is easy to prove
the following equations

S el — e[’} = ¢ [uf]” — e [uf]? = —e, [uf] (37)

~Zjar(gen - ef)[u}c] —Axg Z} 1 e]+1[uJK]2' (38)

Indeed, the proof of Eq. (37) follows by direct summation, considering boundary condition
of Eqg. (33). To prove Eq. (38) we use the following sequence of equalities.

€41~ € = €41 {1 — exp (—Ax 5)} = Axgejﬂ.
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Lemma L7 is proved. From Lemma 6, with Eq. (36), we obtain:

VK+1 _ VK J71
T SH). 4 Al - [’} =
j=1
J-
—ue;_ 1[u] 1] — vAx Z —,ue]_l[u}‘_l]z — Ve < —vi*
or
VK+1 _ VK

-vwW*k=0,..,N—1
yr: v K

K+1 K

< —vwW*Kx=0,..,N—1 be true
or . en ere exists positive constan Suc at solution u; o € bounaar
for V*. Then th ists positi tant C such that soluti i of the boundary

difference problem of Eq. (31) to Eq. (33) satisfies the a priori estimate |[u¥||? <
Ce vie||u®||?,k = 1, ..., N. Here ||[u¥||? = Ax Zf:i(ufujk)

vi. Lemma L8: Let the sequence of inequalities

2.3 Implicit Upwind Difference Scheme for Problem 1

Here we consider an implicit upwind difference scheme for the numerical calculation of mixed
Problem 1. The initial system is approximated by an implicit scheme:

u}c+1=u]z<_aj_;[u}c+1 wHtlj=1.,J-Lk=0,..,K—-1 (39)

Similar to explicit difference schemes, we take the exact value of initial functions at the nodal
points of the initial layer in time as the initial data:

u) = () j=1,...J. (40)
We approximate the boundary condition as follows:
uy =0, k=0,..,K. (41)

We study the exponential stability problem of the numerical solution to the difference problem
of Eqg. (39) to Eq. (41). First, we define the exponential stability of the numerical solution of the
difference problem of Eq. (39) to Eq. (41).

Definition L6. The solution to the initial boundary value problem of Eq. (39) to Eq. (41) is called
Lyapunov stable if there exist positive constants 0 < a < 1 and ¢ > 0 such that for any initial
condition {(uo)j}i_l € I? ({xj}i_l; R), the solution of the problem of Eq. (39) to Eq. (41) satisfies
the following inequality.
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71 J-1
AxZ(uj’-‘)z < cakAxZ([uo]j)z,K =1,..,N.
j=1 j=1

We study the Lyapunov stability of the initial-boundary difference problem of Eq. (39) to Eq. (41)
based on the approach of constructing a discrete quadratic Lyapunov function. We propose the
following function as a candidate for a discrete quadratic Lyapunov function.

A J-14 2 4 xjv
Ve & Ax Zj=1;ej_1[u]’-‘] ,e; £ exp (— %),v > 0. (42)
Here v, u - are the positive constants to be determined.

i. Lemma L9: Let T > 0 and discrete Lyapunov function be defined by Eq. (42). Then
numerical solution u]" of the initial-boundary difference problem of Eq. (39) to Eq. (41) is

exponentially stable in I’ -norm (in the sense of Definition L6). To prove Lemma L9, we
need some auxiliary lemmas.

2.4 Implicit Upwind Difference Scheme for Problem 2

Here we consider an implicit upwind difference scheme for the numerical calculation of the mixed
Problem 2. The initial system is approximated by the implicit scheme:

At .
}”1 =uf + aﬂ[u]’-‘fll — u]’-‘“],] =1.,]—-1,k=0,.., K —1. (43)

Similar to explicit difference schemes, we take the exact values of initial functions at the nodal
points of the initial layer in time as the initial data:

u = (ug)pj=1,....J. (44)
Let us approximate the boundary condition as follows:

uf=0,k=0,..,K. (45)
Let us investigate the exponential stability problem of the numerical solution of the difference

problem of Eq. (43) to Eq. (47). First, we define the exponential stability of the numerical solution of

the difference problem of Eq. (43) to Eq. (45).

i. Definition L7: The solution to the initial-boundary difference problem of Eq. (43) to Eq.
(45) is called Lyapunov stable if there are positive constants 0 < a < 1 and ¢ > 0 such

that for any initial given data {(uo)j}{_l € 12 ({xj}i_l;R), the solution of the initial-
boundary difference problem of Eq. (43) to Eq. (45) satisfies the following inequality.

