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In this present article, we analyzed the Effects of Diffusion thermo and Thermal 
Diffusion on magnetohydrodynamic (MHD) mixed convection flow for Casson 
nanofluid is deliberated a vertical cone with porous material. The modeled equations 
are transformed into a set of non-linear ODEs by employing similar transformable 
variables. These equations are then solved numerically using the shooting method, 
through the fourth-order Runge–Kutta integration procedure. Effects of some 
prominent physical parameters, such as diffusion thermo, Prandtl number, 
thermophoresis parameter, and magnetic parameter on the velocity, temperature, 
and concentration profiles are discussed graphically and numerically. Numerical 
calculations and graphs are used to illustrate the important features of the solution on 
fluid flow velocity, heat, and mass transfer characteristics under different quantities of 
parametric circumstances entering into the problem. Moreover, we computed the 
physical variables such as the coefficient of shear stress, rate of heat, and mass 
transfer. To establish the veracity of our present results, we compared them to 
previously published research and found substantial concordance. 
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1. Introduction 
 

Non-Newtonian flows have attained considerable significance due to its applications in the fields 
of applied science and engineering. Viscoelastic fluid is a subclass of non-Newtonian fluid that exhibit 
both viscous and memory effect after the removal of applied stress. Some common viscoelastic fluids 
are flour dough, egg white, polymers, bitumen, blood and paints. Viscoelastic impacts are primarily 
essential when there are abrupt changes in the strain rate as during contractions/expansions, 
pulsating flows and during start-up flow or stoppage. Maxwell model designates the viscoelastic 
effects in terms of stress relaxation time that is the time required for the elastic effects to decay. 
Viscoelastic materials are used in automobile bumpers, on computer drives to protect from 
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mechanical shock, in helmets (the foam padding inside), in wrestling mats, in shoe insoles to reduce 
impact transmitted to a person’s skeleton. Synthetic viscoelastic materials can be injected directly 
into an osteoarthritic knee, enveloping cartilage-deficient joints and acting as a lubricant and shock 
absorber. Raju et al., [1] have studied Chemical Radiation and Soret Effects on Unsteady MHD 
Convective Flow of Jeffrey Nanofluid Past an Inclined Semi-Infinite Vertical Permeable Moving Plate. 
Ramachandra et al., [2] have reviewed Effects of Hall Current, Activation Energy and Diffusion 
Thermo of MHD Darcy-Forchheimer Casson Nanofluid Flow in the Presence of Brownian motion and 
Thermophoresis. Raghunath et al., [3] have possessed processing to pass unsteady MHD flow of a 
second-grade fluid through a porous medium in the presence of radiation absorption exhibits 
Diffusion thermo, hall and ion slip effects. Very Recently Li et al., [4] have expressed Effects of 
activation energy and chemical reaction on unsteady MHD dissipative Darcy–Forchheimer squeezed 
flow of Casson fluid over horizontal channel. Suresh Kumar et al., [5] have observed Numerical 
analysis of magnetohydrodynamics Casson nanofluid flow with activation energy, Hall current and 
thermal radiation. Raghunath et al., [6] have analyzed Diffusion Thermo and Chemical Reaction 
Effects on Magnetohydrodynamic Jeffrey Nanofluid over an Inclined Vertical Plate in the Presence of 
Radiation Absorption and Constant Heat Source. 

Magnetohadrodynamics (MHD) is the study of those liquids which are electrically conducted such 
as salty water, electrolytes, plasma and liquid metals etc. The term MHD was first introduced by Alfen 
[7]. This type of fluid has a number of engineering and industrial applications such as growth of 
crystals, reactors cooling, magnetic drug targeting, MHD sensors and power generation. MHD is 
dependent on intensity of magnetic induction. Maatoug et al., [8] have possessed Variable chemical 
species and thermo-diffusion Darcy–Forchheimer squeezed flow of Jeffrey nanofluid in horizontal 
channel with viscous dissipation effects. Omar et al., [9] have reviewed Hall Current and Soret Effects 
on Unsteady MHD Rotating Flow of Second-Grade Fluid through Porous Media under the Influences 
of Thermal Radiation and Chemical Reactions. Deepthi et al., [10] have studied Recent Development 
of Heat and Mass Transport in the Presence of Hall, Ion Slip and Thermo Diffusion in Radiative Second 
Grade Material: Application of Micromachines. Aruna et al., [11] have examined an unsteady MHD 
flow of a second‐grade fluid passing through a porous medium in the presence of radiation 
absorption exhibits Hall and ion slip effects. Raghunath et al., [12] reviewed Hall, Soret, and rotational 
effects on unsteady MHD rotating flow of a second-grade fluid through a porous medium in the 
presence of chemical reaction and aligned magnetic field. Raghunath et al., [13] have examined Hall 
and ion slip radiative flow of chemically reactive second grade through porous saturated space via 
perturbation approach. 

