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This study extends the mathematical model of MHD free convection flow on horizontal 
circular cylinder, with considering the Casson ferrofluid, specific to a stagnation region 
case. The set of non-linear partial differential equations that governed the model is first 
transformed to a simpler set of equations using the non-similar transformation. This set 
of equations then reduced to ordinary partial equations which reflects to the case of 
stagnation region and solved numerically using the implicit finite difference method 
known as the Keller-box method. Blood and magnetite are taken as the based-fluid and 
the ferroparticles for the Casson ferrofluid, respectively. From the numerical study, it 
was found that the Casson ferrofluid with the same Prandtl values had higher thermal 
and velocity boundary layer thicknesses compared to a Newtonian ferrofluid. The 
increase of Casson parameter reduced the thermal boundary layer thickness which 
physically enhanced the Nusselt number.  
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1. Introduction 
 

The flow of fluid containing magnetic nanoparticles known as ferroparticles plays an important 
role in medicine. Induced by the magnetic field, this fluid is known as ferrofluid. Ferrofluid contains 
engineered colloidal suspensions of magnetic nanoparticles like cobalt, magnetite and ferrite 
scattered based fluid like water and oil. Ferrofluid originally was invented by NASA as liquid rocket 
fuel at no gravity situation [1]. Magnetic field is applied to direct the liquid rocket fuel containing the 
ferroparticles to a rocket combustion chamber. Ferrofluid are employed in medics as cancer 
treatment, reducing bleeding in severe injuries, magnetic resonance imaging and other diagnostic 
tests [2]. In the industrial segment, the ferrofluid is applied in electronic devices cooling systems for 
example in hi-fi speakers and computer hard-disc. Ferrofluid is found in the transportation segment 
as heat controlling agents in an electric motors [3].  
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Some of the industrial fluid employed shows different characteristics compared to a Newtonian 
fluid like water. This non-Newtonian characteristic usually couldn’t be presented by classical Navier-
Stokes equations [4]. Therefore, some modifications to the Navier-Stokes equations are proposed in 
many previous studies [5]. The Casson fluid model is one of the non-Newtonian models introduced 
to characterize the fluid elastic solid behavior. It is well known that Casson fluid is a shear-thinning 
liquid that is assumed to have an infinite viscosity at zero rates of shear, yield stress below which no 
flow occurs, and a zero viscosity at an infinite rate of shear [6]. Physically, the fluid behaves like a 
solid when the shear stress is less than the yield stress. As shear stress is applied is greater than the 
yield stress, then the fluid starts to move. From this character, it is known that tomato sauce, honey, 
concentrated fluid, jelly as well as human blood is an example of Casson fluid. According to Khalid et 
al., [7], Casson model is identified as the most preferred rheological model for describing human 
blood flow. Recent study on Casson ferrofluid included the works by Jalili et al., [8], Awais et al., [9], 
Das and Dey [10] and Leelavathi et al., [11] who investigated radiative heat transfer with magnetic 
field of non-Newtonian Casson fluid past a shrinking surface and stagnation point flow over an 
inclined porous surface with enthalpy change. 

Considering the study of the convective flow towards circular cylinder, the free and mixed 
convection boundary layer on an isothermal horizontal cylinder have been studied by Merkin [12,13]. 
This is the first study to obtain the exact solution. Merkin and Pop [14] updated this topic with 
constant heat flux (CHF). Since then, many related studies have been made by the researchers 
includes extending the scope to a non-Newtonian fluid, external effect as well as the boundary 
conditions for example the study on free and mixed convection flow over a horizontal circular 
cylinder in hybrid nanofluid, Williamson nanofluid and second grade nanofluid with viscous 
dissipation, thermal radiation and chemical reaction effects [15-20].  

In this study, the natural convection flow of ferrofluid considering the Casson model is 
numerically investigated. Considering the flow towards a lower stagnation point on a horizontal 
circular cylinder, such studies have never been done before via numerical or experimental analysis. 
The classical Navier-Stokes equations are extended considering the Casson model, ferroparticle 
volume fraction and magnetic effects. The non-similarity transformation is applied to eliminate as 
much as possible a dependent variable. The study is limited to a case at a lower stagnation point, 
thus the transformed partial differential equations obtained are reduced to ordinary differential 
equation and solved numerically using Keller-box method.  This study aims to investigate; what is the 
effects of magnetic field and the ferroparticles on a fluid flow; and what is the effects of the Casson 
parameter in heat transfer.  It is worth mentioning here that, results discussed in this study are new. 
 
