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The physical configuration of the problem of Darcy Brinkman (DB) Rayleigh Benard 
Two-Component (RBTC) Convection in a two-layered system has been investigated for 
linear, parabolic and inverted parabolic salinity gradients with the Dufour effect. For 
the fluid layer, the upper boundary is free with surface tension and for the porous 
layer, the lower boundary is rigid. At the interface, the normal velocity, normal stress, 
shear stress, mass, mass flux, heat, and heat flux are continuous. The regular 
perturbation method is used to solve the resulting ordinary differential equations 
obtained from normal mode expansion. The effect of different physical parameters on 
the Rayleigh number versus depth ratio is discussed and results are presented 
graphically. 
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1. Introduction 
 

The Rayleigh Benard convection (RBC) is a type of natural convection, happening in a fluid layer, 
which placed horizontally and heated from underneath, wherein the layers fluid explores some 
common regular patterns corresponds to convective cells referred to as cells of Benard. RBC is one 
of the most typically studied convective phenomena due to its experimental as well as analytical 
accessibility. The problem we desire to analyse is one of Rayleigh-Benard (RB) Marangoni Convection 
in a system such as a porous layer underlying a fluid layer wherein there may be magnetic field 
through the device. The problem of fluid glide over a porous medium is encountered in an extensive 
variety of industrial and geophysical programs, along with flows in gas cells, filtration methods, the 
extraction of oil from underground reservoirs, and floor-water pollutants. 

A detailed overview is given with the aid of Nield and Bejan [11] then Rana and Thakur [15] have 
explored the recent innovations in Double Diffusive (DD) convection in a viscoelastic fluid, which is 
placed in Darcy porous medium. For the porous medium, the Darcy Brinkman (DB) version is 
modelled moreover in Walters’s analysis approach, the dispersion relation has been derived and 
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solved analytically. It is found that the rotation, strong solute gradient, suspended debris, gravity field 
and viscoelasticity introduce oscillatory modes. The outcomes of rotation, stable solute gradient, 
suspended particles, Darcy number and medium permeability have also been investigated. Bhandaru 
and Vijaya [4] have been investigated heat and mass transfer by the impact of thermal conductivity 
and variable porosity regime in a rotating system. The governing equations for the boundary layer 
flow corresponding to species and energy are modified in the ODE system with the help of similarity 
transformation method and numerical methods (Shooting and Runge Kutta techniques) to solve the 
resulting system of ODEs. The impact of physical parameters thermal conductivity, concentration 
local skin friction and temperature are depicted graphically. Pal et al., [13] have explored the recent 
innovations on Soret and Dufour effects along with the impact of variable thermal conductivity, 
magnetic field and ohmic dissipation. The numerical method (Runge-Kutta-Fehlberg) is used to solve 
the governing equations, they were concluding that enhance the Prandtl number then we observe 
the reduction in the micro rotation, velocity and temperature profiles and also species distribution is 
increased by decreasing or increasing the Dufour-Soret parameter. The numerical study of the self-
diffusion of nanoparticles is very limited, Tan et al., [7] demonstrated that the DPD method can be 
used to predict the diffusivity of nanoparticles. A good agreement between 3% and 30% can be 
obtained by comparing both previous experimental results and the Einstein correlation. Apart from 
that, the DPD method also managed to correctly simulate the Brownian motion of nanoparticles 
suspended in the base liquid. It is also worth noting that higher numbers of nanoparticles generally 
decrease diffusivity. Upcoming work will be done with more test cases with different parameters to 
improve the accuracy of the simulation. Altawallbeh [1] has considered a viscoelastic fluid to analyze 
the combining effect of diffusion thermal, thermal diffusion and internal heat source. On a saturated 
porous layer, Old Royd-type modified Darcy law is modelled for the momentum equation. The effect 
of internal heat, Soret, Dufour, relaxation and Rayleigh number on stationary and oscillatory 
convections are represented graphically and also mass transfer and heat are also depicted graphically 
in terms of Sherwood and Nesslet numbers respectively. Moreover, he discussed both linear and 
nonlinear stability. The role of the finite element method to find the solution of Darcy Brinkman 
Forchheimer’s (DBF) equation of irregular flow has been investigated by Murali et al., [9] the solution 
of nonlinear PDEs is obtained from the finite element approach (Gauss seidel and quasi linearization 
method) and the corresponding method is equipped with the help of some programming packages 

moreover they get the 10−5 accuracy in the final solution. The onset of Darcy-Rayleigh convection in 
a viscoelastic, doubly diffusive, binary fluid layer saturated in an anisotropic porous material with 
temperature-dependent viscosity is analyzed numerically. Abidin et al., [12] has discussed the 
Rayleigh number from the doubly diffusive binary fluid was obtained using the Galerkin expansion 
method. The impacts of strain lag and thermal anisotropy parameters slow heat transfer formation 
as their values increase and stabilize the system. Meanwhile, the stress relaxation, Darcy-Prandtl, 
and mechanical anisotropy parameters rapidly enhanced the heat transfer mechanism in convection 
as the values  increased, thereby destabilizing the system. 
 
