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Sombor index is a newly developed degree-based topological index which involves the 
degree of the vertex in a simple connected graph. The Sombor index is known as the 
square root of the sum of the squared degrees of two adjacent vertices in a graph. 
Meanwhile, the noncommuting graph associated to a group is a graph where its 
vertices are the non-central elements of the group and two vertices are adjacent if and 
only if they do not commute. In this study, a new notion called the Sombor polynomial 
is introduced. Then, the general formula of the Sombor index and the Sombor 
polynomial of the noncommuting graph associated to some finite groups are 
determined by using their definitions and some preliminaries. The groups involved in 
this research are the dihedral groups, the quasidihedral groups, and the generalized 
quaternion groups. The results found can help the chemists and biologists to predict 
the chemical and physical properties of the molecules without involving any laboratory 
work. 
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1. Introduction 
 

A topological index is a numerical quantity associated with a chemical compound that captures 
some aspect of its molecular topology, or the way its constituent atoms are connected in three-
dimensional space [1]. The purpose of a topological index is typically to provide insight into some 
chemical or physical property of the compound, such as its solubility, reactivity, or biological activity 
[2]. In addition, the topological indices can be broadly divided into two categories: distance and 
degree-based topological indices. Distance-based indices are computed based on the distances 
between pairs of atoms in the molecule, while degree-based indices are computed based on the 
number of bonds or other topological features that each atom in the molecule possesses. 
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Topological index has been introduced since 1947 by Wiener [3] where the first type of 
topological index, namely the Wiener index is developed. The study in [3] focuses on computing the 
Wiener number of some types of paraffins and their boiling points are predicted. Then, the results 
were compared to their observed boiling points. Since then, many new concepts and formulas of the 
topological indices have been introduced in mathematical chemistry field for both degree and 
distance-based topological indices. Other than the Wiener index [3-5], other examples of commonly 
used topological indices include the Randi𝑐̀ index [6-8], the Zagreb index [9-12], and the Harary index 
[13,14]. Each of these indices captures a different aspect of molecular topology and has its own 
specific mathematical formula for calculation. In 2021, a new topological index called the Sombor 
index has been introduced by Gutman [15], where Sombor is the name of a city in Serbia, also 
Gutman’s hometown. Its formula is given in Definition 1. Many findings on the Sombor index have 
been determined since then, where they can be found in the previous studies [16-19]. 

The topological indices have found applications in a wide range of fields, including drug design, 
environmental chemistry, and materials science. They provide a valuable tool for predicting and 
understanding the properties of chemical compounds and continue to be an active area of research 
in the field of computational chemistry.  Besides that, they are closely related to graph theory, which 
is the mathematical study of graphs or networks. A set of objects (vertices or nodes) can be 
mathematically represented as a graph and the connections between them (edges) [20]. In the 
context of chemistry, graphs are often used to represent molecular structures, where the atoms of 
the molecule correspond to the vertices and the bonds between them correspond to the edges.  

Graph theory provides a rich set of mathematical tools for analysing the properties of graphs, 
including the degree distribution, clustering coefficient, diameter, and many others. By applying 
these tools to the graph of a molecule, researchers can gain insights into its topological properties 
and predict its behaviour in various chemical or physical contexts. In graph theory, there are 
topological indices that are associated with graph polynomials and have certain practical applications 
such as found in the previous studies [21,22]. The study of polynomials discusses the structures of 
graphs, but they do not always solve the characterization of graph since non-isomorphic graphs 
appear to have the same polynomial. Nevertheless, graph polynomials such as the Zagreb polynomial 
[23] and the Harmonic polynomial [24] are important in studying several types of topological indices 
and describing the properties of graphs and networks. They have several important applications in 
topology and graph theory. 

The study on Sombor index is getting much attention from the researchers where more than 50 
related articles have been published in a year. The concept of Sombor polynomial is not introduced 
yet. Hence, in this paper, the definition of Sombor polynomial is introduced based on the Sombor 
index. The Sombor polynomial and Sombor index are determined for the noncommuting graph 
associated to some finite groups. 

