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Received 15 May 2022 thermal particulate boundary layer, where the flow is due to an unsteady stretching

Received in revised form 29 September 2022 sheet in presence of non-uniform heat source/sink. Both the fluid as well as the
Accepted S October 2022 particles are assumed to be gray, emitting and absorbing radiation. Again, neither the
Available online 2 November 2022 fluid is considered in electric medium nor supplied by an external electric force. But,
due to the random motion of the particles i.e., the interaction between particle-
particle, particle-fluid and particle-wall, a tribo-electrification occurred. As on impact,
both the fluid and particles are electrified though the flow has been considered in a
neutral medium. Hence, a balanced mathematical model of highly non-linear partial
differential equations has been formulated for two-phase unsteady boundary layer
considering the above parameters/impacts on both the phases. An appropriate
similarity transformation has been employed to transfer the governing equations into
ordinary differential equations and solved numerically by built in solver Bvp4c of
Keywords: MATLAB. An excellent agreement between the present and previous literature has
Boundary layer flow; tribo-electrification; been made to validate the result. Moreover, the influence of Electrification
radiation; non-uniform heat source/sink; ~ parameter, Radiation parameter, Internal heat source/sink parameter on the rate of
stretching sheet; two-phase flow; Bvp4c heat transfer and other flow characteristics has been analyzed.

1.Introduction

The study of electrification, non-uniform heat source/sink, radiation and the unsteady boundary
layer flow of fluid over a horizontal stretchable sheet have a tremendous application in the field of
engineering and sciences. In many manufacturing plants like paper production plant, hot rolling,
glass blowing, glass fiber production, food processing units and petroleum industry etc. is using
phenomenon of the flow due to the horizontal stretching sheet. The stretching rate plays an
important role in product development for spreading of liquid substances on a surface. Due to the
vast area of application, in past three decades, many people have blended over the boundary layer
flow of fluid over a stretchable surface with electrification and radiation effect and have given many
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analytical and numerical solutions for several flow characteristics. The first ever exploration about
the boundary layer behavior on a hard surface which is continuous, was done by Sakiadis [13] in the
year 1961. For investigation, he had taken both exact and approximation method. Later his
operational work was extended by Crane [3] in 1970. An experimental work on momentum and
heat transfer inside a thin liquid film on an unsteady horizontal stretchable sheet was done by Chen
[2]. An investigation on the similarity solution of unsteady, viscous incompressible fluid over a
stretchable sheet have been obtained by Sharidan et al., [17].

The study on the impact of non-uniform heat source/sink has a greater importance in most of
the fluid problems. Mostly its use is seen in plastic and rubber sheet manufacture, disposal of
radioactive waste products, food storage etc. So many authors have analyzed the heat transfer on
non-uniform heat source/sink over a horizontal stretching surface. In an article Abel et al., [18] have
discussed about the heat transfer and boundary layer flow over a stretching sheet. Tsai et al., [21]
have also investigated on the flow and heat transfer of a quiescent fluid passed over an unsteady
stretchable sheet and examined the impact of non-uniform heat source/sink on it. From their study
they concluded that both the heat transfer rate and skin friction are direct proportional with
unsteady parameter. Further, an analysis was performed by Ishak et al., [9] on an unsteady laminar
flow over a horizontal stretchable sheet. An investigation on flow and heat transfer over an
unsteady stretchable sheet with slip conditions was conducted by Mukhopadhyay and Andersson
[11]. In an article Hsiao [8] studied on a viscoelastic incompressible MHD flow of a second-grade
fluid over a stretchable surface with effect of non-uniform heat source/sink with both electric and
magnetic dispersion. Effect of laminar and boundary layer flow of a dusty fluid which passed on a
stretchable surface has been discussed by Gireesha et al., [5] They considered the stretching sheet
as nonlinear and continue their analysis in presence of non-uniform heat source/sink. In an article
Asghar and Ying [1] studied about the 3-D MHD nanofluid flow in presence of a rotating stretching
sheet. They also analyzed the characteristics of boundary layer and heat transfer with other
physical parameters which surrounded with the fluid flow.

Recently, Ramesh et al., [12] did an analysis on the characteristics of heat transfer and MHD
flow of dusty fluid which passed over a stretchable surface, being there of non-uniform heat
source. A theoretical analysis on the hydromagnetic heat transfer of a dusty fluid has been carried
out by Gireesha et al.,[6]. Tan et al., [20] have investigated self-diffusion of the nano-particles in the
base fluid with thermal diffusion. They gave a numerical idea about the diffusivity of nano-particle.
Gireesha et al., [10] have employed a work on a two-phase maxwell fluid with effect of non-linear
thermal radiation and non-uniform heat source/sink. Tripathy et al.,[19] did a numerical study
about the two-phase boundary layer flow and heat transfer over a non-uniform grid. Das et al.,[4]
have investigated on a collective effect of chemical reaction, heat and mass transfer of an unsteady
2D laminar boundary layer flow passed over a horizontal stretchable sheet. Samantara et al., [14],
Samatara [15], and Mishra and Samantara [16] have studied impact of electrification of particles in
flow geometry of horizontal plate, inclined stretching sheet and jet flow.