J-1 J-1
w)’ < cak [u]-Z,K=1,2,...N.
( ]) 01j

=1 =
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We study the Lyapunov stability of the initial-boundary difference problem of Eq. (43) to
Eq. (45) based on the approach of constructing a discrete quadratic Lyapunov function.
As a candidate for a discrete quadratic Lyapunov function, we propose the following
function V(xA) £ V¥, where

VE & szj 1Mejﬂ[u ] , € —exp( ) v > 0. (46)

Here v, i - are the positive constants to be determined.

ii. Lemma L10: Let T > 0 and the discrete Lyapunov function be defined using Eq. (46). Then
numerical solution uj" of the initial-boundary difference problem of Eq. (43) to Eq. (45) is
exponentially stable in [2-norm (in the sense of definition L7).

iii. Lemma L11: Solutions of difference equations of scheme Eq. (43) satisfy the following
inequality.

VK+1 743

T S 1ej+1{[ o I T } (47)

iv. Lemma L12: The following equation is true.

Zj 1e]+1 {[ K+1 [ K+1] } 1[u;1c+1] — Ax -~ Z] 1e]+1[uK+1] . (48)

Considering Eq. (48), from inequality of Eq. (47) we have:

J-1
VK+1 _ VK 2 2
7  SH [ &+ {[uf:f =[] } = —pey[ur*]? -
=1

J-1
VAng ej+1[u"+1] = ey [WEH]? — VR < PR,

=1
or

K+1_yk
YV <yt e =0,..,N — 1. (49)
At

Inequality of Eq. (49) can be represented as
V)c+1 < CZVK, (50)

where

Note, that @ < 0. Let a sequence of real numbers V¥ satisfying inequality of Eq. (50) for a > 0
be given. Then the following inequality is true:
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VE<a*V%k=1,..,N. (51)

It should be noted that for sufficiently small At, inequality 0 < a < 1 holds. Let us introduce
u

. l
positive constants C, = %exp (;v) ,C = o
Then it follows that
2

C,Ax Zf;i(u]’-‘)z < V¥ <e VY0 < CyakAx Zf;i (uo(xj))

J-1 J-1
Ax Z(u]")z < Caksz (uo(x]-))z,zc =1,..,N;C=C,/C,.
=1 =1

Thus, numerical solution u]’-c of the mixed problem is exponentially Lyapunov stable in [?-norm.
2.5 Explicit-Implicit Upwind Difference Splitting Scheme for Mixed Problem (5)-(7)

We choose the steps of the difference grid Ax, 4y in such a way that equations JAx = X and
LAx =Y are satisfied. This means that the difference mesh completely covers domain Q. We denote
tt 2 gAt, k=0, ..., K; xj = jlx, j=0,..,] and y; £ 14y,l =0,...,L. The nodal points of the

difference grid (meaning the intersection of the straight lines t = t*, x = x; and y = y,) we denote
by (t*, xj, y1). The set of nodal points of the difference grid are denoted by Qj, where:

Qp = {(t",x;,y):k=0,..,K;j=0,..,/;1=0,..,L}.
The values of the numerical solution at the nodal points are denoted by:
K =U(t"x,y), k=0,.,K;j=0,..,J; L =0,..,L. (52)

To find a numerical solution to the mixed problem of Eq. (3), Eqg. (4) over the difference grid Qy,
we propose the following implicit upwind difference scheme:

£ - U Uf ~ Uiy Ufivs — U
1_#4_ By - T B—’?gzo'
£ - Wi UFt - U = U
.- L+ (AY) -2 I 4+ (A7) -2 L=y,
At (A" Ax (477 Ax
k=0,..,K—1;,j=1,..,J—1; 1=1,..,L — 1. (53)

Consider the issue of constructing and studying an upwind difference scheme for the cases C, =
1,..,n+1; Cg =1,..,n+ 1. Obviously, the number of such combinations (options) is (n + 1) X
(n+1)[11].