Magnetic field including thermal radiation effects for nanofluid flow has been analyzed along 
stretching surface through Khan et al., [14]. The flow field was discussed by them with dissimilar time 
steps and reported that average shear stress reductions with the development of magnetic field are 
observed. MHD boundary layer nanofluid flow regarding heat with mass transfer has been stated 
through porous media by Haile and Shankar [15] with considering thermal radiation including viscous 
dissipation with chemical reaction effects. They were considered copper (Cu)-water and Al2O3-water 
nanofluids and noted out that velocity field decreases with increase of magnetic field. For considering 
the steady case, MHD mixed convective nanofluid flow through porous medium which has been 
deliberated past along a stretching sheet by Ferdows et al., [16]. They concluded that velocity 
together with temperature increases while concentration decreases gradually with increase of Eckert 
number. Heat transfer physical characteristics of flow field with three dissimilar categories of 
nanofluid pass through permeable stretching/shrinking surface has been considered and observed 
through porous medium via Pal et al., [17]. They found with the increment of suction/injection 
parameters as local Nusselt number rises for stretching sheet while decreasing for shrinking sheet. 
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In nature and innovation, various transport procedures can be discovered in various manners in 
which heat and mass transfer happen because of the buoyancy forces produced by alterations in 
warmth and concentration. At the point when the exchange of warmth and mass in a moving liquid 
happens immediately, the connections among the motions and the driving potentials are highly 
unpredictable. Fluxes of energy are created by the gradients of temperature and concentration. A 
composition gradient called the Dufour effect produces the energy circulation, while mass 
circulations produced by the temperature gradient is called the Soret effect. These outcomes play a 
vital role when there are differences in density in the stream regime. For instance, when species in a 
liquid domain enter a surface, the Soret and Dufour impacts may become huge significant with an 
alternate (lower) thickness than the encompassing fluid. For heat and mass exchange issues, Soret 
and Dufour impacts are exceptionally significant for medium atomic weight gasses in double liquid 
frameworks, which are frequently found in fast optimal design and synthetic cycle building. 
Ramachandra et al., [18] have studied Characteristics of MHD Casson fluid flow past an inclined 
vertical porous plate. Raghunath et al., [19] have analyzed Effects of Radiation Absorption and 
Aligned Magnetic Field on MHD Cassion Fluid Past an Inclined Vertical Porous Plate in Porous Media. 
Kabeir et al., [20] have expressed Heat And Mass Transfer By Unsteady Natural Convection Over A 
Moving Vertical Plate Embedded In A Saturated Porous Medium With Chemical Reaction, Soret And 
Dufour  Effects. Al-Mudhaf et al., [21] has possessed Soret and Dufour effects on unsteady double 
diffusive natural convection in porous trapezoidal enclosures. Very recently Raghunath et al., [22] 
have studied Hall current and thermal radiation effects of 3D rotating hybrid nanofluid reactive flow 
via stretched plate with internal heat absorption. Raghunath et al., [23] have studied unsteady 
magneto-hydro-dynamics flow of Jeffrey fluid through porous media with thermal radiation, Hall 
current and Soret effects Raghunath et al., [24] studied Effects of Soret, Rotation, Hall, and Ion Slip 
on unsteady MHD flow of a Jeffrey Fluid through a Porous Medium in the Presence of Heat absorption 
and chemical reaction.  Jawad et al., [25] have studied analytical study of MHD mixed convection flow 
for Maxwell nanofluid with variable thermal conductivity and Soret and Dufour effects. 

The principal aim of the present work is to study the effects of Diffusion thermo and thermal 
diffusion on MHD Mixed Convection Flow for Casson Nanofluid through a vertical cone through a 
porous material has been studied. The similarity transformations that can reduce a system of 
governing partial differential equations and associated boundary conditions to a system of ordinary 
differential equations. With this transformation, the `ordinary differential equations corresponding 
to momentum, energy and concentration equations are derived. These equations are solved with the 
help of Runge Kutta fourth order along with shooting technique. The effects of different flow 
parameters on velocity, temperature and concentration profiles are investigated and analyzed with 
the help of graphical representation. 
 