 
2. Preliminaries 

 
Some definitions and fundamental ideas in group theory and graph theory are given in this 

section. The definition of the Sombor index is included. Besides that, some previous results and 
studies that have been done by other researchers in the scope of Sombor index, the noncommuting 
graph and some finite groups are also stated, and they are used to prove the main theorems in the 
next section. 
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2.1 Definition 1 [20] Sombor Index 
 
Let  be a graph. The Sombor index of  is defined as where  and 

represent the degree of the edges  and  in , respectively. 
An essential component of understanding molecular structure is graph theory. Hence, the study 

on the topological index in graph theory is increasingly developing. The following definitions are some 
important concepts in graph theory, particularly in this study. 

  
2.2 Definition 2 [25] Complete Multipartite Graph 

 
A complete multipartite graph, also known as a 𝑘 −partite graph, is a graph where the vertices 

can be divided into 𝑘 distinct independent sets. In other words, it is a graph that can have 𝑘 colors 
applied so that no two edge endpoints have the same color. 

 
2.3 Definition 3 [26] The Noncommuting Graph 

 
Let 𝐺 be a finite group. The noncommuting graph of 𝐺 is the graph with the non-central vertex 

set and two distinct vertices 𝑥 and 𝑦 are connected by an edge whenever they do not commute to 
each other. 

In 2018, Mahmoud et al., [27] found the noncommuting graph of dihedral groups, the 
quasidihedral groups and the generalized quaternion groups. Their general formulas are stated in the 
following propositions and are used to prove the main theorems. 

 
Proposition 1 [27] Let  be the dihedral groups of order  and  be the noncommuting 

graph of . Then, 
 

 

  
Proposition 2 [27] Let  be the generalized quaternion groups of order  and  be the 

noncommuting graph of . Then,  
 

. 

 
Proposition 3 [27] Let   be the quasidihedral groups of order  and  be the 

noncommuting graph of .  Then,  
 

. 

 
In addition, the number of edges of the non-commuting graph for the finite groups has been 

determined by Abdollahi et al., [26].  
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Proposition 4 [26] Let  be a finite group and  be the noncommuting graph of . Then, the 

number of edges of  , , where  is the number of conjugacy classes of 

. 
This study involves three types of non-abelian finite groups which are the dihedral groups, , 

the quasidihedral groups,  and the generalised quaternion groups, . Their group 
presentations are as follows. 
 

 
 

 

 
 

  
The centre of the dihedral group can be presented as follows: 
 
Proposition 5 [28] Let  be a dihedral group of order , where . Then, the centre of 

, 

 

  
The conjugacy class of   is the set  [29]. The number of the conjugacy 

classes of the dihedral group is given in the next proposition. 
 
Proposition 6 [30] The number of the conjugacy class of the dihedral group of order , 

  is 
 

 

                    
3. Results  

 
In this section, the Sombor index of the noncommuting graph associated to the dihedral groups, 

the quasidihedral groups and the generalised quaternion groups are determined. Then, their Sombor 
polyomials are also computed. At the end of the paper, the Sombor index and Sombor polynomial of 
𝑘 −regular graph is presented. 

 
The Sombor polynomial of the graph is given in Definition 4, which it satisfies the condition 
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Definition 4  Sombor Polynomial 

Let be a graph. The Sombor polynomial of is defined as  

where     and  represent the degree of  and  in , respectively. 
 

3.1 The Sombor Index of the Noncommuting Graph Associated to Some Finite Groups 
 
Theorem 1  Let be the noncommuting graph of  where  is the dihedral groups of order 

,  Then, the Sombor index of , 
 

 

 
Proof   Based on Proposition 1, the noncommuting graph of , , are split into two categories; 

is odd and  is even, where  
For  is odd: 

and by Propositions 4 and 6, Then, there are edges which 

connect two vertices of that has degree and Meanwhile, there are edges which 

connect two vertices of that both have degrees . By Definition 1, 
 

 

 
For is even: 
 

and by Propositions 4 and 6, There are edges which 

connect two vertices of that has degree and . Meanwhile, there are edges which 

connect two vertices in of degrees By Definition 1, 
  

      (1) 

 
Theorem 2  Let be the noncommuting graph of where is the quasidihedral groups of order 

,  Then, the Sombor index of , 
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Proof  Based on Proposition 3, the noncommuting graph of , , where  

By Proposition 4, Then, there are edges which connect two vertices 

of that has degree and . Meanwhile, there are edges which connect two 

vertices in of degrees . Hence, by Definition 1, 
 

    (2) 