2.6 Stability of the Difference Scheme

i. Theorem 1: Let the steps of the difference grid At, Ay satisfy the Courant Friedrichs Lewy
(CFL) condition:
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At
—_ <
@%l)lp(B)l 4y — 1 (54)

and difference boundary conditions ((6.1.2*)-(6.1.n+1*), (6.2.1*)-(6.1.n*), (6.3.2%*)-
(6.3.n+1%*), (6.4.1*)-(6.4.n*) are dissipative [11]. Then there exist constants ¢ > 0, 0 <
a <1 such that the solution of the initial-boundary difference problem ((9.2.1)-
(9.2.n+1), (9.1.1)-(9.1.n+1); (6.1.2*%)-(6.1.n+1%*), (6.2.1*)-(6.1.n*), (6.3.2*%)-(6.3.n+1%),

(6.4.1 *)-(6.4.n*); (70) see[11]) is Lyapunov stable in norm VUX:
Ukt < cakU* k=0,.. K —1

Let us introduce the following notation:

( Liwxif Cg =1,C, = 1; ( Ligxif Cg =1,C4 = 1;
ntl®if € =1,C,=n+1; Lntlgkif Cp=1,C,=n+1;
2Iwx if Cp =2,C4 = 1; 21K if Cg =2,C4 = 1;
WK — J  rrrrrrraaraaaasasasssssaes UK — < ...........................
< 2tk if Cp =2,C,=n+1; Intlykif Cp =2,C,=n+1;
LK §f Cp=n+1,C, = 1; MLIgEif Cg=n+1,C, = 1;
LTl+1,7’l+1.WK |f CB =n-+ 1, CA =n-+ 1 Kn+1'n+1_UK |f CB =n+ 1, CA =n-+ 1
Here
n n
LIW* 2 Z TIwk, 29yr & z Puk,q=1,.,n+Lg=1.,n+1
p=1 p=1 .
VX; VX U
p J+1 5P Jj-1 p pry
e; = exp , €; =exp<— ),)( = Ay ,
! <|Ap(A)|> ! (M) [2,(B)

a.9

D u; p=1,..,nforeachg=1,..,.n+1,g=1,..,.n+ 1.

We define values of q'gw"

3. Results
3.1 First Part of the Proof of the Stability Theorem (The Stage of Splitting Along The y Direction)

Let us start with ¢ = 1. To do so, we consider the initial-boundary difference problem ((9.1.1) or
(9.1.1%), (6.4.1*), Eq. (71) and, as discrete Lyapunov functions “Jw*, “9u*; p = 1,..,n we propose

p
the following [11]:

q=19=1,Cs=1C,=1),p=1,..,n;
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p
n+1

1l
[y

1n+1.. Kk a -D D 1n+1, Kk a D
Wi =X e E [(Wp)jl] ) W = X
j=11=1 j
K K . . .
Here (wp)jl, (up)ﬂ, r=1..n k=0,..,K; j=0,..,J; [ =0,..,L - is the solution to the

difference boundary value problem ((9.1.1%*), (6.4.1*), Eq. (71); v,{zl,uy, p=1, ,n} are positive

constants [11].

i. Corollary 1.1: Let the steps of the difference grid At, Ay satisfy the Courant Friedrichs

Lewy (CFL) condition of Eq. (54), then, according to Eqg. (42), the following inequalities
(55)

hold:
1,95,k 1 1,9,,x _ _ .
o W <o fur, g=1...,n+1 p=1....n;
la=1+aq, a=—-At-v, 0<la<i.
Let us sum inequalities Eq. (55) over p from 1 to n. Then we get the following inequalities
(56)

2,9,,k.., _
K uGp=1,..,n,

Let g = 2 (Cg = 2). Consider the initial-boundary difference problem ((9.1.2) or (9.1.2%),
9
W

LIWK < la9Ufg =1,..,n+1
(6.3.2*%), (6.4.2*), Eq. (10) and, as discrete Lyapunov functions 2

we propose the following [11].