2. Methodology  
 

Two-dimensional electrically conducting, viscous, non-compressible, boundary-layer fluid flow 
containing Casson fluid and nanofluid particles approaching a vertical cone in the presence of a 
magnetic field and porous media with the effect of Soret and Dufour effects will be studied in this 
present study effort. Figure 1 depicts the physical geometry of this study at y = 0. Brownian motion 
and thermophoresis effects are considered using the Buongiorno model [26] for the nanofluid. 
Further, the effects of viscous dissipation and Joule heating are ignored.  

The following hypotheses underlie this investigation. 
1. The coordinate system is preferred as the x-axis is equivalent with the flow direction over the 

cone surface. 

https://aip.scitation.org/author/Jawad%2C+Muhammad
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2. The temperature and nanoparticle volume fraction of the ambient fluid are T
and C

.  

3. An external magnetic field of strength 
oB  is applied in the direction of the y-axis.  

4. It is assumed that 
wT , to be determined, is the result of convective heating process which is 

characterized by a temperature fT  and a heat transfer coefficient fh  , and 
wC  is the 

nanoparticle volume fraction at the surface of the cone (y = 0).  

5. The rheological equation for a non-Newtonian fluid is defined as, *

1 1o  = +  

 

 
Fig. 1. Physical configuration of the problem 
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For this flow, corresponding boundary conditions are 
 

( )0, 0, , 0

0, ,

f f w

T
u v k h T T C C at y

y

u T T C C as y 

 
= = − = − = =  

  


→ → → → 

                                     (5) 
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The radiative heat flux
rq (using Roseland approximation followed [27]) is defined as 

 
* 4

*

4

3
r

T
q

K y

  
= −  

 
                                          (6) 

 

We assume that the temperature variances inside the flow are such that the term 4T can be 

represented as linear function of temperature. This is accomplished by expanding 4T in a Taylor series 
about a free stream temperatureT

 as follows: 

 

( ) ( )
24 4 3 24 6 ............T T T T T T T T    = + − + − +                                                 (7) 

 
After neglecting higher-order terms in the above equation beyond the first degree term in

( )T T− , we get 

 
4 3 44 3T T T T  −                     (8) 

 
Thus substituting Eq. (8) in Eq. (6), we get 
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Using (9), Eq. (3) can be written as 
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The following similarity variables are introduced for solving governing equations (2)-(4) as 

 

( )
1 1

4 4, , ,x x

w w

T T C Cy
Ra Ra f

x T T C C
      

 

− − 
= = = = 

− −                                                                  
(11) 

  

where
( )( ) ( ) 31 cosf

x

g T T C x
Ra

 


  − −

= is the Rayleigh number. Here, ‘r’ can be approximated 

by the local radius of the cone, if the thermal boundary layer is thin, and is related to the x coordinate 

by ( )sinr x = . Substituting Eq. (11) into Eqs. (2), (3) and (4), we get the following system of non-

linear ordinary differential equations 
 

( ) ( ) 0
1

1 2 =+−−++−







+ fKMNffff r
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The corresponding boundary conditions (5) become 
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where prime denotes differentiation with respect to  , and the significant thermophysical 

parameters indicating the  flow dynamics are defined by 
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3. Physical Quantities of Interests 
 

The local skin friction coefficient in the direction of x Cfx, and in the direction of z Cfz, the local 
Nusselt number Nux, and the local Sherwood number Shx are the physical quantities of relevance that 
influence the flow. These numbers have the following definitions: 
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where τw, qw and jw are the wall skin friction, wall heat flux and wall mass flux respectively given by 
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The coefficient of skin friction, the Nusselt number, and the Sherwood number are all expressed 

in their non-dimensional versions in terms of the similarity variable as follows: 
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4. Solution Methodology 
 

The system of non-linear ODEs (12-14) subject to the boundary conditions 15 has been solved by 
the shooting method for various values of the involved parameters. We observed through graphs 
that for η > 7, there is no significant variation in the behavior of solutions. Therefore, on the basis of 
such computational experiments, we are pondering [0, 7] as the domain of the problem instead of 
[0, ∞). We denote f by y1, θ by y4 and φ by y7 for converting the boundary value problem (12-15) to 
the following initial value problem consisting of 7 first order differential equations. 
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To solve the above initial value problem arising in the shooting method, Runge Kutta method of 

order four is used. Classical Newton method is applied for the refinement of initial guesses with 
subject to the tolerance of ε = 10−7. 
 