 
Theorem 3  Let be the noncommuting graph of  where  is the generalized quaternion 

groups of order , Then, the Sombor index of , 
 

 

 
Proof    Based on Proposition 2, the noncommuting graph of , , where  By 

Proposition 4, Then, there are edges which connect two vertices of 
that has degree and . Meanwhile, there are edges which connect two vertices in 
of degrees Hence, by Definition 1, 

 

      (3) 

 
3.2 The Sombor Polynomial of the Noncommuting Graph Associated to Some Finite Groups 

 
Theorem 4  Let be the noncommuting graph of where is the dihedral groups of order 

, Then, the Sombor polynomial of , 
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For is odd: 
By Propositions 4, 6 and Definition 4, 

 

 
For is even: 
By Propositions 4, 6 and Definition 4, 

 

      (4) 

 
Theorem 5  Let be the noncommuting graph of where is the quasidihedral groups of order 
  Then, the Sombor polynomial of , 

 

 

 
Proof  Based on Proposition 3, the noncommuting graph of , , where 

Then, the Sombor polynomial of , 
 

               (5) 
 

Theorem 6 Let be the noncommuting graph of where is the generalized quaternion 
groups of order , Then, the Sombor polynomial of , 
 

 

 
Proof Based on Proposition 2, the noncommuting graph of , , where  
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By Proposition 4 and the Definition 4, 

  

  (6) 
 
Next, the Sombor index and Sombor polynomial of 𝑘 −regular graph is presented. 
 
Theorem 7 Let be 𝑘 −regular graph where 𝑘 is the degree of each vertex and 𝑚 is the total 

number of edges in  Then, the Sombor index of ,  
 
Proof   Based on Definition 1, 

 

         (7) 

 
Theorem 8 Let be 𝑘 −regular graph where 𝑘 is the degree of each vertex and 𝑚 is the total 

number of edges in  Then, the Sombor polynomial of ,  

 
Proof   Based on the definition of Sombor polynomial of the graph, 

 

      (8) 

 
4. Conclusions 

 
In this paper, the Sombor polynomial is introduced. Then, the general formulas of the Sombor 

index and Sombor polynomial of the non-commuting graph associated to the dihedral groups, the 
quasidihedral groups and the generalised quaternion groups are determined. The Sombor index and 
Sombor polynomial for 𝑘 −regular graph is also found. These formulas can be used to help chemists, 
biologist and scientists to predict the physical and chemical properties of some molecules without 
involving any laboratory work. In future, this study can be extended to determine the Sombor index 
and Sombor polynomial of other types of graphs and groups. Some properties of the Sombor index 
and Sombor polynomial can also be found, such as obtaining the Sombor polynomial of certain 
classical graph operations and deriving the bounds of the Sombor index of some graph operations. 

 
Acknowledgement 
This work was funded by Ministry of Higher Education Malaysia (MoHE) under Fundamental Research 
Grant Scheme (FRGS/1/2020/STG06/UTM/01/2). The last author would like to thank Universiti 
Teknologi MARA for granting him a study leave. 
 
 
 

( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

( ) ( )

( )
( ) ( )

( )
( )

2 2 2 22 2

2 2 2

2 2 2 2 2 2

2 2

4 4 4 4 4 4 2

( )

32 1 16 1 4

2 1 2 2 21;
4 4 4 4 4 4 2

2 12 .
4 1 4 1

u v

G

G
n n n nd d

uv E u v

n n n

n n n n
SO x x x x

d d n n n n

n nn x x
n n n

- + - - ++

Î G

- - +

- -
G = = +

+ - + - - +

-
= +

- - +

å

G

.G G ( ) 2 .SO kmG =

( ) ( )2 2 2

( ) ( )
2 2 2 .u v u u

uv E uv E
SO d d d E d km

Î G Î G

G = + = = G =å å

G

.G G ( ) 22; .
2

kmSO x
k
xG =

( ) 2 2 2 2 2

2 2 2

2 2 2

( ) ( )

( )1 1; .
2 22

u v ud d d k k

uv E uv Eu v u

E mSO x x x x x
k kd d d

+

Î G Î G

G
G = = = =

+
å å



Journal of Advanced Research in Applied Sciences and Engineering Technology 
Volume 42, Issue 2 (2024) 112-121 