q=2,9=1,Cg=2,C4,=1,p=1,..,n—-1
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J-1L-1 5 J-1L-1 5
2,1 a DD pp K 21 a DD PP K
pWi £ Xz 1 e [(Wp)ﬂ] » T E X Py e E [(up)ﬂ] .
j=11=1 j=11=1
p =
J-1L-1 J-11-1
2,1 Kk & ,PgP PP K12 21k & PP PP K
Wi = X29P1 € Lg (Wp)ﬂ » Tl =Xz Py e k£ (up)jl )
j=11=1 j=11=1
q=2'g= '(CB=2'CA=2),P= , e, —1
J-1L-1 J-1L-1
22 K a DD PP K12 22 6 & p4P PP b
Wi = X293 e Ly (wp) ] T =X d; e Ly (up) 1K
j=11=1 j=11=1
p =
J-1L-1 5 J-11-1 5
2,2 s PP sD &P K 2,2 s PP sP D K
Wi 2 Xy ® Z e E [(Wp)ﬂ U 2 X e L [(up)jl] :
j=11=1 j=11=1
q=2,9=np=2C=n)p=
J-1L-1 J-1L-1
2n, Kk a DD PP K12 2m ks P 4P PP ak
Wi = Xy bn € Ly (Wp)ﬂ v Tpl = X P € Ly (up) 1K
j=11=1 j=11=1
p=2,..,n—-1
J-1L-1 J-11-1
2n Kk a DD P P 1% 2m & P 4P 5P P K12
pWj = X2 ¢n e] l (Wp)jl ’ py = X2 ¢n e] l (up)jl ’
j=11=1 j=11=1
p=n
J-1L-1 X J-11-1 ,
2n a DD 5D P K 2n, Kk a PP sP P K
Wi 2 Xz nzze} E [( p)ﬂ] Tl £ Xy P e E [( p)ﬂ] ,
j=11=1 j=11=1
q=2,9g=n+1,(Cg=2,C4,=n+1),p=1,n-1
J-11-1 , J-11-1 5
2n+1 a PP sP D K 2n+1 a PP 5P D k
pWi £ Xz Prss e E [(Wp)ﬂ] : P = X2 Pnia e L [(up)ﬂ :
j=1l=1 j=1l=1
p=n:
J-11-1 5 J-11-1 ,
2,n+1 a DD sP P K 2n+1 a DD sD P K
pWi £ X P Z Z e E; [(Wp)ﬂ : P 2 Xz P e £ [(up)ﬂ :
j=11=1 j=11=1
K K . . .
Here (Wp)ﬂ, (up)ﬂ, pr=1..,n k=0,...,K;j=0,..,J; L=0,..,L -is the solution
of the boundary difference problem ((9.1.2%*), (6.3.2%*), (6.4.2*), Eq. (71) {zz,,uy,p =1, ...,n}
are positive constants [11].

ii. Corollary 1.2: Let the steps of the difference grid At, Ay satisfy the Courant Friedrichs
Lewy (CFL) condition of Eq. (54), then, according to Eq. (33), Eq. (42), the following
inequalities hold:

2, 2,
wl < 2a%uf, g=1,..,n+1, p=1,..,n; (57)
la=14+a a=-4t-v, 0<?a<1.
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Let us sum inequalities of Eq. (55) over p from 1 to n. Then we get the following

inequalities

2IWK < 2a?9Ufg = 1,..,n+ 1.

(58)

Let g = n (Cy = n). Consider the initial-boundary difference problem ((9.1.n) or (9.1.n*),

