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Volter.ra; Fredholm; Integro-differential especially in the case of the exact solution is not easy to determine.

equations

1. Introduction

Analytically solving Volterra-Fredholm integro-differential equations is often challenging. To
provide approximations for the solutions to these issues, numerical and semi-analytical approaches
are being introduced. For example, Maleknejad and Mahmoudi [1] solved the higher order nonlinear
Volterra-Fredholm integro-differential equations using Taylor polynomials. Shahmorad [2] presented
the solution of the linear Fredholm-Volterra integro-differential equations by the Tau method. A
Chebyshev polynomials approach approximation technique for higher order linear Fredholm Volterra
integro-differential equations was given by Akyluz. Momani et al., [3] introduced the numerical
solution of periodic Fredholm Volterra integrodifferential equations of first-order. Yalginbas and
Sezer [4] developed a Taylor method to find the approximate solution of high-order linear Volterra-
Fredholm integro-differential equations. Reutskiy [5] gave a new numerical method for solving
multipoint boundary value problems for Volterra-Fredholm integro-differential equations with linear
functional arguments. Kashkaria and Syam [6] introduced a stochastic computational intelligence
technique for solving a class of nonlinear Volterra-Fredholm integro-differential equations. Fathy et
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al., [7,8] introduced the solution of the nonlinear Volterra-Fredholm integro-differential equations
using Legendre and Chebyshev polynomials.

Any real-life problem can be modelled in a mathematical model [9]. The equations of this model
may be solved easily and have an exact solution. In many situations, the equations can’t be solved
analytically, and we need a numerical method such as the Chebyshev-Galerkin method. The integro-
differential equation boundary value issues are one of the models for various applications in
mechanics, physics, chemistry, astronomy, biology, economics, potential theory, engineering
challenges, and electrostatics. This article aims to introduce the Chebyshev-Galerkin approach for
solving Volterra-Fredholm integro-differential equations using the form:

o i OUO @) = ) + 4 [, ks (e, u(®)dt + 4, [ kpy(r,Du®)dt, —-1<x<1 (1)
ou(-1) = o(c — DU'(-1) = 0, (2)

where u;(x), f (x), k1 (x,t) and k, (x, t) are continuous functions in L?[0,1] space and g = 0,1, 2. 4,
and A, are parameters and u(x) is the unknown function. To apply the Galerkin method that used
Chebyshev polynomials as a basis, the inner product between the basis and its derivatives is utilized.
To compute the inner product’s values, new theorems, and lemmas are proved to determine the
inner product’s values.

Many studies have used Chebyshev techniques to probe a wide range of scientific models. These
techniques allowed for the solution of systems of high-order linear differential equations with
variable coefficients [10,11], second- and fourth-order equations [12], Poisson's equation [13], linear
time periodic delay-differential equations [14], nonlinear Volterra integral equations of the second
kind [15], computing the eigenvalues and eigenfunctions for the second-order Sturm-Liouville
problems [16], solving Nonlinear Higher-order boundary value problems [17], Time-Fractional KdV-
Burgers' Equation [18], time-fractional diffusion equation [19], time-fractional nonlinear Burgers’
equation [20] and variational problems [21].

This paper's outline looks like this: The fundamental ideas of Legendre polynomials, together with
the new lemmas and theorems that will be used throughout the study, are presented in Section 2.
The suggested approach is then utilized to make a first approximation to the answer in Section 3.
Modifying the solution domain to [0,1] and dealing with nonhomogeneous boundary conditions are
discussed in Section 4. In Section 5, we demonstrate the precision of the proposed technique by
numerical examples and comparisons to other approaches. The article concludes briefly in Section 6.

2. Chebyshev Function Preliminaries
One of the orthogonal polynomials, including Legendre and Laguerre polynomials, employed in

many applications in practical mathematics is the Chebyshev polynomial. The subsequent differential
equation is satisfied by Chebyshev polynomials T, (x).

(1-x?)y"—xy'+n’y =0, —1<x<1 n=20, (3)
where

[ ] k (n—k-1)! n—2k
T.(x) = o (-1 PR 2k)'(Zx) , n=>0, (4)
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with inverse

n
=2ty (2] T, (5)
n—j even - 2
The main Chebyshev sequence recurrence relationships is

Tn+1(x) = szn(x) - Tn—l(x); (6)

The item T, (x) T, (x) readily distinguishes from

1
T ()T (x) = 5 [Tn+m(x) + Tln—ml(x)]l (7)
According to the weight function \/;7, these products are orthogonal on the interval [—1,1]
such that
0, if n+m,
1 d ; — =
L @) 25 =™ I n=m=0, (8)
> if n=m=0.