2. Mathematical Formulation  

 

Consider the horizontal circular cylinder with radius ,a  heated to a constant temperature wT  and 

embedded in a blood-based Casson ferrofluid with ambient temperature .T  The orthogonal 

coordinates of x  and y are measured along the cylinder surface, starting with the lower stagnation 

point ( )0 ,x =  and normal to it, respectively. The physical model of the coordinate system is shown 

in Figure 1. Further, a uniform magnetic field of strength 0B  is assumed to be applied normal on the 

cylinder surface. The magnetic Reynolds number is assumed to be small, and thus the induced 
magnetic field is negligible. The dimensional governing equations of the convective heat and the fluid 
flow are represented by [21-23]. 
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subject to the boundary conditions  
 

( ,0) ( ,0) 0, ( ,0) ,wu x v x T x T= = =
  

( , ) 0, ( , ) ,u x T x T →  →                      (4) 

 

 
Fig. 1. Physical model of the horizontal circular cylinder 

 

where u  and v  are the velocity components along the x  and y axes, respectively. T is taken as 

temperature of the fluid inside the boundary layer while   and g is the Casson parameter and 

gravity acceleration, respectively. Furthermore, , , , ,ff ff ffff ff k   and ( )p ff
C  is taken as the 

Casson ferrofluid’s kinematic viscosity, the thermal expansion, the electrical conductivity, density, 
the thermal conductivity and the heat capacity respectively. Other properties related to a Casson 

ferrofluid, it based fluid (blood) and the ferroparticles are denoted with subscript 
,ff f

 and s  

respectively as follows [24]:  
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where are the ferroparticle volume fraction. To solve the governing Eqs. (1)-(3), the equations must 

first be reduced to a non-dimensional equation. The set of non-dimensional variables are shown as 
follows:  

 

1/4 1/2 1/4, , , , ( ) .
f f w

T Tx y a a
X Y Gr U Gr u V Gr v

a a T T
 

 

− − 
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−
= = = = =

−
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where  are the rescaled dimensionless temperature of the fluid and 
3

2

( )f w

f

g T T a
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



−
=   is the 

Grashof number. Substitute the non-dimensional variables in Eq. (6) into Eqs. (1)-(3) becomes 
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subject to boundary conditions 
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The magnetic parameter and the Prandtl number are defined as 
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The non-dimensional Eqs. (7)-(10) obtained have many dependent variables. Reducing the 
number of dependent variables may ease the solving procedure. Thus, let   

 
( , ), ( , ),Xf X Y X Y  = =                                  (11) 

 

where  is the stream function defined as u
Y


=


and v
X


= −


 which identically satisfies Eq. (7). 

By substituting the Eq. (11) into Eqs. (8) and (9), the following transformed partial differential 
equations are obtained: 
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At lower stagnation region ( )0 ,X =  the transformed Eqs. (12) and (13) are reduced to a set of 

ordinary differential equations 
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Note that   is derivatives with respect to .Y  The boundary conditions become 
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The physical quantities of interest is the local Nusselt number x
Nu  given by [25] 
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3. Numerical Method and Computations 
 
The transformed ordinary differential Eqs. (15)-(16) subjected to the boundary conditions (17) 

was solved numerically by using the Keller-box method. It is the finite difference method in 
conjunction with the Newton’s method for the linearization. Keller-box method is known for its 
unconditionally stable thus provided precise numerical results. It is also suitable for solving non-linear 
the ordinary differential equation as well as the partial differential equations at any order. As 
discussed in the books by Na [26], Cebeci and Cousteix [27] and Mohamed [28], the Keller-box 
consists of 4 steps which starts with reducing the Eqs. (15)-(16) to a first-order system. Next, the 
midpoint of the net rectangle is written by using the central differences. Noticed that the non-linear 
equations need to be linearize before being solved, thus Newtons method is implemented. The 
resulting algebraic equations are then written in matrix-vector the form and lastly, being solved by 
the block tridiagonal elimination technique.  

The algorithm of the Keller-box method is coded into a MATLAB software to generate the 
numerical results and graphs. The algorithm is developed considering the 4 steps of the Keller-box 
method. The previous publications applying the Keller-box method and MATLAB for computations 
included the works by Zokri et al., [29], Yasin et al., [30], Zaki et al., [31],  Rosli et al., [32-33] and 
recently by Elfiano et al., [19].  
 
4. Results and Discussion 

 

In generating the numerical computation, the boundary layer thickness set between 7 to 12 is 
sufficient to provide the accurate results. In this study, the numerical solutions are obtained for the 

reduced Nusselt number 1/4

x xNu Gr−  for a various values of magnetic parameter ,M  Casson parameter

  and the ferroparticles volume fraction  .  The magnetite 3 4Fe O and cobalt ferrite 
2 4

CoFe O  are 

taken as the ferroparticles for the blood-based Casson ferrofluid. The thermophysical properties of 
blood and the ferroparticles are shown in Table 1. For results validating purpose, Table 2 shows the 
comparison for the present results with the previous published. It is clearly shown the efficiency of 
the Keller-box method applied in this study. 
 