2. Mathematical Formulation 
 

The physical model under the consideration of a composite layer system with a horizontal two-
component fluid-saturated, incompressible, isotropic and sparsely packed porous layer is of thickness 
𝑑𝑚 and a fluid layer of thickness 𝑑. Both the boundaries of the composite layer system are considered 
to be rigid and these boundaries are acts like heat and mass insulators along with maintained, distinct 
concentration and temperature. The origin point of the Cartesian coordinate system is taken exactly 
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at the intersection of porous and fluid layer along with the direction of z – axis vertically upwards as 
shown in Figure 1. 
 

 
Fig. 1. Physical model of composite layer/two-layer system 

 
The governing equations are, the continuity, momentum, temperature, concentration and state 

equations as follows. 
 
For Region – 1 (fluid layer) 
 
∇. 𝑞𝑟𝑓⃗⃗⃗⃗⃗⃗ = 0              (1) 

 

𝜌0𝑓 [
𝜕𝑞𝑟𝑓⃗⃗ ⃗⃗ ⃗⃗  ⃗

𝜕𝑡
+ (𝑞𝑟𝑓⃗⃗⃗⃗⃗⃗ . ∇)𝑞𝑟𝑓⃗⃗⃗⃗⃗⃗ ] = −∇𝑃𝑟𝑓 + 𝜇 ∇2𝑞𝑟𝑓⃗⃗⃗⃗⃗⃗ −  𝜌𝑟𝑓 𝑔𝑟𝑓 𝑘 ̂        (2) 

 
𝜕𝑇𝑟𝑓

𝜕𝑡
+ (𝑞𝑟𝑓⃗⃗⃗⃗⃗⃗ . ∇)𝑇𝑟𝑓 = 𝜅𝑟𝑓 ∇

2𝑇𝑟𝑓 + 𝜅𝑇𝑟𝑓 𝛻
2𝐶𝑟𝑓         (3) 

 
𝜕𝐶𝑟𝑓

𝜕𝑡
+ (𝑞𝑟𝑓⃗⃗⃗⃗⃗⃗ . 𝛻)𝐶𝑟𝑓 = 𝜅𝑟𝑠𝑓 𝛻

2 𝐶𝑟𝑓           (4) 

 

𝜌𝑟𝑓 = 𝜌0𝑓[1 + 𝛼𝑟𝑓(𝐶𝑟𝑓 − 𝐶0𝑓) − 𝛼2𝑓(𝑇𝑟𝑓 − 𝑇0𝑓)]         (5) 

 
For Region – 2 (porous layer) 
 
𝛻𝑟𝑚. 𝑞𝑟𝑚⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 0              (6) 
 

[
𝜌0𝑓

𝜙𝑚
]

𝜕𝑞𝑟𝑚⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

𝜕𝑡𝑟𝑚
= −𝛻𝑟𝑚𝑝𝑟𝑚 −

𝜇

𝐾𝑟𝑚
𝑞𝑟𝑚⃗⃗ ⃗⃗ ⃗⃗  ⃗+𝜇𝑟𝑚𝛻𝑟𝑚 

2 𝑞𝑟𝑚⃗⃗ ⃗⃗ ⃗⃗  ⃗ −  𝜌𝑟𝑚  𝑔𝑟𝑓 �̂�       (7) 

 

𝐴 [
𝜕𝑇𝑟𝑚

𝜕𝑡𝑟𝑚
] + (𝑞𝑟𝑚⃗⃗ ⃗⃗ ⃗⃗  ⃗∇𝑟𝑚)𝑇𝑟𝑚 =  𝜅𝑟𝑚𝛻𝑟𝑚 

2 𝑇𝑟𝑚 + 𝜅𝑟𝑚𝑇 𝛻𝑟𝑚
2 𝐶𝑟𝑚        (8) 

 

𝜙 [
𝜕𝐶𝑟𝑚

𝜕𝑡𝑟𝑚
] + (𝑞𝑟𝑚⃗⃗ ⃗⃗ ⃗⃗  ⃗∇𝑟𝑚)𝐶𝑟𝑚 = 𝜅𝑟𝑠𝑚 𝛻𝑟𝑚 

2 𝐶𝑟𝑚          (9) 

 

𝜌𝑟𝑚 = 𝜌0𝑓[1 − 𝛼𝑟𝑚(𝑇𝑟𝑚 − 𝑇0𝑓) + 𝛼2𝑚(𝐶𝑟𝑚 − 𝐶0𝑓)]                  (10) 
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where, 
 

𝑞𝑟𝑓⃗⃗⃗⃗⃗⃗ , 𝑡, 𝜇, 𝑃𝑟𝑓 , 𝜌𝑟𝑓 ,  𝑔𝑟𝑓 ,  Trf, 𝜅𝑟𝑓 ,  𝜅𝑟𝑠𝑓 , 𝜅𝑇𝑓 ,  𝐶𝑟𝑓 , 𝜙𝑚, 𝐾𝑟𝑚, 𝜇𝑟𝑚, 𝛼𝑟𝑓 , 𝛼𝑟𝑚, 𝐴 =
(𝜌𝑜𝑓 𝐶𝑝)

𝑚

(𝜌𝑟𝑓 𝐶𝑝)
𝑓

 , 𝐶𝑃,  𝜌0𝑓 are 

the fluid layer velocity vector, time, viscosity of fluid, pressure, density of fluid, gravity, temperature, 
thermal diffusivity, solutal diffusivity, Dufour coefficient, concentration, thermal expansion 
coefficient, a solutal analog of 𝛼2𝑓 , porosity of the porous medium, permeability of the porous 

medium, porous medium effective viscosity, heat capacities ratio, specific heat and referring fluid 
respectively. In the porous medium, the quantities are referred to by the subscripts 𝑚.  

