Journal of Advanced Research in Applied Sciences and Engineering Technology 42, Issue 2 (2024) 112-121

Journal homepage:

SEMARAK ILMU https://semarakilmu.com.my/journals/index.php/applied_sciences_eng_tech/index
PUBLISHING ISSN: 2462-1943

202103268166(003316878-7)

Journal of Advanced Research in Applied

ENGINEERING TECHNOLOGY

Sciences and Engineering Technology

Sombor Index and Sombor Polynomial of the Noncommuting Graph
Associated to Some Finite Groups

Sanhan Muhammad Salih Khasraw %, Nor Haniza Sarmin®", Nur Idayu Alimon?3, Nabilah
Najmuddin?, Ghazali Semil@Ismail??

1 Department of Mathematics, College of Education, Salahaddin University-Erbil, Kurdistan Region, Iraq

2 Department of Mathematical Sciences, Faculty of Science, Universiti Teknologi Malaysia, 81310 Johor Bahru, Johor, Malaysia

3 Mathematical Sciences Studies, College of Computing, Informatics and Mathematics, Universiti Teknologi MARA Johor Branch, Pasir Gudang
Campus, 81750 Masai, Johor, Malaysia

4 School of Mathematical Sciences, Universiti Sains Malaysia 11800 Gelugor, Pulau Pinang, Malaysia

ARTICLE INFO ABSTRACT

Article history: Sombor index is a newly developed degree-based topological index which involves the
Received 1 September 2023 degree of the vertex in a simple connected graph. The Sombor index is known as the
Received in revised form 7 March 2024 square root of the sum of the squared degrees of two adjacent vertices in a graph.

Accepted 10 March 2024

Meanwhile, the noncommuting graph associated to a group is a graph where its
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vertices are the non-central elements of the group and two vertices are adjacent if and
only if they do not commute. In this study, a new notion called the Sombor polynomial
is introduced. Then, the general formula of the Sombor index and the Sombor
polynomial of the noncommuting graph associated to some finite groups are

Keywords: determined by using their definitions and some preliminaries. The groups involved in

this research are the dihedral groups, the quasidihedral groups, and the generalized
Sombor index; Sombor polynomial; quaternion groups. The results found can help the chemists and biologists to predict
Noncommuting graph; Graph theory; the chemical and physical properties of the molecules without involving any laboratory
Group theory work.

1. Introduction

A topological index is a numerical quantity associated with a chemical compound that captures
some aspect of its molecular topology, or the way its constituent atoms are connected in three-
dimensional space [1]. The purpose of a topological index is typically to provide insight into some
chemical or physical property of the compound, such as its solubility, reactivity, or biological activity
[2]. In addition, the topological indices can be broadly divided into two categories: distance and
degree-based topological indices. Distance-based indices are computed based on the distances
between pairs of atoms in the molecule, while degree-based indices are computed based on the
number of bonds or other topological features that each atom in the molecule possesses.
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Topological index has been introduced since 1947 by Wiener [3] where the first type of
topological index, namely the Wiener index is developed. The study in [3] focuses on computing the
Wiener number of some types of paraffins and their boiling points are predicted. Then, the results
were compared to their observed boiling points. Since then, many new concepts and formulas of the
topological indices have been introduced in mathematical chemistry field for both degree and
distance-based topological indices. Other than the Wiener index [3-5], other examples of commonly
used topological indices include the Randic index [6-8], the Zagreb index [9-12], and the Harary index
[13,14]. Each of these indices captures a different aspect of molecular topology and has its own
specific mathematical formula for calculation. In 2021, a new topological index called the Sombor
index has been introduced by Gutman [15], where Sombor is the name of a city in Serbia, also
Gutman’s hometown. Its formula is given in Definition 1. Many findings on the Sombor index have
been determined since then, where they can be found in the previous studies [16-19].

The topological indices have found applications in a wide range of fields, including drug design,
environmental chemistry, and materials science. They provide a valuable tool for predicting and
understanding the properties of chemical compounds and continue to be an active area of research
in the field of computational chemistry. Besides that, they are closely related to graph theory, which
is the mathematical study of graphs or networks. A set of objects (vertices or nodes) can be
mathematically represented as a graph and the connections between them (edges) [20]. In the
context of chemistry, graphs are often used to represent molecular structures, where the atoms of
the molecule correspond to the vertices and the bonds between them correspond to the edges.