120 
 

References 
[1] Gutman, Ivan, and Oskar E. Polansky. Mathematical concepts in organic chemistry. Springer Science & Business 

Media, 2012. 
[2] Basak, Subhash C., V. R. Magnuson, G. J. Niemi, R. R. Regal, and G. D. Veith. "Topological indices: their nature, 

mutual relatedness, and applications." Mathematical Modelling 8 (1987): 300-305. https://doi.org/10.1016/0270-
0255(87)90594-X 

[3] Wiener, Harry. "Structural determination of paraffin boiling points." Journal of the American Chemical Society 69, 
no. 1 (1947): 17-20. https://doi.org/10.1021/ja01193a005 

[4] Nikolić, Sonja, and Nenad Trinajstić. "The Wiener index: Development and applications." Croatica Chemica Acta 68, 
no. 1 (1995): 105-129. 

[5] Gutman, Ivan, Damir Vukičević, and Janez Žerovnik. "A class of modified Wiener indices." Croatica Chemica Acta 77, 
no. 1-2 (2004): 103-109. 

[6] Li, Xueliang, and Yongtang Shi. "A survey on the Randić index." MATCH Commun. Math. Comput. Chem 59, no. 1 
(2008): 127-156. 

[7] Gutman, Ivan. "Degree-based topological indices." Croatica Chemica Acta 86, no. 4 (2013): 351-361. 
https://doi.org/10.5562/cca2294 

[8] Gutman, Ivan, Boris Furtula, and Vladimir Katanić. "Randić index and information." AKCE International Journal of 
Graphs and Combinatorics 15, no. 3 (2018): 307-312. https://doi.org/10.1016/j.akcej.2017.09.006 

[9] Gutman, Ivan, and Nenad Trinajstić. "Graph theory and molecular orbitals. Total φ-electron energy of alternant 
hydrocarbons." Chemical Physics Letters 17, no. 4 (1972): 535-538. https://doi.org/10.1016/0009-2614(72)85099-
1 

[10] Gutman, Ivan, and Kinkar Ch Das. "The first Zagreb index 30 years after." MATCH Commun. Math. Comput. 
Chem 50, no. 1 (2004): 83-92. 

[11] Liu, Muhuo, and Bolian Liu. "Some properties of the first general Zagreb index." Australas. J Comb. 47 (2010): 285. 
[12] Fath-Tabar, G. H. "Old and new Zagreb indices of graphs." MATCH Commun. Math. Comput. Chem 65, no. 1 (2011): 

79-84. 
[13] Plavšić, Dejan, Sonja Nikolić, Nenad Trinajstić, and Zlatko Mihalić. "On the Harary index for the characterization of 

chemical graphs." Journal of Mathematical Chemistry 12 (1993): 235-250. https://doi.org/10.1007/BF01164638 
[14] Xu, Kexiang, and Kinkar Ch Das. "On Harary index of graphs." Discrete Applied Mathematics 159, no. 15 (2011): 

1631-1640. https://doi.org/10.1016/j.dam.2011.06.003 
[15] Gutman, Ivan. "Geometric approach to degree-based topological indices: Sombor indices." MATCH Commun. Math. 

Comput. Chem 86, no. 1 (2021): 11-16. 
[16] Gutman, Ivan. "Sombor index–one year later." Bulletin (Académie Serbe des Sciences et des Arts. Classe des sciences 

Mathématiques et Naturelles. Sciences Mathématiques) 45 (2020): 43-55. 
[17] Das, Kinkar Chandra, Ahmet Sinan Çevik, Ismail Naci Cangul, and Yilun Shang. "On sombor index." Symmetry 13, no. 

