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Several industrial operations rely on the rise of air bubbles through heavy fuel oil residue 
(HFOr), including oil recovery and wastewater treatment. In order to increase efficiency 
and decrease expenses, it is necessary to understand the peculiarities of this process. 
With the help of COMSOL Multiphysics, we numerically simulate the ascent of a single air 
bubble via HFOr in this article. The dimensions of the container used in the simulations 
were (100) mm in diameter and (200) mm in height, with an air bubble diameter of 4.5 
mm. For an air bubble ascending through an HFOr column, the predicted numerical 
outcomes are contrasted with nine experimental versions. As the bubble rose higher, the 
region with the greatest number of vortices was located on its side. The remaining vortex 
is contained inside the bubble. In addition, since drag decreases the flow, a lighter fluid 
usually exhibits a region of strong vortex and low pressure. Because of the oscillation 
effect, the results reveal that the rising velocity initially rises and then gradually falls 
between 0.6 and 0.65 s. The air bubbles' wavy motion is caused by the high fluid density, 
which becomes worse as the air velocity gets higher. The values of the drag coefficient 
rise sharply with decreasing air extrusion speed. It turns out that the height of the fluid 
has an inverse relationship with the pressure. 
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1. Introduction 
 

Because of its useful features, gas-liquid bubble columns are often used as two-phase reactors in 
biological, chemical, and industrial processes, Heavy fuel oil (HFO) byproducts must undergo these 
essential industrial, chemical, and biological procedures in order to be recycled or treated in a way 
that reduces their environmental impact [1,2]. It could be difficult for bubbles to travel around in a 
column because to the high density to viscosity ratio [3]. Predicting the rate of bubble bursting using 
a variety of physical qualities and system parameters is another difficult mathematical problem [4]. 
Using state-of-the-art computational fluid dynamics, a processing capacity and technology, we have 
successfully analyzed rising air bubbles in vertical HFO columns [5]. 
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Both the surface force equation that is constant and the equation that governs the interface are 
[6]. In every step of their inter-tracking motion, both use VOF technology. The leveling strategy is 
used in conjunction with the liquid volume technique to improve bubble formation and interfacial 
pursuit [7]. Although studies have shown how air bubbles rise, the most challenging aspect is 
quantitative measurement due to the numerous problems revealed by multiphase-flow experiments 
[8,9]. When it comes to assessing ascending air bubbles in vertical HFO columns, computational fluid 
dynamics is one of the cutting-edge numerical methods and processing capacity that has proven 
effective [10]. The two-phase flow model was successfully executed using the VOF method [11]. The 
surface force equation that is continuous and the equation that governs the interface [12]. Both make 
use of the VOF method, which was used throughout the whole interfacial tracking motion process 
[13]. 

To enhance bubble form and interfacial pursuit, the fluid volume approach is used with the level-
set (LS) methodology [14]. The relaxation equation and a common Hamilton-Jacobi equation are 
combined in a novel reinitialization approach that was suggested [15]. There is less quantitatively 
created interface distortion using the suggested approach as compared to earlier methods [16]. In 
addition, adding three dimensions to this method is not hard at all [17]. This technique also permits 
the spontaneous merging of contact lines at the spreading fluid interface [18]. 

Gas flow rate and mass concentration both effectuate a rise in detached and instantaneous 
volumes, whereas orifice diameter has the opposite effect [19-21]. The research discovered that the 
velocity in the vertical wake of an ascending isolated bubble differs significantly from the Gaussian 
distribution for isothermal and thermally stratified liquid layers [22,23]. Nozzle diameter is directly 
proportional to bubble size, according to the collected data [24]. The shape of the bubble changes as 
a result of different drag forces as the diameter increases [25]. From a Reynolds number of 10 to 
0.05, the drag coefficient increases from 15 to 400. 

