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ABSTRACT 

Nanofluids have been proven to exhibit enhanced thermal properties in heat transfer applications. To further improvise the thermal 
enhancement, it made sense to investigate the self-diffusion of the nanoparticles in the base fluid. However, the numerical study on the 
diffusivity of the nanoparticle is very limited. In this study, the diffusivity of nanoparticles with diameters of 17nm and 500nm was 
investigated numerically. Only the collision force between DPD and nanoparticles as well as drag force by the surrounding fluid is 
considered. The alternative expression of Boltzmann temperature proposed in the previous publication was applied to the current DPD 
(Dissipative Particle Dynamics) model for nanofluids. The volume concentration of the nanoparticles was fixed at 4% with water as the 
base fluid. Four test cases with different testing parameters were reported. The developed DPD model successfully captured the Brownian 
Motion of the nanoparticles. Other than that, the obtained diffusivity of the nanoparticles also agreed well with the past experimental 
results and Einstein’s correlation. The present study obtained a percentage difference of approximately 3% to 30% compared to both past 
experimental results and Einstein’s correlation. However, it is worth noting that a higher number of nanoparticles reduced the diffusivity 
of nanoparticles. 
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1. Introduction 

 
When Masuda et. al [1] first discovered that the thermal conductivity of water increased with the 

addition of nanoparticles, nanofluids began to attract a lot of interest. Numerous studies were carried 
out to discover the factors affecting the thermal enhancement of nanofluids. However, due to high 
experimental costs and time consumption, numerical approaches became important. By developing 
a relevant mathematical model, the behavior and properties of nanofluids can be studied. For 
example, Al Mahmud and Ismail [2] employed a type of mathematical model called Mixture and 
Volume of Fluid to study the effect of particle concentration and Reynolds number on the heat 
transfer enhancement of nanofluids. Good research usually validates its findings with both 
experimental and numerical results. Mahian [3] also mentioned that different CFD (Computational 
Fluid Dynamics) techniques are capable of studying different factors affecting the thermal 
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enhancement of nanofluids. However, each method has its limitations. Hoogerbrugge and Koelman 
[4] introduced Dissipative Particle Dynamics (DPD) as a mesoscale, coarse-grained model of the 
Molecular Dynamics (MD) method. DPD can achieve larger time and length scales at a lower 
computational load when compared to the MD method. Later, DPD with energy conservation (DPDe) 
was introduced and used to study the suspension of nanoparticles in the base fluid. 

Scientists have identified several factors that affect the heat transfer enhancement of nanofluids. 
The majority of the numerical and experimental studies focus on the type of nanoparticles, volume 
fractions, nanoparticle concentration, and Reynolds number. While Angayarkanni and Philip [5] also 
discovered that Brownian motion and self-diffusion affect the heat transfer enhancement of 
nanofluids, the related numerical studies are very limited. The self-diffusion coefficient of 
nanoparticles was predicted by Litvinov et. al [6] using the Smoothed DPD method. Groot and Warren 
[7] also derived an approximate expression for the self-diffusion coefficient by ignoring the 
conservative forces. Siddiqa et. al [8] also discovered that increasing the diffusivity ratio reduces the 
thermal enhancement of dusty nanofluids. 

Since self-diffusion has been proven to affect the thermal enhancement of nanofluids, it can be 
used to validate the numerical model. This paper aimed to propose a modified DPD method with 
energy conservation (DPDe) capable of predicting the diffusion and Brownian motion of 
nanoparticles. The diffusion coefficient obtained numerically will be compared with Einstein’s 
correlation and several experimental results. 
 
2. Governing Equation  
2.1 Isothermal Nanofluid 

 
The governing equations for DPD are well documented by Tan et. al [9]. In this paper, the DPD 

model for nanofluids will be presented. The vibration of nanoparticles in the nanofluid within a fixed 
location is called lattice vibration. Such a vibrational method ensures zero thermal motion. In that 

case, it is safe to assume that the forces acting on the nanoparticles are only collision force, 𝑓!"
#
, and 

drag force by the surrounding fluid, 𝑓!"
$

. Also, only the random force between DPD particles is 
considered. External forces such as gravity will not be considered. With these, the time evolution of 
a nanoparticle is given by Newton’s second law of motion as 
 

𝑚%&
'()⃗ !
'+
= ∑ '𝑓!"

#
+ 𝑓!"

$
)",!  (1) 

 
where 𝑚%& is the mass of the nanoparticle. The collision between a DPD particle and a nanoparticle 
during the time ∆𝑡 is assumed to be an elastic collision. Since water is the base fluid in this research, 
a weighting function 𝑊- is added to the collision force expression. 
 

𝑓# = ./"#/$%$

/"#0/$%$

1()⃗ $%$2()⃗ "#3
∆+

𝑊-/𝑁/5 (2) 

 
𝑁/ is the coarse-graining parameter. For low Reynolds number flow, Munson et. al. [10] suggested 
that the drag force by the surrounding fluid which is acting on the nanoparticle can be expressed as 
Eq. (3) where 𝜇 is the dynamic viscosity of the fluid and 𝑑%& is the diameter of the nanoparticle. Also, 
assuming the nanofluid is diluted, the collision between nanoparticles is considered rare. Therefore, 

for the interaction between nanoparticles, 𝑓!"
#
= 0 and 𝑓!"