The formula yields the first derivative of Chebyshev polynomials is

T (x)) = {Zn[Tn_l(x) + Tz (x) + -+ T (%)], n = even, (9)
n  2n[Tp_ (%) + T3 (x) + -+ T,(x)] + nTy(x), n = odd.
Theorem 1: Given any three integer values n,m and N such that n,m < N, then

P R dx _ (nm, n—2k+1=m,
(® f—1 T ()T (x) Vi—xZ {O, otherwise.

P R d [E]_[m] _ _ _ —
(ii) f_l T ()T () ,/1_xx2 = {2nn2k2=1 Y (n=2k+ D), n-—2k—-2q+2=m,
0, otherwise.

n—2k+1

where k = 1,2,3,...,~and q = 1,23, ..,

Proof. (i) First, by recalling Eq. Error! Reference source not found., T',, (x) writes as

5]
2ny 2 Thooke1(X), n = even,

meo =17 0
5]
2n Zk2=1 Th_2k+1(x) + nTo(x), n = odd.

substituting the results into the left side of Theorem 1(i) and using Eq. 8 yields
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G 1 i
2n Y 2 T, _ )T, (x) —, n = even,
J‘l Ty (X) T (x)dX Zk:l J‘—1 n 2k+1( ) m( )m

-1 iz & 1 p ) )
- 2n2k2=1 f_l Tn_2k+1(x)Tm(x) \/1—367 + nf_1 To(x)Tm(x) ,/1_xx2', n= Odd,

_{nn, if n—2k+1=m,
|0, if otherwise.

(i) By differentiating Eq. 10 yields

[2] [n—2k+1]
Y, (dn)(n—2k +1) Zq=12 Th—2k-2q+2(x) + To(x)|, n = even,
Tril(x) - n n—-2k+1
(5] [ ]
Zk2=1 (47’1)(7’1 — 2k + 1) Zq=12 Tn—Zk—2q+2 (X), n = odd.

Substituting the results into the left side in Theorem 1(ii) yields

1 Tr’z’ ()T (%) _
I P e dx=
[n—2k+1

(z?i (4n)(n — 2k + 1) lef

D (Tskeage2 (T ()

+T0(x)Tm(x))\/% ) n = even,
[n—2k+1

5] 1 1 d
Ty =2k + DT 2 [0 Taak2g2(0)Tn(X) 7—5, 1= odd.

and applying Eq. 8, the required is proved.

Theorem 2: Given any four integer values n,m, @ and N such thatn,m < N, then

. 1 d
@) [} X°To ()T () s = 8 + 6,

oy (1 g dx (63 + 84, n = even,
) [y % T )T () 55 = {53 +6,+085, n=odd.
where
a a
279%05, <ﬂ) m, m+n=j=0, 279, <ﬂ) n, |m—-n|=j=0,
2 2
61 = 1-a y/a e : » 6= 1-a y/a Q. . ’
2 ZFO'(ﬂ)m m+n=j*0, 27, (ﬂ)n, m—-n|=j#0,
2 2
0, otherwise. 0, otherwise.
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217 n 3t H <_) m, n—2k+m+1=j=0,
2

85y = n ,
2y H ( ) n—2k+m+1=j+0,
2

0, otherwise.
217 n 3t H <_) n, In—-2k-m+1]=j=0,
2

5, = n :
)2y H (_)n, In—2k-—m+1|=j#0
2

0, otherwise.
( @
21_“712 (“ _j>7r, m=j=0,
j=0 \ 2
05 =1 aoa
_“nz (“__j>m m=j+#0,
j=0 \ 2
\0, otherwise.

Proof: (i) Using Eq. 5 and Eq. 7, x*T,, (x) T, (x) term is written as
a

X T, ()T (x) = 27* 3%, (u) [T GO Ty () + T () Tmm () ]-

2

By integrating the results, using the weight function — \/_ and Eq. 8 yields

(04
I X TG T () gy = 27 B0 (92) [ (G0 o () + Ty Gt () 57 = 614 5

(i) Recalling Eq. 5, Eq. 7 and Eq. 10, the left side of Theorem 2(ii) is written as

fl XETH () Ty (%) dx _
-1 \/1 x2

Zita B, (42) 1, (00T im0
+T'(x)T|n 2k— m+1|(x))%r n = even,
2 n 5 24, (<0) 7, 0T akiman@

T ) Tn-zimman) 0) i + Efo, [y T T () 2, = 0dd,

then using Eq. 8, the Theorem 2(ii) is proved.