Numerical evaluations of air bubble streams with diameters 3 mm rising in HFOr containers with 
diameter (100 mm) and height (200 mm) utilizing the seldom used COMSOL-Multiphysics are 
implemented in this study [26]. The results of this research could provide light on the real physical 
phenomena and the design of reactors for bubble columns. When it comes to the CFD simulation's 
multiphase flow model, it lastly offers additional selection criteria. 
 
2. Methodology 
2.1 Materials 
 

The first part of this study is air, and the second part is HFOr. You may find a list of the 
fundamental physical parameters used to monitor and characterize air and HFOr in Table 1. This 
collection provides a solid foundation for comprehending the intricate dynamics and interactions of 
the HFOr and air components in the context of multiphase flow. 
 

Table 1 
Physico-chemical characteristics of the fluids evaluated under normal conditions 
Fluid Air HFOr Units 

Density 1.22 965.7 Kg/m3 
Dynamic viscosity 1.825x-5 0.17623 Pa.s 
Surface tension  -- 1.52040677 mN/m 
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2.2 Governing Equation  
 
To determine the motion of air bubble through HFOr, it can be from [26-29] 
 
𝜕𝜙

𝜕𝑡
+ 𝑢 ⋅ 𝛻𝜙 = 𝛾𝛻 (𝜀𝛻𝜙(1 − 𝜙)

𝛻𝜙

|𝛻𝜙|
)          (1) 

 
In this equation, u represents the fluid velocity in m/s, γ is the reinitialization parameter in m/s, 

and ε=hc/2 which defines the interface thickness in m. The mesh of element with biggest size at the 
zone gone by the interface is indicated by the logo (hc), 𝜙 is the stage established, and its quantity 
ranged from 0 to 1. The fluid density and dynamic viscosity are also predicted using the level set 
function [30,31]. 
 
𝜌 = 𝜌𝐹 + (𝜌𝐴 − 𝜌𝐹)𝜙             (2) 
 
𝜇 = 𝜇𝐹 + (𝜇𝐴 − 𝜇𝐹)𝜙             (3) 
 
The constant viscosity and density of air and fuel are denoted by 𝜇𝐴, 𝜇𝐹, 𝜌𝐴, and 𝜌𝐹  , respectively. 
 
𝑈𝑏 is the fluid terminal velocity, which may be expressed as follows [32-35] 
 

𝑈𝑏 = √
4(𝜌𝐹−𝜌𝐴)𝑔𝐷𝑏

3𝐶𝐷𝜌𝐹
             (4) 

 
The drag coefficient is denoted by 𝐶𝐷, density by ρ, bubble diameter by 𝐷𝑏, gravitational constant 

by g, and air or fuel represented by 𝐴 and 𝐹 [36-40]. 
 

𝑅𝑒 =
𝜌𝐹𝑈𝑏𝐷𝑏

𝜇𝐹
              (5) 

 
where Re represents bubble’s Re number. 
 
2.3 Engineering Requirements and Parameters 
 

One air bubble rising in a container of heavy fuel oil residue is studied in this study using a 2D 
field. According to Table 2 and Figure 1, the container has a width of 100 mm and a height of 200 
mm. To begin the simulation, a nozzle with a diameter of 3 mm is introduced into the middle of the 
container and air is extruded at a speed ranging from 0.05 to 0.15 m/s. This causes air bubbles with 
a diameter of 4.5 mm to be created. As a result of atmospheric pressure and buoyancy, these air 
bubbles will rise inside the leftover heavy fuel oil. 
 

Table 2 
Geometrical specifications and parameters 
Symbol Value Description 

Dc 100 mm Container diameter 
H 200 mm Container height 
Db 4.5mm Bubble diameter 
T 15.6C Temperature of system  

 5 m/s Reinitialization parameter 
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Fig. 1. Schematic diagram of the domain with geometric dimensions for a 
rising bubble of 4.5 mm diameter 

