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numerical solutions, with a notable lack of theoretical investigations into this matter.
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Consequently, the current research aims to contribute a theoretical exploration of heat
transfer and boundary layer flow for Casson nanofluid on a linearly stretching sheet,
considering the existence of porosity and magnetic field effects. Two distinct types of
water-based nanofluids containing aluminium oxide and silicon dioxide are examined.
By employing similarity transformations, the governing momentum and energy
equations undergo transformation and subsequent analytical resolution using Laplace
transformations. The resulting solutions are graphically presented to examine the

Keywords: influence of key parameters on temperature and velocity distribution. The analysis
Casson nanofluid; Stretching sheet; indicates that heat transfer is improved by the inclusion of nanoparticles, porosity, and
Magnetic field; Porosity; Laplace a magnetic field. However, the velocity distribution slows down as a result of higher
transformations nanoparticle volume fraction, porosity, and magnetic field imposition.

1. Introduction

Exploring non-Newtonian fluids is a compelling subject for numerous researchers, given its
significance in both engineering and industry. The realm of non-Newtonian fluids encompasses issues
pertinent to polymer, food processing, petroleum, biomedical field, and chemical industries. Many
non-Newtonian fluids are characterised by a nonlinear correlation between stress and strain.
Featuring this characteristic, Casson fluid is a non-Newtonian fluid that has a yield stress and requires
a certain amount of shear stress to initiate the flow. This model is often used to describe the behavior
of certain viscoplastic materials, including various biological fluids like blood and certain food
products. Previously, numerous researchers conducted the analysis of boundary layer flow for Casson
fluid while considering various aspects such as squeezing Casson fluid flow in channel [1], convective
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Casson flow over a moving plate [2], Casson fluid flow with heat and mass transfer analysis [3], non-
coaxial rotating Casson fluid flow [4], and natural convection flow of Casson fluid in a vertical cylinder
[5]. All this research has been studied theoretically, and analytically solved using the Laplace
transformations.

The investigation into the Casson fluid flow of the boundary layer coupled with heat transfer
along a linearly stretched plate has yielded significant success in recent years, owing to its diverse
applications in both scientific research and various industrial processes. Examples of these
applications include the processes from various industries like coating and printing, metal spinning,
polymer extrusion, continuous stretching plastic films, hot rolling, glass fiber production, and wire
drawing. After Sakiadis [6] groundbreaking investigation on the fluid layer flow across both
Newtonian and non-Newtonian fluids over a non-linear or linear stretching plate, a vast body of
literature has emerged. Furthermore, numerous researchers have extensively examined various
aspects of heat transfer and boundary layer flow of Casson fluid analytically related to
linear/nonlinear stretching sheets by means of homotopy analysis method [7] and similarity
transformations [8,9]. Given the technological applications involved, the nanoparticle impact in
Casson fluid flow adjacent to a stretching sheet plays a crucial role in the context of heat transmission
attributes. Understanding the heat transfer properties across a stretching plate is vital for achieving
the desired quality, as the finished product's value is predominantly dependent on both the
stretching rate and heat transfer rate. Nandeppanavar et al., [10] and Algahtani et al., [11] scrutinized
the features of steady Casson nanofluid flow near to exponentially stretching sheet in the presence
of heat and mass transmission. Mabood et al., [12] investigated the concept of stretching sheet on
radiative boundary layer flow and thermal analysis for Casson nanofluid considering convective
boundary condition and variable viscosity. Tawade et al., [13] studied the steady laminar flow of
Casson nanofluid across a linearly permeable stretching surface. A different study of Casson nanofluid
was conducted by Ullah et al., [14] considering the unsteady flow subjected to a non-linear stretching
sheet. Most recently, the concept of stretching sheet in the context of heat transfer and boundary
layer flow for Casson nanofluid under various effects can be also referred to the study of Vinita et al.,
[15], Jain and Kumari [16], and Triveni et al., [17].