\0, otherwise.
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Legendre function preliminaries beside new theorem and lemmas are introduced in this section
that is needed in the next section that describes how to solve the problem Eq. 8 using the proposed
method.

3. Description of Chebyshev-Galerkin Method
The finite expansion of the Chebyshev basis function may be used to get the approximate solution

of Eq. 1 using the initial values Eq. 2. First, the solution must fulfil the beginning values Eq. 2 in order
to get that. Consequently, the solution to the second order problem with pu,(x) = 1is

u(x) = Yoo ¢Tj(x) + Zo + (x + 1)Z,, (11)
where
Zg =— ]0]]( 1), Zb__]OJT(l) (12)

The Volterra term in Eq. 1 is modified using the linear transformation t = (x + 1)(s + 1) /2 —
1 = X/2 — 1 before the Chebyshev-Galerkin technique is used

S0 muO () = £ + A [ k(e u®)dt +2 e+ 1) 7 by (58 = 1) u (38— 1) ds,
(13)

By applying Galerkin method using Chebyshev basis, the reduction of the Eq. 13 introduces as

(2 COu’ (), T (x)) + (pa (O’ (), T (1)) + (o (ux), T (x)) = (f (%), T-(x))
= (1 [ G u@de 1) + (2 @+ D [ o (nix-1)u((x-1)ds L) (4)

where the inner product (.,.) is defined as ({, ) = f_ll {(x)x(x)/V1 — x2dx. Substituting Eq. 11
into Eq. 14 yields

CJ [{ T (), T () + e () Ty (), T () — (e () T (= 1), T (%))
o(x) T; (%), T (%)) = (po (x) T;(=1), T (%)) — {(x + Do (x) T;; (1), T (%))

1

kl(x,t)Tj(t)dt,Tr(x) + (2, f ky (x, )T (—=1)dt, T, (x)

IIMS

-1

Ay
2

<,11(x+1) f ky (x, DT, (—1)dt, Ty (x) ) — 22 (x + 1) sz <x,%&—1)7}<%&—1)ds,Tr(x)
< (x+1)fk2 X, =K — )Tj(—l)ds,Tr(x)
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D [ o6 (638 - T DS, L] = (. T00)

The following lemma is required to assess the inner product in Eq. 15.

Lemma 1: The following relations hold

Z:xnio Co(83 + 84), Jj = even,
Z:xnio Co(63 + 64 +65), j=odd ’

(g (x) le(x)J T.(x)) = {
(U () T;, (1), T, (x0)) = 2520 (=1)/*1C, j2(8; + 65),

(o (X) Tj(x), T (%)) = X324 Ca(81 + 682),

(o () T;(=1), T, (x)) = X2y (1) Ca (81 + 85),

((c+ Do () Ty (1), T (x)) = X520 (1) Co j2 (81 + 85),

(FOO, Tr () = Ti=y 5 f (i) T (),

1 ~ \'m 4 n M
( J_, F(x,)dt, Tr(x)> T A= AR=1 0 (12) (Prp (8))?

(15)

(16)

(17)
(18)
(19)
(20)

(21)

(22)

We arrive to the following theorem by replacing each term in Eq. 15 with the appropriate

approximation stated in Eq. 16 to Eq. 22, respectively.

Theorem 1: The discrete Chebyshev-Galerkin system for computing the unknown coefficients

{c;}o to have an approximate solution of Eq. 1 with the initial conditions Eq. 2 is provided as

?:0 [hj,r + ej,r + Uj,r + pj,r]cj = ﬁ"r Uz (x) = 1)

where

&r ={21'ﬂ21[3l1[5] G=2k+1),  j-2k=20+2=7 £ =5r  "F(x)T (),

0, otherwise.

- Yo Ca(83 +84), j = even,
I\ Em ) Co(85 + 84 +85), j=odd ’

Pir =~ TaZo (1)*1Cq j2 (81 + 82) + 52 Ca(81 +85) — Xoly (1) Ca(61 + 82)

—Zazo (1) Co j2 (81 + 8)),

oo —ym yv T SEt)Tr(xK)
IS Sy (1=t (Prm (1))?