 
2.4 Boundary Conditions and Numerical Techniques 
 

The computational domain is bounded by no-slip boundaries at the sides and bottom, and by a 
pressure outlet boundary condition at the top. The reference operating pressure (101325 Pa), which 
is equivalent to the atmospheric pressure, is needed, and a gravitational acceleration (g) of 9.81 m/s2 
is given in the Y-direction. The simulations are conducted using the COMSOL-Multiphysics numerical 
framework, which resolves the volume fraction, continuity, and momentum equations. We employ 
the flow equations discretized at the second order upwind. The velocity-pressure coupling is resolved 
using the pressure implicit with the splitting operators (PISO) approach, which is selected for its fast 
convergence rate without compromising solution accuracy and stability. A body force-weighted 
approach is used to solve the pressure issue, and an implicit treatment of body forces is used to 
bolster the convergence of solutions. Based on an explicit approach with a time increment of 0.0001 
s, the time-independent model is given a Courant number of 0.25. 

This paper describes research that, in order to analyze bubble dynamics in multiphase flows, 
relies on a number of basic assumptions. These presumptions include 

i. Understanding the Newtonian dynamics of water in a liquid state; 
ii. Conditions in a steady state; 

iii. Constant pressure gradient within the liquid; 
iv. Isothermal operation; 
v. The negligible interfacial tension between gas and liquid phases; 

vi. Ideal gas behavior for air bubbles; 
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vii. Homogeneous fluid properties; 
viii. Axisymmetric motion; 

ix. Incompressible flow characteristics 
  
2.5 Grid Dependency Test 
 

To examine the effect of mesh size on outcomes, three different kinds of mesh were used. The 
dimensions of the cells in these meshes range from 0.25 mm by 0.25 mm to 0.35 mm by 0.35 mm. A 
structured mesh is shown in Figure 2. The graphic shows that normal, fine, and finer are the three 
distinct mesh resolutions. While a finer mesh will result in a more realistic simulation, it will also 
increase the computing time. It is the simulation's unique requirements that will dictate the mesh 
resolution. 
 

   

(a) normal (b) fine (c) finer 

Fig. 2. Mesh generation 

 
3. Results and Discussion 
3.1 Validation 
 

Confirming the found numerical insights required a thorough comparison with current models to 
guarantee the findings' validity and reliability. This study included comparing the predicted drag 
coefficients of several models with the Reynolds number (Table 3 is an exhaustive compilation of 
these models). The comparison between the model predictions and the numerical findings produced 
from the COMSOL simulations (current work) is shown in Figure 3 of this comprehensive evaluation. 
The primary objective was to ascertain the validity of the results by means of thorough cross-
examination. The intrinsic necessity to ensure the consistency and numerical accuracy of the 
simulations, which supports the dependability of the findings, justifies this validation technique. 
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Table 3 
Empirical correlations of Bubble drag coefficient 
Turton and Levenspiel [41] 𝐶𝐷 =

24

𝑅𝑒
(1 + 0.173𝑅𝑒0.657) +

0.413

1+16300𝑅𝑒−1.09  

Mei and Klausner [42] 
𝐶𝐷 =

16

𝑅𝑒
(1 + (

8

𝑅𝑒
+

1

2
(1 + 3.315𝑅𝑒−

1

2))

−1

)  

 

 
Fig. 3. Drag coefficient comparison from existing models vs. Reynolds number 
for validation with bubble diameter of 4.5 mm, height of 200 mm, and 
container diameter of 100 mm 

 
A distinctive zigzag path guided by the laws of fluid dynamics results from the exact shaping of 

the bubble's surface by external field stresses, which produce an asymmetry in the pressure field 
along the bubble's border. In a fluid, ever-changing environment, this is the intricate dance of bubble 
behavior. The intriguing motion is shown in Figure 4, which shows the oscillatory or axis-reversing 
motions of the bubble as it travels along its zigzag path and ultimately reaches the domain's peak. A 
powerful liquid jet vortex occurs shortly after the bubble passes, which speeds up the upward motion 
and enhances form oscillations. This ascent provides an interesting dynamic. 

As the air pour out of the nozzle, it inclines to adhere to the nozzle curve rather than separating 
from it right now. This generates a zone of low pressure in rear the nozzle, which doodles some of 
the air back towards the nozzle, establishing the recirculation zone. This recirculation region is caused 
by the Coanda effect. 