1 (2021): 140. https://doi.org/10.3390/sym13010140 
[18] Oğuz Ünal, Seda. "An application of Sombor index over a special class of semigroup graph." Journal of 

Mathematics 2021 (2021): 1-6. https://doi.org/10.1155/2021/3273117 
[19] Sun, Xiaoling, and Jianwei Du. "On Sombor index of trees with fixed domination number." Applied Mathematics 

and Computation 421 (2022): 126946. https://doi.org/10.1016/j.amc.2022.126946 
[20] Bondy, John Adrian, and Uppaluri Siva Ramachandra Murty. Graph Theory with Applications. Vol. 290. London: 

Macmillan, 1976. https://doi.org/10.1007/978-1-349-03521-2 
[21] Farahani, Mohammad Reza. "On the Schultz polynomial and Hosoya polynomial of circumcoronene series of 

benzenoid." Journal of Applied Mathematics & Informatics 31, no. 5-6 (2013): 595-608. 
https://doi.org/10.14317/jami.2013.595 

[22] Farahani, Mohammad Reza, Wei Gao, MR Rajesh Kanna, R. Pradeep Kumar, and Liu Jia-Bao. "General Randic, sum-
connectivity, hyper-Zagreb and harmonic indices, and harmonic polynomial of molecular graphs." Advances in 
Physical Chemistry 2016 (2016). https://doi.org/10.1155/2016/2315949 

[23] Bindusree, A. R., I. Naci Cangul, V. Lokesha, and A. Sinan Cevik. "Zagreb polynomials of three graph 
operators." Filomat 30, no. 7 (2016): 1979-1986. https://doi.org/10.2298/FIL1607979B 

[24] Hernández-Gómez, Juan C., J. A. Méndez-Bermúdez, José M. Rodríguez, and José M. Sigarreta. "Harmonic index 
and harmonic polynomial on graph operations." Symmetry 10, no. 10 (2018): 456. 
https://doi.org/10.3390/sym10100456 

[25] Rosen, Kenneth H. Discrete Mathematics and Its Applications. The McGraw Hill Companies, 2007. 
[26] Abdollahi, Alireza, Saieed Akbari, and H. R. Maimani. "Non-commuting graph of a group." Journal of Algebra 298, 

no. 2 (2006): 468-492. https://doi.org/10.1016/j.jalgebra.2006.02.015 

https://doi.org/10.1016/0270-0255(87)90594-X
https://doi.org/10.1016/0270-0255(87)90594-X
https://doi.org/10.1021/ja01193a005
https://doi.org/10.5562/cca2294
https://doi.org/10.1016/j.akcej.2017.09.006
https://doi.org/10.1016/0009-2614(72)85099-1
https://doi.org/10.1016/0009-2614(72)85099-1
https://doi.org/10.1007/BF01164638
https://doi.org/10.1016/j.dam.2011.06.003
https://doi.org/10.3390/sym13010140
https://doi.org/10.1155/2021/3273117
https://doi.org/10.1016/j.amc.2022.126946
https://doi.org/10.1007/978-1-349-03521-2
https://doi.org/10.14317/jami.2013.595
https://doi.org/10.1155/2016/2315949
https://doi.org/10.2298/FIL1607979B
https://doi.org/10.3390/sym10100456
https://doi.org/10.1016/j.jalgebra.2006.02.015


Journal of Advanced Research in Applied Sciences and Engineering Technology 
Volume 42, Issue 2 (2024) 112-121 

121 
 

[27] Birkia, Rabiha Mahmoud. "Energy and Laplacian Energy of Graphs Related to a Family of Finite Groups." PhD thesis, 
Universiti Teknologi Malaysia, 2018. 

[28] Samaila, D., B. Ibrahim Abba, and M. Pius Pur. "On the conjugacy classes, centers and representation of the groups 
Sn and Dn." International Journal of Pure and Applied Sciences and Technology 15, no. 1 (2013): 87-89. 

[29] Rose, Harvey E. A course on finite groups. Springer Science & Business Media, 2009. https://doi.org/10.1007/978-
1-84882-889-6 

[30] Roslly, Siti Rosllydia Dania, Nur Fatimah Az Zahra Ab Halem, Nur Syasya Sahira Zailani, Nur Idayu Alimon, and Siti 
Afiqah Mohammad. "Generalization of Randic ́ Index of the Non-commuting Graph for Some Finite 
Groups." Malaysian Journal of Fundamental and Applied Sciences 19, no. 5 (2023): 762-768. 
https://doi.org/10.11113/mjfas.v19n5.3047 

 
 
 

https://doi.org/10.1007/978-1-84882-889-6
https://doi.org/10.1007/978-1-84882-889-6
https://doi.org/10.11113/mjfas.v19n5.3047