Graph theory provides a rich set of mathematical tools for analysing the properties of graphs,
including the degree distribution, clustering coefficient, diameter, and many others. By applying
these tools to the graph of a molecule, researchers can gain insights into its topological properties
and predict its behaviour in various chemical or physical contexts. In graph theory, there are
topological indices that are associated with graph polynomials and have certain practical applications
such as found in the previous studies [21,22]. The study of polynomials discusses the structures of
graphs, but they do not always solve the characterization of graph since non-isomorphic graphs
appear to have the same polynomial. Nevertheless, graph polynomials such as the Zagreb polynomial
[23] and the Harmonic polynomial [24] are important in studying several types of topological indices
and describing the properties of graphs and networks. They have several important applications in
topology and graph theory.

The study on Sombor index is getting much attention from the researchers where more than 50
related articles have been published in a year. The concept of Sombor polynomial is not introduced
yet. Hence, in this paper, the definition of Sombor polynomial is introduced based on the Sombor
index. The Sombor polynomial and Sombor index are determined for the noncommuting graph
associated to some finite groups.

2. Preliminaries

Some definitions and fundamental ideas in group theory and graph theory are given in this
section. The definition of the Sombor index is included. Besides that, some previous results and
studies that have been done by other researchers in the scope of Sombor index, the noncommuting
graph and some finite groups are also stated, and they are used to prove the main theorems in the
next section.
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2.1 Definition 1 [20] Sombor Index

Let I' be a graph. The Sombor index of T is defined as SO(I')= )’ Jd.?>+d?,where d, and d,

uveE(T)
represent the degree of the edges « and v in T, respectively.

An essential component of understanding molecular structure is graph theory. Hence, the study
on the topological index in graph theory is increasingly developing. The following definitions are some
important concepts in graph theory, particularly in this study.

2.2 Definition 2 [25] Complete Multipartite Graph

A complete multipartite graph, also known as a k —partite graph, is a graph where the vertices
can be divided into k distinct independent sets. In other words, it is a graph that can have k colors
applied so that no two edge endpoints have the same color.

2.3 Definition 3 [26] The Noncommuting Graph

Let G be a finite group. The noncommuting graph of G is the graph with the non-central vertex
set and two distinct vertices x and y are connected by an edge whenever they do not commute to
each other.

In 2018, Mahmoud et al, [27] found the noncommuting graph of dihedral groups, the
guasidihedral groups and the generalized quaternion groups. Their general formulas are stated in the
following propositions and are used to prove the main theorems.

Proposition 1 [27] Let G be the dihedral groups of order 2n, n>3 and I' ; be the noncommuting
graph of G. Then,

K

Ll,...,1,n-1°
i

n is odd,

n times

o .
K, 5., niseven
222
2 times
2

Proposition 2 [27] Let G be the generalized quaternion groups of order 4n, n>2 and T be the
noncommuting graph of G . Then,

r,=K

2,2,...,2,2n-2,
Nkl g

n times

Proposition 3 [27] Let G be the quasidihedral groups of order 2", n>4 and I'; be the
noncommuting graph of G. Then,

r,=kK

272 times

2,2,...,2,2" 2.
el

In addition, the number of edges of the non-commuting graph for the finite groups has been
determined by Abdollahi et al., [26].
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Proposition 4 [26] Let G be a finite group and I'; be the noncommuting graph of . Then, the

_lal -k(6)|g] . _
E(Ty) = 5 , Where k(G) is the number of conjugacy classes of

number of edges of T,

G.

This study involves three types of non-abelian finite groups which are the dihedral groups, D, ,
the quasidihedral groups, (, and the generalised quaternion groups, oD, . Their group
presentations are as follows.

D, = <a,b

a" =bh* =1,bab=a’l>,n23.

oD, = <a,b

& =p = 1,bab = az”iz"1>,n >4.

0, = <a,b

a"=b*,a*" =b* =1,bab=a’l>,n22.

The centre of the dihedral group can be presented as follows:

Proposition 5 [28] Let G be a dihedral group of order 2n, where n>3,n N . Then, the centre of

G,
{1} , n 1s odd,
ZG)=1[ 1
l,a? ;, niseven.

The conjugacy class of aeG is the set cl(a):{xax*1|xeG} [29]. The number of the conjugacy

classes of the dihedral group is given in the next proposition.

Proposition 6 [30] The number of the conjugacy class of the dihedral group of order 2n,
n>3,neN is

n+3

, nisodd,
k(G)=
@) +6 .
——, niseven.
2

3. Results

In this section, the Sombor index of the noncommuting graph associated to the dihedral groups,
the quasidihedral groups and the generalised quaternion groups are determined. Then, their Sombor
polyomials are also computed. At the end of the paper, the Sombor index and Sombor polynomial of
k —regular graph is presented.