Following pioneering study by Andersson et al., [18], numerous researchers were encouraged to
extend their investigation into boundary layer flow across a stretching surface for non-Newtonian
fluid with the interaction of magnetohydrodynamics (MHD) effects. Amongst them includes
Mahabaleshwar et al., [19] performing a viscoelastic fluid flow in the presence of mass diffusion,
Hosseinzadeh et al., [20] conducting second grade fluid under the influences of nanoparticles, Patil
et al., [21] dealing with a radiative and chemical reacting Williamson nanofluid flow, Bhavana et al.,
[22] examining Casson fluid flow with mass suction/injection, and Ullah et al., [23] incorporating the
effect of porosity and Newtonian heating. All these research [19-23] were investigated numerically
using various methods. However, limited study had used the Laplace transformations as the tools to
solve this subject analytically. The most related analytical study that used this kind of approach to
resolve the MHD flow across stretching surface problem are Ebaid and Al-Sharif [24] and Saleh et al,,
[25] investigating the consequences of carbon nanotubes (CNTs) nanoparticles for MHD viscous fluid,
Maranna et al., [26] investigating the characteristic of heat and mass transfer on MHD Newtonian
nanofluid flow, and Sneha et al., [27] scrutinizing radiation and mass transfer effect on MHD CNTs
nanofluid flow. In addition, the studies on the impact of porosity in fluid flow contribute to
advancements in various fields, ranging from engineering and geophysics to medical and
environmental sciences. Amongst those studies performing analytically were Mahabaleshwar et al.,
[28] considering mass and heat diffusion as well as boundary layer flow for Newtonian fluid in the
presence of MHD and porosity. In another study, Mahabaleshwara et al., [29] applied Laplace
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transformation to acquire the exact solution for this particular research affected by Navier’s slip and
chemical reaction. Considering the model of Casson fluid, Wahid et al., [30] analytically investigated
thermal analysis and MHD radiative boundary layer flow in a porous medium across a linearly
stretching sheet.

According to the above-mentioned literature, due to the complex nature of the stretching sheet
study, most researchers conducted the investigation numerically and limited analytical study was
reported, especially using Laplace transformation as the method of solutions. To be more clearer, no
study has been conducted for the application of Laplace transformations as the method to solve the
Casson nanofluid flow bounded with a linearly stretching sheet. Therefore, inspired by this gap of
study, this present work focused on the impacts of MHD and porosity, and the novelty is to generate
the exact solution via Laplace transformations for MHD Casson nanofluid flow with heat transfer
saturated in porous medium through a stretching sheet. The derived ordinary differential equations
(ODEs) are acquired through the transformation of partial differential equations (PDEs) using
appropriate variables. Analytical outcomes can be achieved by employing various controlling
parameters. The temperature equation can be analytically explored and expressed in terms of
incomplete gamma functions. Results can be attained through the utilization of diverse physical
parameters. The conclusion drawn was that using the Laplace transform for solving leads to simpler
special functions, while alternative methods, as demonstrated by Saeed et al., [7] and Wahid et al.,
[30], yvield more intricate special functions. Hence, this transformation is a popular computational
tool in engineering problems and provides a systematic alternative approach to solve differential
equations by simplifying the solution of problems.

2. Mathematical Formulation

The study considers an incompressible steady flow of MHD Casson nanofluid over a sheet
saturated in porous medium, as illustrated in Figure 1. The sheet undergoes a horizontally linearly
stretched along x-axis with the velocity u = ax where a is a constant. The sheet is positioned at y =
0, where y-axis is taken in upward direction. A uniform magnetic field B, is applied transversely
toward normal of the stretching sheet. The Casson nanofluid, composed of water base fluid
incorporates various metal oxide nanoparticles (Al,05 and Si0,) [31, 32]. The study assumes no slip
between the base fluid and the nanoparticles, and both are in thermal equilibrium.
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Fig. 1. Physical geometry of the flow