The velocity of an air bubble increases with time, as shown in Figure 5. The oscillation effect 
causes the increasing velocity to peak for about 0.6 to 0.65 s before gradually decreasing. Lastly, the 
falling bubble velocity was found to be constant as the form oscillation reduced, after having risen in 
the spherical cap zone. From fluid transport dynamics to buoyancy-driven aeration system and 
process design, understanding the complex interactions of bubble motion, form oscillation, and 
equilibrium is critical. The results obtained from this detailed description have substantial practical 
and theoretical implications in many areas. 
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Fig. 4. Velocity contour with stream air from nozzle diameter of 3 mm, height and diameter of a 
container is 200 mm and 100 mm, respectively. (Time history from left to right are 0.32 s, 0.63 s, 0.71 
s, 0.96 s, and 1.19 s, respectively, and U=0.1 m/s) 

 

 
Fig. 5. Time-dependent velocity of a stream air rising in HFOr from nozzle diameter of 3mm, height 
and diameter of a container are 200 mm and 100 mm, respectively 

 
Figure 6 shows that the container has a 200 mm diameter and a 100 mm height, appropriate for 

bubbles with a diameter of 4.5 mm. As they ascend, the air bubbles experience a gradual reduction 
in pressure. Because of this, the volume increases. This causes the bubbles to swell as they ascend in 
the air. Because it is buoyant and not subject to gravity, the hydrostatic pressure on the bubble drops 
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off as it rises in the liquid. This decrease in pressure leads the gas inside the bubble to expand, in 
accordance with Boyle's law, which states that, at a fixed temperature, the volume of a gas rises as 
the pressure it faces decreases. As an intriguing consequence of the cause-and-effect relationship 
between pressure and volume change, the size of the ascending bubbles increases as they climb. A 
gas bubble's volume attempts to equal the pressure outside it, which is consistent with its expansion. 
The pressure differential begins at about 4.19 Pascals and ends at around 0.15 Pascals when air is 
extruded from a 3 mm nozzle at a speed of 0.1 m/s over the duration of the (0.32-1.19) s time period. 
This points to a significant decline in pressure as time progresses. Figure 7 shows that the pressure is 
inversely related to the height of the fluid. 

The volume proportion of air bubbles begins at around 0.21 and terminates at about 0.11, as 
shown in Figure 8. It seems that the volume fraction has been steadily decreasing. It seems like an 
exponential deterioration is shown in the plot. If the air bubbles are quickly escaping the solution, it 
might be because they are rising to the surface or becoming dissolved in the liquid around them. 

Figure 9 displays the HFOr volume fraction, which exhibits a decreasing trend over time. Between 
0.89 and 0.81 is where you may find the volume fraction of HFO. During the 8 seconds seen in the 
graph, there was a little shift. A consistent rate of change is suggested by the linear appearance of 
the figure. 
 

 
Fig. 6. Pressure of rising bubbles of 4.5 mm with time, height, and diameter of the container are 200 
mm and 100 mm, respectively 
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Time=0.32s Time=0.71 Time=1.19 P=Pascale 

Fig. 7. The difference in pressure over a period of time (0.32-1.19)s 

 

 
Fig. 8. Variation of volume fraction of air bubbles with time 
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Fig. 9. Variation of volume fraction of HFOr with time 

 
3.2 Variation of Pressure 
 

As can be seen from the graph in Figure 10, the pressure grows in direct proportion to the height 
of the fluid column. This lines up with the idea that the pressure of a static fluid rises as one descends 
into the fluid. The reason for this is because the weight of the fluid above any given position causes 
pressure at that spot. The pressure increases in direct proportion to the height of the fluid column 
because the weight of the fluid above the place in question grows as the column rises. It would seem 
that the data points are linearly related, suggesting that the rate of change of pressure with respect 
to height is constant. This data points to a continuous fluid density over the whole height scale. 
 