The Sombor polynomial of the graph T'is given in Definition 4, which it satisfies the condition
SO'(T;1) = SO(T).-
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Definition 4 Sombor Polynomial

Let I be a graph. The Sombor polynomial of T'is defined as SO(T;x)= Y. ;xd"z*dvz,
weE(T) o /duz +d )}

where d, and d, represent the degree of U and Vv in T, respectively.

3.1 The Sombor Index of the Noncommuting Graph Associated to Some Finite Groups

Theorem 1 Let I' . be the noncommuting graph of G where G is the dihedral groups of order 2n
,n23. Then, the Sombor index of I';,,

n(n—l)[\/z(n—l)+1/4(n—l)2 +n’ }, n is odd,
n(n—2)[\/5(n—2)+w/4(n—2)z +n2} n is even.

Proof Based on Proposition 1, the noncommuting graph of D, , I' ., are split into two categories;
nis odd andn is even, where n>3.
Forn is odd:

SO(T,) =

[, =K., ...and by Propositions 4 and 6,

n times

E(FG)| :%n(n—l).Then, there are n(n-1)edges which

connect two vertices of I' that has degree2rn-2andn. Meanwhile, there are %n(n—l)edges which

connect two vertices of I';that both have degrees2n-2. By Definition 1,

S0(Tg)= ¥ a7+d? =2 n(n-1)(20-2 +(20-2) +n(n-1){2n-2)"+»

uveE(Tg)
:n(n—l)[\/z(n—l)+4/4(n—l)2 +n2}
Fornis even:

', =K,, ,.,,and by Propositions 4 and 6,

I times
3 S

E(FG)|=%n(n—2).There are n(n-2)edges which

connect two vertices of I' ; that has degree2n—-4andn. Meanwhile, there are %n(n—Z) edges which

connect two vertices in I' , of degrees 2n—4.By Definition 1,

So(rG)=W€;r )ﬂ/du%rarv2 =%n(n—2)\/(2n—4)2+(2n—4)2 +n(n-2)y(2n—4) +n’

(1)
:n(n—Z)[«/E(n—Z)-i- 4(n—2)2+n2}.

Theorem 2 Let I" be the noncommuting graph of G where G is the quasidihedral groups of order
2",n24. Then, the Sombor index of T,
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SO(Ty) =2 (2" -4) (227 -2 )+ (222 -2) (2" - 4) + 2>,

Proof Based on Proposition 3, the noncommuting graph of D, , I'; =K where n>4.

2,2,..,2,2m 127
S5ns

2712 times

By Proposition 4, |E(T; )| = 3(22”‘3 —2m! ).Then, there are 2" (2”" —2) edges which connect two vertices

2n
of I',that has degree2”-4and2""'. Meanwhile, there are 22—3—2(2”“)edges which connect two

vertices in I', of degrees2" —-4. Hence, by Definition 1,

e R A e B IREAICaEE N )

uveE(l';)
_ \/5(22%3 _on-l )(2n _4)+(22n72 _2n) ,(zn _4)2 422

Theorem 3 Let I' be the noncommuting graph of G where G is the generalized quaternion
groups of order 4n,n>2.Then, the Sombor index of T .,

so(rG):sn(n-l)[ﬁ(n-l)ﬂ/zx(n_l)z+n2}

Proof Based on Proposition 2, the noncommuting graphof D, , I'c =K,, ,,,,, where n>2. By

n times

(2)

Proposition 4,

E(T;)|=6n(n-1).Then, there are 2n(2n—2)edges which connect two vertices of T’
that has degree 4n—4and 2n. Meanwhile, there are 2n(n—1)edges which connect two verticesin I,
of degrees 4n—4.Hence, by Definition 1,

so(Ty)= > «/duz—i—dvz:2n(n—l)\/(4n—4)2+(4n—4)2+2n(2n—2) (2n—4)" +n?

uveE(Tg) (3)
:Sn(n—l)[\/z(n—l)+«/4(n—l)2 +n2}.
3.2 The Sombor Polynomial of the Noncommuting Graph Associated to Some Finite Groups

Theorem 4 Let I' . be the noncommuting graph of G where Gis the dihedral groups of order 2n
, n=3.Then, the Sombor polynomial of I',,,

8(n-1)2 4(n—1) +n2
n(n-1)| — = . nisodd,
4\/5(11—1) \/4(n—1)2+n2
SO(FG’X) B 8(11—2)2 4(;1—2)2 +n?
X x .
n(n-2) + , niseven.
4W2(n-2) ,/4(;1—2)2 +n’