The rheological equations describe the flow behavior of fluids, which are essential in
understanding the material deformation and flow under different conditions. Non-Newtonian fluids
exhibit more complex flow behaviors, and different rheological equations are used to describe their
behavior. For an incompressible Casson fluid flow, the rheological equation is expressed by following
stress tensor [4, 5]:

T
([.lb + \/Ty_n_) Zeijn > T,
T
(,ub + —y) 2e;m < T
V21

In the above correlation (1), 7, and p;, are the yield stress and plastic dynamic, = = e;;e;;, with
e;; is the (i, ))*" element of the deformation rate and m is the critical value of the deformation rate.
Under this assumption and adapting Tiwari and Das model [33], the momentum and energy
equations are written as
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with the initial and boundary conditions
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u=u,(x)=ax,v=0; T=T,; y =0, (5)
u=0;, T=T, y— . (6)

In the above equations, u and v are the x and y direction of velocity components, respectively,

\2r
T is the temperature of nanofluid, and 8 = K C/Ty is Casson fluid parameter, ais a positive

stretching rate constant and the ambient temperature T, represents the temperature aways from
stretching surface, while the constant T,, represents the temperature at the stretching surface. The
nanofluid correlation by Tiwari and Das [33] are expressed in Table 1, where the subscript nf, f, and
s are nanofluid, base fluid, and nanoparticles, and ¢ is the volume fraction of nanoparticle. Table 2
displays the thermal physical characteristics for the base fluids and nanoparticles.

By configuring the following similarity variables, Eq. (2) is immediately met,

w=axf O, v =, 1= oy 6 == )
and, Eq. (3) and Eq. (4) take the form

(1+3) £/ + LGDF ") = F)7] = [2M + $uKIF () = O, ®)
w6 () + fO () =0, (©)

where
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are nanofluid constants and
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are Prandtl number, magnetic field, and porosity.
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Table 1
Nanofluid correlation by Tiwari and Das model [33]
Properties Nanofluid correlation
: o Hns
Kinematic viscosity, v Vng = ——
pnf
o i
Dynamic viscosity, u Unf = m
Density, p Pnf = 1- ¢)pnf + ¢ps
1 -=¢)(pC,). + (pC
Specific heat capacitance, C, (Cp) _ ¢ (’0 p)f (p p)s
nf pnf
ko + 2ks — 29 (ks — k
Thermal conductivity, k kynr = kf{ 2 ! ¢( ! S)}
ks + 2ks + 2 (ky — ks)
3 (g—s - 1) ¢
Electrical conductivity, o Onp =0py1+ !

(G +2) -9 -1)

Table 2

Characteristics of thermal physical for water and considered
nanoparticles [31, 32]

Base fluid / nanoparticles Water Al,04 Sio,
p(Kgm™3) 996.5 3970 2650
C,JKg™'K™h) 4181 765 730
E(Wm™lKk”» — 1) 0.613 40 1.5
o(Sm™) 5.5 X10® 35 x10° 0.0005

The transformed boundary conditions for stretching sheet case are
fa=0, ffmM=1 6m=1 n=0 (12)
ffa) =1, 6 =0 n- oo (13)

where f and 6 are the dimensionless stream function and temperature function, respectively, and
the prime denotes differentiation with respect to 7.

3. Exact Solutions
3.1 Velocity Distribution

As according to Saleh et al., [25], the boundary layer flow for Eq. (8) possesses the exact solution
which can be presented in the exponential type

f(m) = A; + Az exp(—cn), (14)

where A; and A, are the constant obtained as

, A, =——, (15)

Eqg. (8) incorporates Eq. (14) and Eqg. (15), the relation of constant c in Eq. (15) is found as
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= \/(4’)1 + ¢, M + ¢1K)ﬁ’ (16)
p+1

and the velocity distribution is determined to be

f'(m) = exp(=cn). (17)
3.2 Temperature Distribution

For thermal transport, incorporating Eq. (14) and Eqg. (15) into Eq. (9) yields

1 1
0" () + (E — Eexp(—cn)) 0'(n) = 0. (18)