$
= 0. 
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𝑓!"
$
= −3𝜋𝜇𝑑%&�⃗�%& (3) 

 
2.2 Dimensionless Form 
 

The following dimensionless variables are defined so that the dimensionless form of the 
governing equations can be formed. 
 

𝑀! =
1/"#3!
/$%$

 ,	𝑅 = 6
6&

 , 𝜏 = +
6&/8$%$

 , 𝑚$9$ = ':
-'
)𝑁/ , 𝑢$9$ = ;𝑑(𝑘;𝑇)$9$/𝑚$9$ (4) 

 
By using the dimensionless variables from Eq. (4), the dimensionless form of Eq. (1) can then be 
expressed as 
 

𝑀!
'<))⃗ !
'=
= ∑ '�⃗�!"

#
+ �⃗�!"

$
)",!  (5) 

 
The interaction between DPD particles can be expressed as 
 

�⃗�!"
#
= 𝑎∗𝑊#𝑅!"𝑒!"  (6) 

�⃗�!"
$
= −𝛾∗𝑊$D𝑅!"ED𝑒!" ∙ 𝑉H⃗ !"E𝑒!"  (7) 

 
where 𝑎∗ and γ∗ are the controlling parameters that are expressed as 
 
𝑎∗ = J75(𝜌$9$)?/@N/𝑑 (8) 

𝛾∗ = A6&
(/$%$)(/*'(/*(D+E)$%$

(/* , 𝛾 =
?FGF
.H

I-,(/-

%(/-J$%$./-
 (9) 

 
The cell size is 𝑟K = (𝜌$9$𝑁//𝑛)?/@ and the number density of a fluid is 𝑛 = 𝜌/(𝑀/𝑁L). 𝑀 is the 
molecular weight, 𝑁L is the Avogadro number, and 𝜌 is the density of the fluid. In this paper, the 
water temperature is set at 300 K. Hence, 𝑛 = 3.33114 × 10.M. The Boltzmann temperature of the 
DPD particle is (𝑘;𝑇)$9$ = 0.83𝑘;𝑇𝑁/?/@ as proposed by Tan et. al [9]. 

As for the interaction between a DPD particle and a nanoparticle, the forces are expressed as 
 

�⃗�!"
#
= 8/01

N'(D+E)$%$/$%$

./"#/$%$

/"#0/$%$

1<))⃗ $%$2<))⃗"#3
∆=

𝑊-/𝑁/5 (10) 

�⃗�!"
$
= − 2@HI'"#6&

N'(D+E)$%$/$%$
𝑉H⃗%& (11) 

 
The weighting functions 𝑊#D𝑅!"E, 𝑊$D𝑅!"E = J𝑊#D𝑅!"EN

.
, and 𝑊-D𝑅!"E = J𝑊#D𝑅!"EN

O
 are 

expressed as Eq. (12) where 𝑅!" = 𝑟!"/𝑟K. Also, 𝑘; = 1.38065 × 102.@	𝐽/𝐾, 𝑁L = 6.02214 ×
10.O𝑘𝑚𝑜𝑙2?, 𝑀 = 18.0153	𝑘𝑔/𝑘𝑚𝑜𝑙, 𝜌 = (1.38951 × 102F𝑇@ − 1.69792 × 102.𝑇. +
6.16839𝑇 − 298.957)	𝑘𝑔/𝑚@, and 𝜇 = 10P.PPPPRME*2P.P@MF..E0R.?OGM	𝑃𝑎. 𝑠.  
 

𝑊#D𝑅!"E = `(1 − 𝑅!")
0

				,			
D𝑅!" < 1E
D𝑅!" ≥ 1E

 (12) 
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3. Diffusivity of Nanoparticle  
3.1 Simulation Parameters 
 

In this paper, the diffusivity of nanoparticles with diameters of 17nm and 500nm is investigated. 
Table 1 shows the parameters of each test case. The temperature 𝑇 will be set at 300 K for all cases. 
 

Table 1 
Parameters of test cases for different 𝑑!" 

Test case 1 2 3 4 
𝑑23	(𝑛𝑚) 500 500 17 17 
𝑁4 105 106 107 108 
𝜅 0.4 0.4 0.6 0.6 
𝜌9:9 10 10 4 4 
𝑁23 10 4 10 4 
𝐿 ×𝑀 10 × 10 20 × 20 10 × 10 20 × 20 
Volume Concentration (%) 4.16 4.16 4.09 4.09 
𝑟; 6.6958 × 10<= 3.1079 × 10<= 2.2899 × 10<= 1.0629 × 10<= 
𝑚9:9 2.9915 × 10<>= 2.9915 × 10<>6 2.9915 × 10<?> 2.9915 × 10<?? 
(𝑘@𝑇)9:9 3.4378 × 10<>6 1.5957 × 10<>6 1.5957 × 10<>5 7.4066 × 10<?A 
𝑎∗ 80.791 80.791 59.528 59.528 
𝛾∗ 66.858 66.858 226.85 226.85 