Proof Based on Proposition 1, the noncommuting graph of D, , I';;, are splitinto two categories;
nis odd andnis even, where n>3.
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Fornis odd:
By Propositions 4, 6 and Definition 4,
n(n-1)

1 2,42 2 (2}1—2)2 +(2}172)2 n(n _1) (27172)2*"2
SO(F ;x)z z A = X " x
¢ uveE(l"G)wlduz +dv2 \/(2}1—2)2 +(2I’l—2)2 (2}1—2)2 +n’
8(71—1)2 4(n—1)2+n2
=n(n-1) al e .
W2(n=1) " [Ja(n-1) +n
Fornis even:

By Propositions 4, 6 and Definition 4,

n(n-2)
) 1 2,42 2 (2n-4) +(2n-4)’ n (’1 - 2) (2n-4) +n?
SO(T5x) = Z xS o X I S
T it Jd,2 +d) J2n—-4) +(2n-4y (2n—4) +n’ )
8(n-2)° x4(n—2)2+n2

n(n—Z)

W2(n-2) ' Ja(n=2) +n’ ‘

Theorem 5 Let I'_ be the noncommuting graph of G where G is the quasidihedral groups of order
2", nx4. Then, the Sombor polynomial of T,

2n-3 _ An-1 a2 2n-2 _An n 4\ 282
SO(Tyx)= 2 —2 2 2722 e

.
(7 -4) (ay e

Proof Based on Proposition 3, the noncommuting graph of 0D,,, I'; =K, ., ,, where nz4.

2112 fimes

Then, the Sombor polynomial of T,

1 du2+dv2 B 22}1*3 _ 2}1*1 (2;1 74)2+(2n 74)2 22}172 _ 2n x(z" _4)2 +(2n71 )2

y L X N
wektte) \[d,> +d,} \/(2" —a) 4 (2 -a) \/(2" 4 +(2.272)

2

SO(T45x) =

B 22}1—3 _2}1—1 2(2;/,74) 22}1—2 _2" (2n74)2+22n—2

=X +
V2(2-4) (2" -4) 4222

(5)

Theorem 6 Let I'_be the noncommuting graph of Gwhere Gis the generalized quaternion
groups of order 4n, n>2.Then, the Sombor polynomial of T",,,

oty e 20D s
4(1’1—1) 4(n_1)2+n2

Proof Based on Proposition 2, the noncommuting graph of Q,,, T';, =K,, ,,,,, Where n>2.
n times
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By Proposition 4 and the Definition 4,
1 42442 2n (n - 1) (4n—4)" +(4n-4)’ 2n (2’1 - 2) (4n—4) +(2n)’
SO(F ;x)= z —_— " " = X + X
T it Jd +d) J(4n-4Y +(4n-4y J(4n—-4Y +(2n)
_ 2n =T 2n(n—1) el sant
4(n-1) 4(71—1)2+n2

(6)
Next, the Sombor index and Sombor polynomial of k —regular graph is presented.

Theorem 7 Let I be k —regular graph where k is the degree of each vertex and m is the total
number of edges in . Then, the Sombor index of T', SO(T") = 2km.

Proof Based on Definition 1,

So(r)= 3 Jd*+d>= Y \2d}=\2|E(T)d, =2kn (7)

uveE(T) uveE(T)

Theorem 8 Let I"be k —regular graph where k is the degree of each vertex and m is the total

number of edges in I. Then, the Sombor polynomial of T', SO(T;x) =Mk

2k

Proof Based on the definition of Sombor polynomial of the graph,

1 LR I 242 _ |ED)| 2e_m (8)

—— X
uvezE(F) ,’duz + dv2 uveE(T) 2duz \/Ek \/Ek

SO(F;x) =

4. Conclusions

In this paper, the Sombor polynomial is introduced. Then, the general formulas of the Sombor
index and Sombor polynomial of the non-commuting graph associated to the dihedral groups, the
guasidihedral groups and the generalised quaternion groups are determined. The Sombor index and
Sombor polynomial for k —regular graph is also found. These formulas can be used to help chemists,
biologist and scientists to predict the physical and chemical properties of some molecules without
involving any laboratory work. In future, this study can be extended to determine the Sombor index
and Sombor polynomial of other types of graphs and groups. Some properties of the Sombor index
and Sombor polynomial can also be found, such as obtaining the Sombor polynomial of certain
classical graph operations and deriving the bounds of the Sombor index of some graph operations.
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