5. Results and Discussion 
 

We have obtained the solution of Eqs. (12)- (14) Subject to the Eq. (15) with the help of MATLAB 
software by its bvp4c methodology. We have sketched graphs to examine the influence of numerous 
parameters appearing in equations for dimensionless velocity, temperature, and concentration. The 
parameter’s ranges are taken as Le=1.0, Pr=0.2, M=2.0, Kr=0.5, R=1.0, Nb=0.8, Nt=1.2, Sr=02, Du=0.5. 

For different values of the magnetic parameter M, the velocity and the temperature profiles are 
plotted in Figure 2 and 3 respectively. From Figure 2, it is clear that an increase in the magnetic 
parameter M leads to a fall in the velocity. The effects of the magnetic parameter to increase the 
temperature profiles are noticed from Figure 3. The presence of Lorentz force retards the force on 
the velocity field and therefore the velocity profiles decreases with the effect of magnetic parameter. 
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This force has the tendency to slow down the fluid motion and the resistance offered to the flow. 
Therefore, it is possible for the increase in the temperature. 

 

  
Fig. 2. Influence of M on fl(η) Fig. 3. Influence of M on θ(η) 

 
Figure 4 reflect the impact of the casson parameter β on the velocity profiles. It has come to our 

attention that as it grows, the velocity and the thickness of the boundary layer decrease. Therefore, 
the magnitude of the velocity is more significant in Casson fluid as contrasted to viscous fluids since 
the Casson fluid is less dense. 

The variation of Prandtl number on temperature and concentration outlines as shown in Figure 
5 and 6. It is conclude that increasing values of Prandtl number result in a thinner temperature 
boundary layer thickness. Fluids having larger Prandtl number have lower thermal diffusivity, and 
hence the temperature decreases. The same decreasing trend of Pr number on the mass 
concentration profile. 

 

  

Fig. 4. Effect of β on f‘(n) Fig. 5. Influence of Pr on θ(η) 
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Fig. 6. Influence of Pr on φ(η) 

 
The influence of Brownian motion parameter on concentration and temperature profiles is 

depicted through Figure 7 and 8. From the figures, it can be seen that as the values of Brownian 
motion parameter rises, the thermal boundary layer thickness increases and at the surface, the 
temperature gradient demises. But we witnessed an opposite result on the concentration profiles 
and concentration boundary layer thickness as Brownian motion parameter upsurges. Figure 9 and 
10 are devoted to demonstrate the impact of thermophoresis parameter on temperature and 
concentration profiles. From the figures, it is perceived that when thermophoresis parameter rises, 
there is an improvement of the thermal and concentration boundary layer thickness. 

 

 
 

Fig. 7. Influence of Nb on θ(η) Fig. 8. Influence of Nb on φ(η) 
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Fig. 9. Influence of Nt on θ(η) Fig. 10. Influence of Nt on φ(η) 

 
The temperature and nanoparticle concentration curves for different values of thermal radiation 

parameter are depicted in Figure 11 and 12. From the graph, it is possible to observe that as the 
values of thermal radiation parameter upsurge, the temperature graph and the temperature 
boundary layer thickness are snowballing. Figure 13 depicts the effect of Dufour parameter on 
temperature profiles. As the Dufour parameter increases, the energy or temperature profiles 
increases. The Dufour number denotes the contribution of the concentration gradients to the 
thermal energy flux in the flow. It can be seen that an increase in the Dufour number causes a rise in 
temperature. Figure 14 and 15 shows the impact of the Lewis number Le on temperature and 
nanoparticle concentration outlines respectively. It is observed that the temperature increases by 
increasing Le while concentration decreases with an increase in the Lewis number. 

 

 

 
Fig. 11. Influence of Rd on θ(η) Fig. 12. Influence of Rd on φ(η) 
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Fig.13. Influence of Du on θ(η). Fig. 14. Effect of Le on θ(n) 
  

 
Fig. 15. Effect of Le on ϕ(n) 

 
Figure 16 and 17 illustrate that the Soret number Sr decreases temperature profile while there is 

an increase in concentration profile and boundary layer thickness. Higher temperature difference 
and a lower concentration difference are observed because of increasing values of the Soret number. 
This variation in the temperature and concentration differences is liable for the decrease in the 
temperature and an increase in the concentration. It is also noticed that the Dufour and Soret 
numbers have fairly contrary effects for temperature and nanoparticle concentration fields.  