== (1 [ s OO @) + EE+ D[ Ko (038 -1) (D5 T.0)

(23)
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1 , 2 1 1 1

Hua+ DL @O (DL T,@) - (2o D [ ko (- 1)1 (k-

1) ds, Tr(x)>
1 1 1 ’

+ ([ O (DAL T,0) + (64 1) [ TG (028 = YT (-1)ds, T(0))

The system Eq. 23, in its following matrix form
Ac=b (24)
where ¢ = {¢;}o,b = {f;}; and A = {hi,j +e;+v;+ pi'f}nxn' By solving n + 1 equations forn +
1 unknown coefficients, like in the Q-R approach, yields the coefficient of the linear system Eq. 24.
The coefficients of the approximation Chebyshev-Galerkin solution u(x) are given by the equation
¢ = (cy, €y, ---, Cp)- SO, problem Eq. 1 with the boundary conditions Eq. 2 is solved using Chebyshev-
Galerkin method after converting it to algebraic system and solve it numerically.
4. Estimating Errors in the Chebyshev-Galerkin Technique

This section will investigate the error estimator for the Volterra-Fredholm integro differential
equation solution using the Chebyshev-Galerkin approximation. The exact solution to Eq. 1 and Eq. 2
is denoted by u(x), and the error function of the Chebyshev approximation u, (x) to u (x) is

represented by e, (x) = u(x) —u, (x). If so, the approximation u, (x) solves the following
problem:

o (U () = Ay [ by (6, Oun (Bt — A [7 Ky (x, )un (Bt = f(x) + Hy (1), (25)
with boundary
ouy(—1) = o(oc — Du,(=1) =0, (26)
where H,, is obtained by substituting u,,(x) into the Eq. 1 in the form
Hy (6) = %0 1 Oul’ (00) = 4 [ Jex (e, D (Dt — A [7 by (x, O (O)dt — £ (). (27)

By subtracting Eq. 25 and Eq. 26 from Eq. 1 and Eq. 2, respectively, the equation is satisfied by
the error function e, (x)

o (e (1) = 1 [, K (x, Den(O)dt = A [7, ko (x, e (t)dt = Hy (%), (28)
with boundary

oe,(—1) =0(c — 1)e,,(—1) =0. (29)

The approximation e, y(x) is found by solving Eq. 28 and Eq. 29 using the Chebyshev-Galerkin

approach discussed in the preceding section. So, we can check on the proposed method without the
existence of the exact solution, or can’t be obtained analytically.
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5. Treatment of General Solution Domain

Previously, we saw that the Chebyshev-Galerkin technique may be used to solve Eq. 1 for the
special case of a solution domain of [-1,1]. The Chebyshev-Galerkin method requires the general
domain to be converted to [-1,1] in order to solve for the solution domain [a,b]. Take the following
as an example of a broad problem:

o iiOUO) = FO) + 41 [ ka0, Du(t)dt + 4 [ ko (v, )u(t)dt, a <yt <b. (30)

By recalling the linear transformation y = i(b —a)(x + 1) + a, Eq. (6) writes as

zo <ﬁ) U @) = £O0) + %(b - a) Of ky (X, S)u(s)ds

+20b-a) [} kX, Su(s)ds, a<xs<bh, (31)

where X: = %(b —a)(x+1)+aand S:= %(b —a)(s + 1) + a. Hence, the integral equation has
different domain can be solved with the proposed method.

6. Numerical Examples

Following is a discussion of the benefits of the Chebyshev-Galerkin technique for solving the
Linear Volterra-Fredholm integro-differential equation, illustrated with various numerical examples.
Four test problems are provided to help evaluate your computer's performance. The first two are
linear Volterra integrodifferential equations of the second order; the third is a Fredholm integro-
differential equation; the fourth is Volterra-Fredholm integrodifferential equations of the first order.
Mathematica 12 was used to calculate all findings.

Example 1: [22] Consider the second order Volterra integro-differential equation with derivatives
of the unknown function in the integrand given by

u’(x) — (x+ Du'(x) + u(x) = (x + 1)(sinx — sinl) + f_xl xu(t) +u'(t) + tu''(t)dt,
with the boundary conditions u(—1) = sinl, u’'(—1) = cos1. The exact solution of this problem is

u(x) = cos x. Table 1 shows the graph of ||u,, — Ugxact|| Obtained by applying the spectral method
described before beside Legendre spectral collocation method presented in [22].