Next, Eq. (18) is transformed using the independent variable t = exp(—cn) [25] to become

to"(t) + (r—st)8'(t) =0, (19)
wherer =1 — 1/ ,ands = — 1/ , are constants, and subjected to the conditions

TC TC
6(0) =0, 6(1)=1. (20)

Then, Eq. (19) is employed with the Laplace transform, leads to

q(r —q)0(q) + [r + (s — 2)qlO(q) = 0, (21)

where @(q) is the Laplace transform of 6(t). After that, Eq. (21) is integrated to become

0(q) = (22)

m
q(q —r)t=s

where m is an integration constant. Imposing Eq. (22) with the inverse Laplace transform gives

o(t) = 7 m (t S exp(rt)), s<1, (23)

1-s)

which fulfilled the boundary 6(0) = 0 automatically. In accordance with the convolution property
details described in Saleh et al., [25], Eqg. (23) turns into

1-s

m 1
H(t) = m(— ;) F(l -5,0, —T't). (24)

By applying the other boundary condition 8(1) = 1, m is obtained as
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rd—s)
m= :
1 1-s (25)
(— F) ra—s,0,—r)
Consequently, following is the exact solution for 8(t) in the form of generalized gamma function
rl—s,0,—rt)
o(t) = , 26
(t) ri-s,0,-r) (26)
and the term of n for Eq. (26) is expressed as
rl—s,0,—re=<m)
() = (27)

r1-s,0,-r)
4. Results and Discussion

The primary objective of this section is to examine the ways of dimensionless constraints affect
their corresponding profiles. The reduced ordinary differential equations (ODEs), Eq. (9) and Eq. (10)
subjected to the boundaries (13) and (14) are solved analytically to acquire the solutions for velocity
and temperature distributions. The obtained solutions are visually represented through the
utilization of MATLAB software, and their characteristics are further scrutinized through an in-depth
discussion. The analysis for velocity and temperature profiles are influenced by significant
parameters on Casson fluid, porosity, magnetic field, nanoparticle volume fraction, and Prandtl
number, which are varied within the range of 0.5 <[ <2, 2<K<8,2<M<8,001<¢p<
0.04,and1 < Pr < 6.2[8, 10, 34]. All the computational in this study involves the dispersion of water
based Al,05 and water based Si0, with their thermophysical characteristics is referred in Table 1.

4.1 Results Validation

The validation of the present results with the existing published study by Bhattacharyya et al., [9]
is depicted in Figure 2. In the study of Bhattacharyya et al., [9], the steady flow of Casson fluid over a
linearly stretching sheet is investigated while incorporating the suction effect. An extension to this
study is performed by introducing other effects such as nanoparticles, magnetic field, and porosity
effects. The comparison of both study is carried out by setting the numerical value for suction
parameter, S = 0 in the published study by Bhattacharyya et al., [9] and setting the following
parameters’ value ¢ = M = K = 0 in the present study. This approach is known as limiting cases,
where setting up the certain parameter value to 0 is purposely to reduce both problems to an
identical case. A good limiting case should provide results that closely match observations. For this
study, the findings are observed to be in excellent agreement, where both studies lie on the identical
profile.
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Fig. 2. Validation of present results
4.2 Velocity Distribution

Figure 3 presents the outcomes of a magnetic constraint (M), revealing that an increase in the
magnetic field results in a reduction of the velocity field for both nanofluids. However, the electric
field, characterized by an accelerating force, leads to an elevation of the velocity field near the
stretching sheet. The Lorentz force, on the other hand, functions to impede motion, thereby
increasing the mechanical resistance to both Al,0; and SiO, nanofluid motion within the
momentum boundary layer width. Consequently, this enlarges the speed differential of nanofluids at
the surface. To verify this finding, Aloliga et al., [8] and Ebaid and Al-Sharif [24] also reported the
similar results of MHD effect on non-Newtonian fluid flow.
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Fig. 3. Impact of M on f'(n)

51



Journal of Advanced Research in Numerical Heat Transfer
Volume 19, Issue 1 (2024) 43-59