(6.3.n*), (6.4.n*), Eq. (71) and, as discrete functions "“Iw¥, ™Iu¥;, p=1,..,

pjr pY%j>
propose the following [11].
q=n'g=1'(§Bl=n'CA=1)lp= J-1
-11-1 -11-1
2 2
n1 s D 4D PEp K nl x a 04D pp K
W& Xnhy e Ej [(Wp)ﬂ Tl = Xn Py zze] E [(up) z] :
j=11=1 j=11=1
p=2..,1n
J-11-1 ) J-1L-1 5
nl x D 4P P D K nl k P P P D K
pWj = nyi Z ej El [(Wp)]l] ’ pU; é)(n(bl e] El [(up)]l] ’
j=11=1 j=11=1
q=n'g=2'(§Bl=n'CA=2)lp= J-1
-11-1 -11-1
2 2
N2 Kk a DD pPp K n2 x a 04D PP K
Wi = Xn®2 e ki [(Wp)ﬂ » oy = An®P2 Zze] E [(up) z] :
j=11=1 j=11=1
p=2n—1
J-1p-1 J-1p-1
N2 Kk a DD pEp()Kzn,ZKApp pEp()’fz
Wi = AnP2 e] l v)j pUj —Xn¢2 e] l P/l
j=11=1 j=11=1
p=n
J-11-1 ) J-1L-1 5
n2. K DD =D D Kk n2, x D P P D k
pW] = Xn¢2 e] El [(Wp)]l] ) pu] = Xn¢2 e] El [(up)]l] )
j=11=1 j=11=1
q=n,g=n,(§31=n,CA=n),p=1 J-1
-11-1 -11-1
2
nn. .k a PP P b K nn, Kk a 04D P D K
pWj = XnPn e E [( p)ﬂ] » o pWj =Xn nzzej E; [(up) l] :
j=11=1 j=11=1
p=2n
J-11-1 J-1L-1
nn Kk a P40 =D F nn Kk a PP P D
pWj = An nZZej E} [( p)ﬂ] Y = X Ze] E; [(up) l] :
j=11=1 j=11=1
q=n,g=n+1,((;’3=nC =n+1),p=1 o
-1L1-1 -11-1
2
nn+1 PP p p nn+1 p 4P 5D P K
pWi = X1 Py E [(Wp) ] P = X1 Pras e Ej [(up)ﬂ] '
j=11 j=11=1
p=2n
J-1p-1 J-1Lp-1

S
S
+
ey
IIl>

_ 2
w n+122 P [(wp)] 2 Al Yy B ()]

n, we
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K K . . .
Here (WP)ﬂ' (up)jl,p =1,..,nk=0,..K;j=0,..,J; L =0,..,L - is the solution to
the boundary difference problem ((9.1.n*), (6.3.n%*), (6.4.n*), Eq. (71) [11].

iii. Corollary 1.n.: Let the steps of the difference grid At, Ay satisfy the Courant Friedrichs
Lewy (CFL) condition of Eq. (54), then, according to Eq. (33) and Eq. (42), the following
inequalities are true

n’gwj" < ’faggu]" g=1..,n+1,p=1,..,n (59)
la=14+a, a=—-At-v, O<2_a<1.
Let us sum inequalities of Eq. (59) over p from 1 to n. Then we obtain the following
inequalities
mIWK < ta™IUF, g=1,..,n+ 1. (60)

Lletq =n+ 1 (Cz = n+ 1). Consider the initial-boundary difference problem ((9.1.n+1)
or (9.1.n+1*), (6.3.n+1*), Eq. (71) and as discrete functions n+1’gwj", LYy, p=

pYj
1, ...,n, we propose the following [11].

q=n+19g=1,Cg=n+1,C,=1),p=1,..,n

J-1p-1 J-1p-1
e Wi & pp 1 1 ZZ e Ef [(Wp)ﬂ] mu UHED G 1 zz e Ef [(up) ]
j=11= j=11=
q=n+1g9g= 2(CB—n+1CA—2)p on—1:
J-1L-1 J-1L-1
M2 P P ZZ e EP [(Wp)]l] mHLZK 8 P P zz e E? [(up)ﬂ]
j=11l= j=11l=
p =n:
J-1L-1 J-1L-1
n+1z% Wi & Xn i ®y ZZ e E} [(Wp)ﬂ] n+1zla TR ZZ & Ef [(up)ﬂ]
j=11= j=11l=

q=n+1,g=n(Czg=n+1,C=n),p=1:

J-1L-1 J-1L-1 5
n+1n Wi 2 4P, P zz pEp (Wp)ﬂ] n+1n us 2 XL, PP ejpE'lp [(up):l] _
- j=11= j=11=1
p=2n
J-11-1 J-1L-1
n+1n wk & p p n+1n uk & 4P P sP D K12
2 Kpaa1®n E [(Wp) ] £ Xn+1%n e E [(up)ﬂ] :
j=11=1 ]=1 =1
gq=n+1,g=n+1,Cg=n+1C=n+1),p=1,..,n
J-11-1 J-11-1 5
Tl+1n+; J - Xn+1¢n+1 Z Z PEP [( )ﬂ] Tl+1n+; ]K = Xn+1¢n+1 Z z éprlp [(up)};l] ’
j=11l= j=11=1
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Here (Wp)';l, (up);, r=1...nk=0,..,Kj=0,..J; L =0,..,L-isthe solution of

the boundary difference problem ((9.1.n+1%*), (6.3.n+1*), Eq. (71) [11].