Table 1
The maximum absolute errors for Example 1 at different n
n  Chebyshev-Galerkin Legendre spectral collocation
4 8.1615E-04 7.9733E-05
8 5.6369E-09 9.7107E-10
12 1.1990E-14 4.5067E-14
16 7.7715E-16 4.1913E-14
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Figure 1 introduces the comparison between the estimate error |e,| and the absolute error
resulted from Chebyshev-Galerkin method forn = 5,10, 15 and 20.

Absolute Error

107

— lU15-Uexact| |

— less|

L L L
-1.0 -0.5 0.0 0.5 1.0

x

(a)

Absolute Error

— lu20-Uexactl

— lexl

L I I L
-1.0 -0.5 0.0 0.5 1.0

x

(b)

Fig. 1. Absolute estimate error and absolute error for Example 1

Example 2:[1,2,4,23-25] Consider the linear Fredholm integro-differential equation

u''(x) + xu'(x) — xu(x) = e* — 2sinx + f_ll sintu(t)dt, —1<x,t<1,

with the initial conditions u(0) = 1 and u'(0) = 1. The exact solution is u(x) = e*. This example
comes from Eq. (3) by putting k,(x,t) = 0,k,(x,t) = sint, o = 1, 1 (x) = —p,(x) = —x, 4, =0,
and A4, = 1. The comparison between introduced technique, Legendre-Galerkin [23], Legendre-
collocation [24], Taylor polynomials [1,5,25] and Tau [2] method listed in Table 2.

Table 2

The maximum absolute errors for Example 2

Method

”un - uexact”

Chebyshev-Galerkin method

Taylor method [1]
Tau method [2]

Legendre-Galerkin method [23]

Legendre collocation method [24]

Taylor method [25]
Taylor method [5]

4.4408E-16
1.3200E-06
7.5200E-11
8.1000E-15
5.2500E-06
4.4000E-07
8.8000E-06

The absolute error estimation of Chebyshev-Galerkin method |e, | and the absolute error |u,, —
Uexact| 1S introduced in Figure 2 forn = 5,10,12 and 15.

Absolute Error

107"

10712

1072

10k

107

10718

10717

k|
= |Ur2—Uexactl

1 — lewl 1

L L I
-0.5 0.0 0.5 1.0

X

(a)

Absolute Error

1015 F
10716 F
1077 E
10718}
1019 F

102F,

= |U15—Uexactl |

— less|

I L 1
-1.0 -0.5 0.0 0.5 1.0

(b)

Fig. 2. Absolute estimate error and absolute error for Example 2
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Example 3: [26,27] Consider the linear Volterra-Fredholm integral equation
u(x) = f(x) += [ sinxcost u(t)dt += [ sinxcost u(t)dt, 0<xt<1
- 3J0 3J0 ’ — ) — 4

the exact solution is u(x) = x? and f(x) = x? — sinx(x?sinx + 2x cosx — 2sinx —sin 1 +
2 cos 1)/3. We compare the numerical results with those from [13,14] in Table 3.

In [13], the authors used method called the Taylor expansion method while in [14] they presented
the solution of this problem using two methods. The first is a collocation method and the second one
is a fixed-point method.

Table 3

The maximum absolute errors for Example 3

Method ”un - uexact”
Chebyshev-Galerkin method, n = 10 5.5511E-17
Fixed point method [14], n = 33 9.5000E-05
Colocation method [14], n = 33 4.7200E-05
Taylor expansion method [13], n = 15 2.0000E-15

Figure 3 introduces the maximum absolute error with the estimation error forn = 4,6,8 and 10.

\/\/ A
19% 10710 1 10
1.7x1076 1
1.5x1076 1
1.3x1076 -
10718 b
1.1x1076 1

Absolute Error
Absolute Error

9.0x107"7f
— |Ug—Uexact| — |u1o-Uexact|

7.0x1077 1 10719F
,\/—_ lesl vl

L L L L 1 1 L I
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

X X

(a) (b)

Fig. 3. Absolute estimate error and absolute error for Example 3

7. Conclusion

In this study, we estimate the solution to the linear Volterra-Fredholm integro-differential
equation using the Galerkin technique with a Chebyshev basis. The linear Volterra-Fredholm integro-
differential problem is reduced to a system of linear algebraic equations using the characteristics of
Chebyshev polynomials in conjunction with the Galerkin technique. This method provides a rough
solution to the integro-differential equations. Good agreement between numerical results and other
approaches and precise solutions has been achieved. The results show that the procedure is effective,
legitimate, and reasonably accurate.
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