2. Formulation
A boundary layer unsteady dusty flow over a horizontal “permeable” stretchable sheet is
assumed (Figure 1). The wall is stretched with a linear, due to the application of two-interacting

opposite forces on the wall. X-axis is considered along the flow and y-axis is normal to it. Due to
tribo-electrification, both the phases are influenced by electric force.
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Fig. 1. Geometry of the flow problem

With the above assumption, the Governing Equations within the boundary layer of the flow

field is given by
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Eg. (1) and Eq. (2) represent the continuity equation i.e., conservation of mass of fluid phase
and particle phase respectively. Similarly, Eq. (3) and Eq. (4) represent the conservation of
momentum in X-direction of fluid phase and particle phase respectively. Eq. (5) represents the
conservation of momentum of particle phase in Y-direction. The conservation of momentum of
fluid phase in Y-direction has been neglected. Eq. (6) and Eq. (7) represents the conservation of
energy equation in fluid and particle phase respectively.

The radiative heat flux q,r and q;,, in the energy equation of both the phases are approximated
by Rosseland approximation and can be represented as

40* 9T*
Qrf = ~ 3 By (9)

Hence with reference to Eq. (6) and Eq. (7)

. 0qrf _  16T0" 9°T
For fluid phase— "~ = ——"2=-"5 (10)
gy 3 5+ 02
Similarly, for the particle phase —22 = — 167 b (11)

ady 3k* 09y?

where A" and B* are the parameters of the space and the temperature dependent internal heat
source/sink.A* and B* are positive for heat source and negative for internal heat sink. q'"" is the
space-and temperature-dependent internal heat generation/absorption (non-uniform heat
source/sink) and can be written as

n kUw * ! *
q = ( xv(x)) [A (Tw - oo)f + B (T - Too)] (12)
ksUg * *
gyt = ( xvs(x>) [A*(T,, = T)F + B*(T, — Ts, )] (13)
~ = b s 2
For most of the gases 7, = 77, ks = k p_——” if e = o,

The non-dimensional variables used to solve Eq. (1) to Eq. (7)
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Using the similarity transformation (16) to aboveEq. (1) to Eq. (7), we get the followings
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Subject to the boundary conditions
G'=0,f=0,f"=1,F=06=10,=0asn-0
and
f’=O,F=O,G=—f,H=w,9—>O,9p—>Oasr)—>00.
3. Numerical Solution of the Problem
The system of Figure 14 to Figure 19 with the conditions (20) are computed by applying Runge-
Kutte 4™ order method with BVP4C tool of MATLAB. By considering finite value of n — oo say n =
15 with a particular tolerance level of less than 0(107°0). The results are also matched with the

results available in previous literature [5,7,18] as shown in Table 1. Here the values of rate of heat
transfer are matched with the previous authors. So, it proves the validation of our program.
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Table 1

Result Validating Table

Pr B.J Gireesha et al.,[5] Gurbka et al., [7] Subhas et al., [18] Present Study
0.72 1.0885 1.0885 1.0885 1.08862

1.0 1.3333 1.3333 1.3333 1.33333

3.0 NIL NIL NIL 2.50972

10.0 4.7968 4.7969 4.7968 4.79687

The investigations of numerical computations have been made for the impact of different
physical parameters like “unsteady parameter(A4)” Electrification parameter(M), “Prandtl
number(Pr)”, “Eckert number(Ec)”, “Radiation (Ra)” and Buouancy parameter (1) are represented
graphically and by tables.

4. Results Analysis
4.1 Effect of Unsteady Parameter(A)

Figure 2 to Figure 5 depicts the graphical representation of impact of unsteady parameter (A)
on velocity and temperature distribution of both phases. It is observed from Figure 3, for high value
of unsteady parameter, the particles move very fast and it generates an opposing force to oppose
the fluid phase. Hence, the fluid velocity decreases with increasing values of unsteady parameter,
as shown in Figure 2. For high value of unsteady parameter, since the fluid velocity is less and
subsequently declining the fluid temperature. Accordingly, the particle temperature also enhanced
for high values of A.
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Fig. 2. Effect of unsteady Parameter (4) on Fig. 3. Effect of unsteady Parameter (A4) on
fluid velocity particle velocity
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4.2 Effect of Fluid Interaction Parameter ([3)

Figure 6 to Figure 9 graphically show the variation of momentum and thermal boundary layer of
both phases versus 71 for different values of fluid-particle interaction parameter B. The thickness of
momentum boundary layer of dust phase becomes thicker when fluid-particle interaction is more.
i.e., particles move faster for higher values of B and subsequently it creates an opposing force
against the fluid. Hence, the fluid velocity slows down until and unless velocity of both phases
reaches in equilibrium. During this time, particles dominant the fluid velocity, which leads to
generate less temperature in fluid phase and the temperature of particles become more.
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4.3 Effect of Prandtl Number (Pr)