 
Fig. 10. Variation of pressure with fluid column height 
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3.3 Variation of Velocity with Reynolds Number 
 

One dimensionless measure of the relative importance of inertial and viscous forces in a fluid's 
flow is the Reynolds number (Re). Flow regimes are classified and flow behavior is predicted using it. 
The Reynolds number is probably what defines the flow around the air bubble streams as they ascend 
through the liquid in Figure 11. 

It is shown that the air bubble stream's velocity grows in relation to the Reynolds number. This 
indicates that the air bubble undergoes more acceleration and attains a faster velocity when inertial 
forces outweigh viscous forces. It seems like there is no linear link between Reynolds number and 
velocity. At small Reynolds numbers, the rate of acceleration with respect to Re is quite sluggish. The 
rate of velocity increase, however, is exponential at larger Reynolds numbers. Looking at the various 
flow regimes around the air bubble helps to understand this pattern: Viscous forces are the most 
important when the Reynolds number is small, usually less than 1. The drag coefficient, which 
measures the resistance to motion, is high around the bubble, and the flow around it is laminar. A 
gradual ascent is the outcome of this. Inertial forces are more significant when Reynolds numbers 
are larger, usually more than 1. If the bubble causes turbulence in the surrounding flow, the drag 
coefficient might drop. A more noticeable acceleration may result from this. A variety of variables, 
such as the bubble's dimensions and form, the liquid's characteristics (such as density and viscosity), 
and the existence of any outside forces (such buoyancy), determine the precise nature of the 
connection between the rising air bubble's velocity and Reynolds number. 
 

 
Fig. 11. Variation of velocity with Reynolds number of air bubble 

 
3.4 Variation of Reynolds Number with Drag Coefficient 
 

Figure 12 shows that the drag coefficient increased at values (15–400) as the Reynolds number 
value decreased (10–0.05) in the simulation. This figure shows the connection between the drag 
coefficient and the Reynolds number during the time (0.32-3) s for a 100 mm × 200 mm container. 
For tiny bubbles (less than around Re = 300), it is shown that the drag coefficient often drops as the 
Reynolds number increases. This indicates that the drag force experienced by tiny bubbles reduces 
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when inertial forces become more prevalent than viscous forces. The reason for this is because a 
small layer of liquid forms surrounding the bubble, reducing the total drag. 

As bubble sizes increase beyond around Re = 300, the drag coefficient seems to stabilize at 2.6. It 
follows that the drag force acting on these bubbles eventually becomes Reynolds number 
independent. The reason for this is probably the presence of a continual drag force caused by the 
turbulent flow around the bubble and the breakdown of the thin liquid boundary layer. 
 

 
Fig. 12. Relationship of the Reynolds number with the drag coefficient for the period (0.32-3) s 
for a container with a diameter of 100 mm and a height of 200 mm 

 
4. Conclusion 
 

We used COMSOL-Multiphysics to investigate the gas-liquid two-phase flow numerically as air 
bubbles flowed through a stationary HFOr container. Results from a simulation of a stream of air 
bubbles passing through an HFOr column were compared to two empirical formulations. It seemed 
like everyone was on the same page. The study yielded the following important findings 

i. As it makes its way up the domain, the bubble undergoes oscillatory or axis-reversing 
motions. 

ii. The oscillation effect causes the growing velocity to peak for around 0.6 to 0.65 s before 
gradually decreasing. Lastly, the falling bubble velocity was found to be constant as the 
form oscillation reduced, after having risen in the spherical cap zone. 

iii. When the air extrusion speed is increased, the bubbles split before they reach the surface. 
iv. The air bubbles' wavy motion is caused by the high fluid density, which becomes worse as 

the air velocity gets higher. 
v. The values of the drag coefficient rise sharply with decreasing air extrusion speed. 

vi. As an intriguing consequence of the cause-and-effect relationship between pressure and 
volume change, the size of the ascending bubbles increases as they climb. A gas bubble's 
volume attempts to equal the pressure outside it, which is consistent with its expansion. 
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