iv. Corollary 1.n+1: Let the steps of the difference grid At, Ay satisfy the Courant Friedrichs
Lewy (CFL) condition of Eq. (54), then, according to Eq. (33) and Eq. (42), the following
inequalities hold:

+1, +1,
n gW}‘Sn“_a-n ‘gu}‘, g=1.,n+1,p=1,..,n (61)
la=14+a a=-4t-v, 0<?a< 1.

Let us sum inequalities of Eq. (61) over p from 1 to n. Then we obtain the following
inequalities:

mLIWK < Mg LYK, g =1,..,n+1 (62)
v. Main corollary 1: Let CFL conditions (54) be satisfied. Then for the solution of the initial-

boundary difference problem ((9.1.1)-(9.1.n+1), (6.3.1*)-(6.3.n+1%), (6.4.1*)-(6.4.n+ 1%*),
Eq. (71) the following inequality holds [11].

Wr < aU¥a= min ‘a. (63)
1<isn+1

3.2 Second Part of the Proof of the Stability Theorem (The Stage of Splitting along the x Direction)

We turn to the second part of the proof of the stability theorem (the stage of splitting along the
x direction). To this end, we introduce the notation:

( 1'1_UK+1 if CB = 1, CA = 1,

LKL Gy = 1,0, = n+ 1
2'1_UK+1 if CB = Z,CA = 1,

UK+1 — < ...........................

kn+1'n+1'UK+1 if CB =n++ 1, CA =n+1.
n

Lgyr+l & Z Puktt,  g=1,.,n+1 g=1,..,n+1

p=1

We define values of q"guk“; p=1,..,nforeachg=1..,n+1, g=1,..,n+1.
Let us start with ¢ = 1 (Cz = 1). Consider the initial-boundary difference problem ((9.2.1) or

1,9, k+1.

(9.2.1%), (6.2.1%) and, as discrete Lyapunov functions ~,u“""; p = 1, ..., n, we propose the following

[11].
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J-1L-1

K+172%

q= 1,g =1, (CB =1, CA = 1),p =1,..,n 1’;u]’-‘+1 £ fd){)zze]pElp [(up)ﬂ ] ’
j=11=1
J-11-1 5
K+1
4=19=2(Cs=1C=2),p=1,..,n—1:Zul 2 yPo? el Ef [(up)ﬂ ;
j=11=1
J-1r1-1
K+1
p=n: 12 "+1 2 Py ZZ e’E? [(up) ]
j=11=
............................... St 2
K+1
qg=1,9=nCs=1,C4,=n),p=1: 112,uk+1 2 xion Zz e]PElP [(up)ﬂ ;
j=11=1
J-11-1
K+1
p=2,..,n Mt i)(lqbnzz eE |(w), ]
j=11l=
g=1,9=n+1,(Cg =1,C, =n+1),p= 1..,n
J-1L-1
1,n+1 a K+1
o uf 2 iy n+1zz e Ef [(up) ]
j=11=

Here (Wp)’;l, (up);, r=1..,nk=0,.,K;j=0,..,/;1=0,..,L -is the solution to the
boundary difference problem ((9.2.1%), (6.2.1%); v, {éﬂx, p=1, ...,n} are positive constants [11].

i. Corollary 2.1: According to Eq. (62), the following inequalities hold:

Vot < 1pM0ywE g =1,..,m+1, p=1,..,m (64)
=145  f= Aty 0<1p<1
o ’ 1+ 4t-v’ ' '

Let us sum inequalities of Eq. (64) over p from 1 to n. Then we get the following
inequalities:

LIyErt < 1BLIWN; g =1,..,n+ 1. (65)

Let g = 2 (Cy = 2). Consider the initial-boundary difference problem ((9.1.2) or (9.2.2%),

(6.1.2*), (6.2.2*) and, as discrete Lyapunov functions g ]’”1 p =1,..,n., we propose

the following [11]:

q=2,9=1,(Cg=2,C4,=1),p=1,..,n—1.