Figure 4 depicts alterations in the velocity profile associated with the Casson fluid constraint ().
When Casson fluid constraint augments, the fluid velocity of water-Al, 05 and water-Si0, nanofluids
decreases. Simultaneously, viscosity increases due to yield stress, which acts in opposition to the
fluid's movement within the layer closest to the boundary. In Figure 5, the influence of porous media
constraint (K) on both velocity dispersion is demonstrated. As K undergoes escalation, the velocity
profile in the flow direction decreases. In practical terms, elevated values of the porous parameter
signify heightened viscous forces, resulting in a prevalence of inertial forces, thereby causing a
reduction in velocity. The results of enhancement f and K values can be verified by the study of
Nandeppanavar et a. [10], where this study also observed the same effect on velocity profile.

Figure 6 demonstrates the impacts of nanoparticle volume fraction constraint (¢), exhibiting a
decreasing velocity profile of water-Al,0; nanofluid with greater volume fraction of nanoparticles,
which also found in the study of Krishna [35]. Theoretically, nanoparticles often contribute to higher
viscosity in the fluid. In this case, the rise volume fraction nanoparticles cause the fluid to become
more viscous, which tends to impede the fluid flow, resulting in a decrease in velocity. However, the
water-Si0, nanofluid experiences an opposite velocity effect to water-Al,05 nanofluid, which is
increasing velocity profile is reported. This profile’s behavior may be affected by a decreased viscosity
of water-Si0, nanofluid when the nanoparticles are added more in water. Lower viscosity can
facilitate smoother fluid flow, contributing to an increase in the velocity profile.
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Fig. 4. Impact of 8 on f'(n)

52



Journal of Advanced Research in Numerical Heat Transfer
Volume 19, Issue 1 (2024) 43-59

1 T
0.9
l‘,j 018
0.8
{ 0.18
0.7 -.", 014
08f I\ 0.12|
Eost W\ 0.6 08 !
0.4 W\ \
- N K=2468
0.2
y solid line = water +41, 04
0.1 N dash line = water + 5i0,
0 A ) o e — a
a 0.5 1 1.5 2 25 3 3.5 4
1
Fig. 5. Impact of K on f'(n)
1 7
“ D196 e 0.196
09 ! ]
| 0194 4 ' 0.194
08T\ 0.192} P | 0.102 5'/ "
071 \ oot 0.1 — J
\ "'G89 08 091 092 093 0.89 0.9 0.91
0.6 \ 0.196 -
~ \ =0.01
= 05 \ 0194+ \ $=0.02
0,04
D ‘1 .\\‘ (“l 1\'2, :4f001
0.3 \ $=0.02
\, 019 - 0,04
0.2 08 091 092 093
~
0.1 N solid line = water +AL 04
e~ dash line = water + 510,
0 A A A P — e — S
0 0.5 1 1.5 2 25 3 3.5 -

Fig. 6. Impact of ¢ on f' (1)
4.3 Temperature Distribution

Figure 7 illustrates the impact of magnetic constraint (M) on the temperature profile for both
nanofluids. Larger magnetic constraints result in an increase in the width of the thermal boundary
layer. The heightened Lorentz force within the magnetic field, indicated by higher M values,
contributes to the expansion of the temperature boundary layer. The existence of a magnetic field
results in the emergence of a resistive force referred to as the Lorentz force, effectively reducing the
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fluid’s velocity, and causing a diminution in the width of boundary layer flow. Additionally, an
escalation in the thermal gradient led to an observed enlargement in the width of the temperature
boundary layer.