 

  
Fig. 16. Effect of Sr on θ(n) Fig.17. Effect of Sr on ϕ(n) 
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The Numerical results of the local Nusselt and Sherwood numbers for various values of different 
parameters are tabulated in Table 1. From Table 1, it is observed that the rate of heat flux decreases 
for the increasing values of Casson parameter α and magnetic parameter M. It happens due to the 
fact that an increase in the magnetic parameter will enhance the Lorentz force which slows down the 
motion of the fluid and resultantly the rate of heat flux is reduced. The same phenomenon is 
observed for the increasing value of α and M for the case of Sherwood number φl(0). An increment 
is observed in the rate of the heat flux for the thermal radiation parameter Rd. Similarly for thermal 
radiation parameter Rd is a decreasing trend is noticed for the mass transfer rate. The influence of 
the thermophoresis parameter Nt, Brownian motion parameter Nb, Prandtl number Pr, land the 
Lewis number Le on the rate of heat and mass transfer is also shown in Table 1. From the numerical 
values, it is noticeable that Nt, Nb and Le have a decreasing effect on Nusselt number while this 
increases for the increasing values of Prandtl number. On the other hand, Sherwood number 
decreases for the increasing thermophoresis parameter Nt, however the rate of mass transfer 
enhances for the increasing values of Nb, Pr and Le. 

In order to verify the validity and accuracy of the present analysis, the results for the mass transfer 
−𝜑 ′ (0) were compared with those reported by jawad et al., (25). The comparison in the above cases 
is found to be in excellent agreement as shown in Table 2. 

 
Table 1 
Numerical results of the local Nusselt and Sherwood numbers for various values of different parameters 
β M Rd Kr Bi Nt Nb Pr Du Sr Le Nuz Shz 

1.0 2.0 1.0 0.5 0.5 1.2 0.8 0.2 0.5 0.2 1.0 1.578521 0.7542141 

0.2           1.495214 0.714245 

0.4           1.401547 0.648752 

0.6           1.364587 0.614578 

 0.5          1.245775 0.612478 

 1.0          1.002544 0.607247 

 1.5          0.895475 0.601247 

  0.1         0.787852 0.354785 

  0.3         0.894578 0.547851 

  0.6         0.942147 0.754782 

   1.2        0.898542 0.354785 

   1.4        0.987524 0.547852 

   1.6        1.125878 0.745214 

    0.2       1.078541 0.654785 

    0.3       1.987852 0.697852 

     0.5      1.345785 0.987852 

     1.0      1.297854 0.854578 

      0.3     1.457851 0.785452 

       0.6    1.120124 0.987852 

        0.2   0.785452 0.457852 

        0.4   0.794521 0.403214 

         0.5  0.875145 0.745124 
         1.0  0.917541 0.814578 
          1.0 1.245785 0.647851 

          1.2 1.124785 0.874512 
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Table 2  
Comparison of present Sherwood number with the published Sherwood number results 
of Raghunath et al., [25] when βi = Kr = 0 
Sr Le Raghunath et al., [25]  Present Sherwood number results 

0.2 2 0.475124 0.4778456 

0.4  0.445785 0.4785467 

0.6  0.484512 0.4875475 

 3 1.207478 1.2875757 

 4 1.275214 1.2854754 

 5 1.245124 1.2854754 

 
6. Conclusion 
 

In this work, we have studied Analytical Study of MHD Mixed Convection Flow for Casson 
Nanofluid through a vertical cone with porous material  in the presence of Variable Thermal 
Conductivity and Soret, Dufour Effects. The resulting partial differential equations, which describe 
the problem, are transformed in to ordinary differential equations solved by numerically by fourth 
order Runge-Kutta method along with shooting technique. Velocity, temperature and concentration 
profiles are presented graphically and analyzed. The findings of the numerical results can be 
summarized as follows: 

 
i. An increase in the magnetic parameter leads to a fall in the velocity and rise in the 

temperature profiles. 
ii. It is also found that the temperature profiles increase whereas the concentration profiles 

decrease with the increase of Brownian motion parameter. 
iii. The impact of Du on θ and ϕ are opposite. Same behavior has been observed in Sr. 
iv. The temperature and concentration profiles tend to fall when the Prandtl number (Pr) is 

raised. 
v. The temperature increases by increasing Le while concentration decreases with an increase 

in the Lewis number 
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