J-11-1

ot Y e T

j=11l=
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J-1p-
K+1
T X e
j=11=1
q=2,9=2,(Cg=2,C,=2),p=1,..,n—-1
J-11-1 5
2,2 A K+1
AP X2 e Ef [( p)jl ] ’
j=11=1
J-11-1
2,2 A n K
p=n 22t 2 2ol > Y o [(w)]
j=11=1
......................................... L
K+1
q—ZQ—n(CB—ZCA—n)p—lzn K+1in¢nZZ pEp[( p) ]
j=11=
J-1L-1
K+1
p=2,..n—1 Myt i)(qunzz ePEP (), I
j=11=
J-1L-1
K+1
p=n: 2" 'C+1 i)(qunzz pEp [(up) ]
j=11=
q=2,9g=n+1,(Cg =2,C, =n+1),
J-1L-1
P = 1,..,n—1: 2n+; ]K+1 = Xz n+1zz pEp [(up)
j=11l=
J-1r1-1
p=mn "t ixz¢n+122 (M
j=11=
K+1 .
Here (up)ﬂ ,p=1..,n k=0,...K; j=0,...J; |l = - is the solution to the
boundary difference problem ((9.2.2%*), (6.1.2%*), (6.2.2*). {p,ux, p=1, ...,n} are positive
constants [11].
ii. Corollary 2.2: According to Eq. (55) and Eq. (65), the following inequalities hold
z‘g ]"+1< ,82‘9 f,9=1.,n+1Lp=1.,n (66)
2B=1+p, = Aty 0<?p<1
o P14 At '
Let us sum inequalities of Eq. (66) over p from 1 to n. Then we get the following
inequalities
29U < 2B2IWK, g =1,..,n+ 1. (67)

Let ¢ = n (Cz = n). Consider the initial-boundary difference problem ((9.2.n) or (9.2.n*),
(6.1.n*), (6.2.n*) and, as discrete functions g "+1, p = 1,...,n, we propose the following
[11]:

q=n9=1((g=n04=1),
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J-1p-1
p = 1: nzl) ]K+1 i)(n p ejpElp (up)lc+1] ,
j=11=1
J-1L-1
K+2
p=2,.,m "ut?e el Zz e/ Ef [( »), ]
j=11=
q=n,g9= Zr(CB =n’CA = 2)’
J-1L-1
K+1
p=1: Myt an‘.bzzz e?E? [( p) ]
j=11=
J-1L-1
K+1
p=2.,n—1 "t 2 Xn%ZZ e B |(w), ]
j=11=
J-1L-1
K+1
p=n: n2 K+1 i)(nd)zzz pEp [(up) ]
j=11=
q:n! g nJ(CB_nlCA:n)’
J-1L-1
K+1
p=1 ”;,‘uj"“ 2 Xntbn 2 ejp [( P) ] ’
j=11=1
J-1L-1
K+1
p=2..,n n’;u}cﬂ = ﬁd) z ]pEp [( p) ]
j=11
]—1L—1 )
1n+1 N _ K+1
p = 1: n+p ]K+1 - Xl n+1zz e]pElp [(up)]l ] ’
j=11=1
J-1p-1 )
1, 1 A 5P I e+l
p=2.,m uftt Ayl n+1zzejpElp [(up)ﬂ ] '
j=11=1
Here (up)j:l, p=1,..mk=0,.,K j=0,..,]; 1= - is the solution to the

boundary difference problem ((9.2.n*), (6.1.n*), (6.2.n*) [11].
iii. Corollary 2.n: According to Eq. (55) and Eq. (67), the following inequalities hold

ng K+1 < nﬁ , 9= 1 L n+ 1, p= 1' v, N (68)
) _ —At v 2

Let us sum inequalities of Eq. (68) over p from 1 to n. Then we get the following
inequalities.