Figure 8 presents the perspective of f on both nanofluids’ temperature distribution. Higher
values of the Casson constraint () contribute to an increase in thermal distribution. The impacts of
the Casson fluid constraint result in elevated temperatures within the boundary layer and a reduction
in yield stress. The Casson liquid is characterized by variable plastic dynamic viscosity and a
pronounced impact of yield stress. With an increase in the Casson fluid constraint, there is an increase
in velocity near the wall, with a slight decrease further away from the wall. Figure 9 shows that the
temperature gains of both nanofluids with the effect of porosity K. Higher medium porosity often
means a larger volume of void spaces within the medium. This increased porosity allows for better
fluid flow and improved heat transfer. Consequently, fluid temperature within the porous medium
rises. Ullah et al., [23] report similar § and K impacts on temperature profiles, hence verifying the
current findings.

Figure 10 depicts the temperature distribution affected by the nanoparticle volume fraction ¢.
An upsurge of ¢ increases the temperature distribution, which is also reported by Ebaid and Al-Sharif
[24] and Ahmad et al., [31]. Nanoparticles often have higher thermal conductivity compared to the
base fluid. As the volume fraction of both types of nanoparticles increases, the overall thermal
conductivity of the nanofluid improves, enhancing the ability of the nanofluid to absorb heat. This
can result in better heat transport and rise of thermal profile. Figure 11 elucidates the behavior of
temperature gradients for various Pr values. The figure indicates that an increase in Pr leads to a
decrease in temperature profiles, resulting in a reduction in the width of the thermal boundary layer.
This suggests that with an increase in Pr, heat diffuses more rapidly. Consequently, as Pr rises, the
heat diffusivity of the fluid increases, leading to a rapid heat loss and reduce temperature accordingly.
This current finding of M and Pr can be verified by Aloliga et al., [8].
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4.4 Comparison of Water Based Al, 05 and Water Based Si0O,

For the case of velocity profile, a prominent effect of water based Si0, nanofluid is observed
compared to water based Al,05; nanofluid. It is noteworthy that the density ratio of nanoparticles to
the fluid significantly influences the viscosity. This is supported by the correlation established by
Machrafi [36], where the density of nanoparticles and fluids have a direct relation with the viscosity
of nanofluid. In this case, the prominent velocity effect of water based Si0, nanofluid is due to the
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low density of Si0, nanoparticles. Meanwhile, for the case of temperature profile, water-Al,0;
nanofluid experiences higher magnitude compared to water-Si0, nanofluid. The temperature
difference between both nanofluids can be influenced by their nanofluid thermal conductivity. It is
important to note that the ability of heat conduction and heat transfer for nanofluid is significantly
influenced by the thermal conductivity. In this case, thermal conductivity for water-Al, 05 nanofluid
is superior to water-Si0, nanofluid, leading to more conduction of heat by the water-Al,04
nanofluid and consequently increase the temperature profile.

5. Conclusions

This study addresses a cost-effective analytical simulation for a two-dimensional, incompressible,
and steady forced convective Casson nanofluid flow towards a linearly stretching sheet. An applied
magnetic field is imposed to fluid flow that has been saturated in a porous medium. The analysis
includes an examination of heat transport, considering magnetohydrodynamics and porosity effects.
The obtained results are validated against existing theoretical data from Bhattacharyya et al., [9],
showing good agreement with the present computational analysis. To explore the behavior of the
proposed problem over a stretched surface, the study discusses the graphical impacts of Casson
parameter, magnetic field, porosity, and nanoparticle volume fraction in the presence of both
alumina and silicon dioxide in water. The analysis concludes with meaningful final remarks as follows:

i.  An elevation velocity profile is observed for increasing values of M, 8, and K.

ii.  For increasing values of ¢, water-Al,0; nanofluid experiences an enhancement velocity
profile while water-Si0, nanofluid experiences a reduction velocity profile.

iii.  Anenhancement temperature profile is observed for increasing values of M, 8, K, and ¢.

iv.  Atemperature drop is observed for increasing Pr values.

v.  For velocity profiles, water-Si0, nanofluid has higher magnitude compared to water-Al,04
nanofluid due to lower density property by Si0, nanoparticles.

vi.  For temperature profiles, water-Al, 05 nanofluid has higher magnitude compared to water-
Si0, nanofluid due to high thermal conductivity property by Al, 05 nanoparticles.
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