Table 1 
Thermophysical properties of blood and ferroparticles [7] 

Physical Properties Blood (f) 3 4Fe O
 2 4CoFe O

 
 (kg/m3) 1053 5180 4907 

pC (J/kg·K) 3594 670 700 

k(W/m·K) 0.492 9.7 3.7 

 
 
 
 
 
 
 
 
 

 
 



Journal of Advanced Research in Numerical Heat Transfer 

Volume 25, Issue 1 (2024) 25-36 

31 
 

Table 2 

Comparison values of 1/4

x xNu Gr−  from Eqs. (12)-(13) with previous studies for various values of X  

when Pr 1=  and 0.M =
 

X  0 = and  →  0.1 = 3 4( )Fe O and 0.5 =  

Merkin [12] Azim [21] Present Present 

0 0.4214 0.4216 0.4213 0.4127 

/ 6  0.4161 0.4163 0.4162 0.4062 

/ 3  0.4007 0.4006 0.4006 0.3907 

/ 2  0.3745 0.3742 0.3742 0.3647 

2 / 3  0.3364 0.3356 0.3358 0.3264 

5 / 6  0.2825 0.2811 0.2820 0.2719 

  0.1945 0.1912 0.1936 0.1800 

 
 Figure 2 to 5 are plotted considering the Ferrite 3 4Fe O as the ferroparticles. The temperature 

profiles ( )Y and the velocity profiles  ( )f Y for various values of Casson parameter   are shown 

in Figures 2 and 3, respectively. It is found that the increase of    reduced both thermal and velocity 

boundary layer thicknesses. The reduction in thermal boundary layer thickness physically denoted to 

an increase in temperature gradient thus led to the enhanced of the 1/4.x xNu Gr−  Further, from Figure 

3, it is found that the fluid velocity increases as  increases. Note that as , →  the Casson effect 

is neglected, and the fluid acted as the Newtonian fluid. This gave an idea that the Newtonian fluid 
with the same values of Pr has lower thermal and velocity boundary layer thicknesses compared to 
a Casson fluid.  

 

 
 Fig. 2. Temperature profiles ( )Y  for different various of   
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Fig. 3. Velocity profiles ( )f Y  for different various of   

 

In considering the magnetic effects on the fluid flow and the heat transfer, the temperature 
profiles ( )Y  and the velocity profiles ( )f Y  for various values of magnetic parameter M are 

illustrated in Figures 4 and 5.  From this figure, it is observed that the increase of M results to the 
increase in the thermal boundary layer thickness but reduced the fluid velocity and its boundary layer 
thicknesses. In Figure 5, the increase of M led to the increase of the Lorentz forces, thus hold the 
Casson ferrofluid particles which slow down the fluid velocity. The reduction of velocity 
proportionally reflects to the reduction of the velocity boundary layer thickness.  

The increase in M has tied the ferroparticle in fluid thus enhanced fluid conduction abilities. As 
shown in Figure 4, it is concluded that the thickening in thermal boundary layer as M increases 

physically refers to the reduction in 1/4 ,x xNu Gr−  thus reducing the convective heat transfer capabilities 

in the fluid flow. It is realistic since the reducing of convection refers to the increase of conduction 
abilities in fluid flow.  
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Fig. 4. Temperature profiles ( )Y for different various of M  

 

 
Fig. 5. Velocity profiles ( )f Y  for different various of M  

 

Next, the variation of 1/4

x xNu Gr−  against  and M are plotted in Figures 6 and 7, respectively. 

Considering 3 different particles and its volume fractions, the variation of 1/4

x xNu Gr−  are plotted 

regards to 10% 3 4Fe O , 15% 3 4Fe O and 10% 2 4
CoFe O  blood-based Casson ferrofluid. From Figure 6, 

it is shows that the increase of   in range of 1  had drastically enhanced the values of 1/4.x xNu Gr−  

As 1,  the increase of   gave small increment on 1/4.x xNu Gr−  Meanwhile, the opposite trend 

occur on M as agreed in Figure 4. The increase of M reduced the values of 1/4.x xNu Gr−  Noticed that, 
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as ferroparticle volume fraction   increases, the 1/4

x xNu Gr−  also increases.  The increase amount of 

ferroparticles dissipate heat more efficiently thus contribute better to heat convection abilities. 

3 4Fe O has higher thermal conductivity than 
2 4

,CoFe O  as shown in Table 1. This results to a high in 
1/4

x xNu Gr−  variations for the blood-based Casson ferrofluid with 10% 3 4Fe O  1/4

x xNu Gr−  compared to 

the blood-based Casson ferrofluid with 10% 
2 4

.CoFe O   

 

 
Fig. 6. Variation values of 1/4

x xNu Gr−  for different various of   

 

 
Fig. 7. Variation values of 1/4

x xNu Gr−  for different various of M  
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5. Conclusion  
 
This study has numerically solved the natural convection flow of a Casson ferrofluid at a lower 

stagnation point of a horizontal circular cylinder. The effects of ferroparticles in a Casson fluid is the 
key novelty in this research. It is shown that the Keller-box method used is sufficient to provide 
precise results and generate the solutions. In summary, it is concluded that the increase of Casson 
parameter reduced both thermal and velocity boundary layer thicknesses which physically enhanced 
the Nusselt number. It is also observed that the Newtonian fluid with the same Pr had lower thermal 
and velocity boundary layer thicknesses compared to a Casson fluid. Furthermore, the increase of 
M results to the increase in thermal boundary layer thickness but reducing the Nusselt number and 
reduced the fluid velocity and its boundary layer thickness. Results obtained in this research provided 
an early idea on fluid parameters characteristics that will helps the researchers in developing the 
heat exchanger or cooling devices related to non-Newtonian ferrofluid.   
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