LIUHt S "BRIWK, g=1,..,n+ 1. (69)
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letg =n+ 1 (Cz = n + 1). Consider the initial-boundary difference problem ((9.2.n+1)

or (9.2.n+1%*), (6.1.n+1%*) and, as discrete functions +1gu"+1, p =1,..,n, we propose

pYj
the following [11].

g=n+1 g=1(Cs=n+16,=1),
J-1L-1
p=1,..,n0 n+1,;u];_c+1 A Xﬁ“‘l(’bfzz e]_pE'l K+1]
j=11=1
g=n+1, g=2(Cs=n+1C=2),
J-1L-1
K+1
p=1,.,n—1 "Tout 2 P @Y Zz pEp[( p) ] ’
j=11=
J-1L-1 )
+1,2 a P E e+l
p =n n pu}C+1 :X‘rzi+1 g Ze]pElp [(up)ﬂ ] ’
j=11=1
q=n+1 g=n((p=n+1C =n),
J-1L-1
K+1
p = 1: n+1n K+1 A Xn+1¢nzz pEp [( p) ]
j=11=
K+1
p=2..,n "+1n K+1 = xn+1¢n2 Zl 1epEp [(up) ]
q=n+1, g—n+1,(CB—n+1,CA—n+1),
J-1L-1
K+1
p=1,..m n+1n+zl) ]x+1 N Xn+1¢n+1zz pEp [(up) ] .
j=11=

Here (up):lﬂ, pr=1..,nk=0,.,K;j=0,..,J; L =0,..,L - is the solution to the

boundary difference problem ((9.2.n+1%*), (6.1.n+1*) [11].
iv. Corollary 2.n+1: According to Eq. (33) and Eq. (42), the following inequalities hold

nﬂg }'”1 < ”+1,3n+1g ,9g=1,..,n+1, p=1,.,m (70)
At-
26 =1+, ﬁ=1+Atfv, 0<2f<1.

Let us sum inequalities of Eq. (70) over p from 1 to n. Then we get the following
inequalities

mLgyItt < nHg L LI, g =1,..,n+ 1. (71)

v. Main corollary 2: To solve the initial-boundary difference problem ((9.2.1)-(9.2.n+1),
(6.1.1*)-(6.1.n+1%*), (6.2.1*)-(6.2 .n+1*) the following inequality holds [11].

Urtt < pW¥, B = min ‘B. (72)

1<isn+1

From Eq. (63) and Eq. (72) we easily obtain the sought-for inequality
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Ukt < BW* < aBU™. (73)
Note that for sufficiently small At, the following inequality holds

O<y=af <1
Then the following inequality is true:

U <y*Uu°, k=1,..,N. (74)
Let us introduce positive constants

“ = T, BN @

G, = min(95,) min (min(e] 57 min(&F BF) min(ef BF) min (& 7). ).

)

C, = ‘g'l%c(z?gg) max (‘r%ljc(efEf),g%f(éfEf),gﬁgc(ejpﬁf),rg%c(é]pﬁf),).

Then it follows that

J-1L-1 n 5 J-1L-1 n 5
C,AxAy z Z [(up);l] < U* <y*kU® < CzykAxAyZZ Z [(up)?l] )
i , J-1L-1 n ]:1 e
K 0
AxAy Z [(up)ﬂ] < Cy*aAxay Z [(up)ﬂ] ,k=1,..,N;C=Cy/C;.
j=11=1p=1 j=11=1p=1

Thus, numerical solution U]-’f of the mixed problem is exponentially Lyapunov stable in [?-norm.
Theorem 1 is proved.

4. Conclusions

Control parameters are introduced to control the characteristic velocities of a symmetric t-
hyperbolic system. For a two-dimensional symmetric t-hyperbolic system with a constant coefficient,
the exponential stability of the proposed difference scheme at energetic norms was studied. Auxiliary
lemmas were introduced for one-dimensional hyperbolic equations. The exponential stability of the
equation solution was analysed according to the initial and boundary conditions. Some auxiliary
mixed problems were introduced and studied. A discrete analogue of the Lyapunov function was built
and a prior evaluation was obtained for it, which indicates the exponential stability of the numerical
solution. Problems of formulation of a mixed problem for symmetric hyperbolic systems depending
on control parameters were investigated. The numerical solution of the initial-boundary difference
problem was studied in the VU¥ norm in the sense of Lyapunov, and the corresponding inequality
conditions were shown. It was proved that the numerical solution of the mixed problem is
exponential stability in the Lyapunov sense-in [? the norm. It was shown that the difference scheme
will be stable if the CFL condition is satisfied and otherwise unstable.
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