 
3.2 Brownian Motion 
 

The random movements of a nanoparticle in the nanofluid are well-known as the Brownian 
Motion. Figure 1 (a) and (b) show the unpredictable trajectories of the nanoparticles in the base fluid 
for 𝑑%& = 500𝑛𝑚 and 𝑑%& = 17𝑛𝑚 respectively. It can be seen that within 3 × 10O𝑠, the position of 
three particles with the size of 𝑑%& = 17𝑛𝑚 randomly changes. Notice how the particles marked as 
red, blue, and black in Fig. 1 (a) crossed paths with each other and then went off in different 
directions. Notice how the particles marked as red, blue, and black in Fig. 1 (a) crossed paths with 
each other and then went off in different directions. Similar behavior can be seen in Fig. 1 (b). 

 

 

 

 
(a) (b) 

Fig. 1. Trajectories of nanoparticles (a) 𝑑!" = 500𝑛𝑚 (b) 𝑑!" = 17𝑛𝑚 
 

 
 
 
 

-5 0 5 10
-10

-5

0

5

x  (nm)

y 
 (n

m
)

t = 0 to 3X10-5 s

-2 -1 0 1 2
-2

-1

0

1

2

x  (nm)

y 
 (n

m
)

t = 0 to 4.8X10-8 s



Journal of Advanced Research in Numerical Heat Transfer 
Volume 10, Issue 1 (2022) 1-7 

5 
 
 

3.3 Diffusivity of Nanoparticle 
 

Albert Einstein [11] proposed that the diffusivity of a particle travels as Brownian Motion and it 
can be expressed as an equation. The theory was then translated into a book in 1956 [12]. The 
equation is rewritten into Eq. (13). Later, Guasto and Breuer [13], Sancataldo et. al. [14], and 
Dzakpasu and Axelrod [15] discovered the diffusivity of the nanoparticle experimentally. The 
percentage difference between the diffusivity obtained experimentally and theoretically was about 
12% to 18%.  
 
𝐷 = D+E

@H'"#I
 (13) 

 
In this paper, the diffusivity of the nanoparticle can be obtained with Eq. (15). 
 

𝐷 = S*

.+
 (14) 

 
where 𝑆. = ?

-#
∑ [𝑟!(𝑡) − 𝑟!(0)].
-#
!T?  is the mean-square displacement that can be calculated from the 

computation, 𝑡 is the time, and 𝑆. increases linearly with time. As such, the diffusivity obtained will 
become almost constant. Also, 𝑟!(𝑡) is the location of the nanoparticle at time 𝑡 while 𝑁& is the 
number of nanoparticles. 
 

Table 2 
Diffusivity 𝐷	(𝑚#/𝑠) of nanoparticle 

𝑑23	(𝑛𝑚) 500 17 
Eq. (13) 1.03 × 10<>? 3.03 × 10<>> 
Guasto and Breuer [13] - 3.57 × 10<>> 
Sancataldo et. al. [14] 9.00 × 10<>C - 
Dzakpasu and Axelrod [15] 8.75 × 10<>C - 

Eq. (14) Test case 1 Test case 2 Test case 3 Test case 4 
5.60 × 10<>C 1.00 × 10<>? 2.60 × 10<>? 2.70 × 10<>> 

 
Table 2 shows the diffusivity of the test cases 1 to 4. In Table 2, the computational results are 

tabulated along with the past experimental results and Einstein’s correlation as in Eq. (13). From 
Table 2, it can be observed that for 𝑑%& = 500	𝑛𝑚, test case 2 showed the best result when 
compared to both Einstein’s correlation and experimental results. The percentage difference is only 
2.91% and 14.29% respectively. The experimental results of Sancataldo et. al [14] and Dzakpasu and 
Axelrod [15] scored a percentage difference of 12.62% and 15.05% respectively when compared to 
Einstein’s correlation. This means that the computational results agree very well with both 
experimental results and Einstein’s correlation. As for 𝑑%& = 17	𝑛𝑚, test case 4 showed the best 
result with a percentage difference of 10.89% and 32.22% respectively. Guasto and Breuer’s [13] 
experimental result is approximately 17.82% different when compared to Einstein’s correlation [11]. 
Test case 4 showed better agreement towards Einstein’s correlation compared to the experimental 
result. Other than that, it has been discovered that NUV affects the diffusivity of nanoparticles more 
than other parameters. 
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4. Conclusions 
 

As mentioned earlier, the numerical study of the self-diffusion of nanoparticles is very limited. In 
this paper, it has been proven that the DPD method can be used to predict the diffusivity of 
nanoparticles. Good agreement between 3% to 30% can be obtained when compared to both past 
experimental results and Einstein’s correlation. Other than that, the DPD method also managed to 
correctly simulate the Brownian motion of nanoparticles suspended in the base fluid. It is also worth 
mentioning that a higher number of nanoparticles will generally reduce diffusivity. Upcoming works 
are being carried out with more test cases with different parameters so that the accuracy of the 
simulation can be improved.  
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