Figure 10 and Figure 11 show the effect of Prandtl number (Pr) on the temperature profiles of
fluid and particle phase respectively. The present study deals with the fluid like air, water and
electrolyte solution whose Pr value corresponds to 0.71, 1.0 and 7.0. It is noticed from Figure 10
that, the thermal boundary layer becomes more thinner for the higher values of Pr. It is due to the
thermal enhancing thermal conductivity for smaller values of Pr and therefore, heat is diffused
away from the surface of the stretching sheet. As a consequence, the rate of heat transfer is less
rather than water and electrolyte solution, which is observed in Table 1. The same trend is
maintained in case of particle temperature also, shown in Figure 11.
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Fig. 10. Effect of Prandtl Number (Pr) on Fig. 11. Effect of Prandtl Number (Pr) on
fluid temperature particle temperature

4.4 Effect of Eckert Number (Ec)

Figure 12 and Figure 13 show the temperature distribution for the fluid and particle phase
against m for different values of Ec. By observing the graphs, As Eckert number Ec is related
between fluid kinetic energy to difference of heat enthalpy and average of kinetic energy is the
temperature. So, the temperature of the fluid enhanced due to the rise in value of Ec, observed
from Figure 12. Since Ec is inversely connected with the boundary layer enthalpy. Hence, rise in the
value of Eckert number declines the temperature between the surface and ambient fluid. It means,
it declines the rate of heat transfer from surface of the sheet, which is seen in Table 1. But the
particle temperature decreases for higher value of Ec, as shown in Figure 13.
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4.5 Effect of Electrification Parameter (M)

Figure 14 and Figure 15 represent the variation of flow distribution with variation of
electrification parameter (M).The electrification occurs due to the interaction between particle-
particle, particle-fluid and particle-surface, when the collision is more, the particles are more
electrified, which accelerates the velocity of both fluid and particle. Hence, the velocity gradient
decreases for high intensity of electrification, shown in Tablel. Figure 16 and Figure 17 represent
the temperature distribution of both phases inside the boundary layer controlled by Electrification
parameter M. The temperature distribution for both phases inside the boundary layer gradually
decreases for random collision between fluid-particle-wall is more i.e., when the particles are much
electrified. The temperature declines gradually in case fluid whereas declines rapidly in case of
particle, as observed from the figures. It shows that, the temperature transfer more from boundary
layer to surface of the plate as a result the temperature gradient rises with decrease electrification
parameter, observed from Tablel.
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Fig. 14. Effect of electrification parameter (M)

on fluid velocity

Fig. 15. Effect of electrification parameter

(M) on particle velocity
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4.6 Effect of Radiation Parameter (Ra)

The impact of radiation parameter (Ra) on the temperature profiles are presented through the
Figure 18 and Figure 19. In all most all past literatures, the radiation is considered for fluid phase
only. Since, the fluid is coupled with the particles in the flow field, both the fluid as well as
particulate phase are influenced by the radiation and the particle also plays a major role in the
temperature distribution. Hence, the consideration of radiation may not be neglected for the
particulate phase, which is observed from Figure 19 in this present study. Figure 18 shows the
impact of Ra in fluid temperature distribution. It is observed that, the non-dimensional fluid
temperature rises uniformly with the intensity of radiation and increases significantly the thickness
of thermal boundary layer. Table 2 shows the nature of skin friction and Nusselt number (Nu) with
variation of radiation. The surface of the stretching sheet generates and radiates more temperature
when the intensity of radiation is low, so that the fluid temperature increases, which is observed in
Figure 19.Thus, the radiation should be minimum in order to cool the surface. The reverse trend is
maintained for particle temperature.
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Fig. 18. Effect of radiation parameter
(Ra) on fluid temperature

Fig. 19. Effect of radiation parameter
(Ra) on particle temperature
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Table 2

Effect of Prandtl number, Eckert number, Radiation parameter, angle of
inclination of the sheet and Electrification parameter on skin friction and
Nusselt number

Pr Ec Ra M £"(0) —0'(0)
0.71 0.36 0.5 0.4 1.37148 1.05906
1.0 1.37148 1.14693
7.0 1.37148 2.52055
0.71 0.36 0.5 0.4 1.37148 1.05906
0.5 1.37148 1.01926
1.0 1.37148 0.87709
0.71 0.36 0.5 0.4 1.37148 1.05906
1.0 1.37148 1.04489
5.0 1.37148 1.01531
10.0 1.37148 1.00839
0.71 0.36 0.5 0.4 1.37148 1.05906
0.0 1.39382 1.05985
0.2 1.38025 1.05957

5. Conclusion

From above graphs and result discussions, it is concluded that the presence of particles in fluid

has greater impacts on flow and heat transfer profiles.

i. The presence of particles in fluid collides with each other and with the wall, thus
generates electric force that helps in accelerating body force which acts in the direction
of electric field. It results in reducing the skin friction on the surface of stretching sheet.
The velocity gradient decreases for high intensity of electrification.

ii. It significantly enhances the temperature and it occurs more heat transfer on the surface
of the stretching surface.

iii. More study can be done as an extension work by considering variation of viscosity,
following power law or exponential law.
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