Basic/Primary state conditions are implemented to the governing equations which are in the 
form of partial differential equations (PDEs) to discover the answers to the basic state. The set-up 
is taken into consideration by undergoing super-imposition with infinitely small perturbations. The 
equations are then linearized using the units of perturbations after that resulting equations are going 
to be non-dimensionalised with the help of non-dimensional variables and normalized which turns 
PDEs are reduced to a system of ODEs [11]. 
 
For Region - 1 (fluid layer) 
 

[𝐷𝑟𝑓
2 − 𝑎𝑟𝑓

2](𝐷𝑟𝑓
2 − 𝑎𝑟𝑓

2)𝑊𝑟𝑓 = 𝑅𝑟𝑓 𝑎𝑟𝑓
2 𝜃𝑟𝑓 − 𝑅𝑠𝑟𝑓 𝑎𝑟𝑓

2 𝑆𝑟𝑓                 (11) 

 

(𝐷𝑟𝑓
2 − 𝑎𝑟𝑓

2)𝛩 + 𝑊𝑟𝑓 + 𝐷𝑅(𝐷𝑟𝑓
2 − 𝑎𝑟𝑓

2) 𝑆𝑟𝑓 = 0                  (12) 

 

[𝜏(𝐷𝑟𝑓
2 − 𝑎𝑟𝑓

2)] 𝑆𝑟𝑓 + 𝑊𝑟𝑓 = 0                     (13) 

 
For region – 2 (porous layer) 
 
[ 𝜇 ̂𝛽2(𝐷𝑟𝑚

2 − 𝑎𝑟𝑚
2 ) − 1](𝐷𝑟𝑚

2 − 𝑎𝑟𝑚
2 )𝑊𝑟𝑚 = 𝑅𝑟𝑚𝑎𝑟𝑚

2𝜃𝑟𝑚 − 𝑅𝑠𝑟𝑚𝑎𝑟𝑚
2𝑆𝑟𝑚               (14) 

 
(𝐷𝑟𝑚

2 − 𝑎𝑟𝑚
2 )𝛩𝑟𝑚 + 𝑊𝑟𝑚 + 𝐷𝑀𝑅(𝐷𝑟𝑚

2 − 𝑎𝑟𝑚
2 )𝑆𝑟𝑚 = 0                  (15) 

 

[𝜏𝑝𝑚(𝐷𝑟𝑚
2 − 𝑎𝑟𝑚

2 )] 𝑆𝑟𝑚 + 𝑊𝑟𝑚 = 0                     (16) 

 

where, for the fluid layer, 𝐷𝑟𝑓 =
𝑑𝑟𝑓

𝑑𝑧𝑟𝑓
 is the differential operator with respect to 𝑧𝑟𝑓, 

 

𝑝𝑟 =
𝜈

𝑘𝑟𝑓
 is the Prandtl number, 

 

 𝜏 =
𝑘𝑟𝑓

𝑘𝑟𝑠𝑓
 is the ratio of thermal diffusivity to solute diffusivity, 

 

𝜈 =
𝜇

𝜌0𝑓
 is the kinematic viscosity, 

 

𝑅𝑟𝑓 = 
𝑔 𝛼𝑟𝑓(𝑇0𝑓−𝑇𝑟𝑓) 𝑑3 

𝜈 𝑘𝑟𝑓 
 is the Rayleigh number, 

 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 101, Issue 2 (2023) 121-136 

125 
 

𝑅𝑠𝑟𝑓 = 
𝑔 𝛼2𝑓(𝐶0𝑓−𝐶𝑟𝑓) 𝑑3 

𝜈 𝑘𝑟𝑓 
 is the solute Rayleigh number and 

 

𝐷𝑅 =
𝑘𝑇𝑟𝑓 (𝐶0𝑓−𝐶𝑟𝑓)

𝑘𝑟𝑓 (𝑇0𝑓−𝑇𝑟𝑓)
 is Dufour coefficient. 

 

For the porous layer, 𝐷𝑟𝑚 =
𝑑𝑟𝑚

𝑑𝑧𝑟𝑚
 is the differential operator with respect to 𝑧𝑟𝑚,  

 

𝑝𝑟𝑚 =
𝜙𝜈

𝑘𝑟𝑚
 is the Prandtl number, 

 

𝛽2 =
𝐾𝑟𝑚

𝑑𝑚
2 = 𝐷𝑎 is the Darcy number, 

 

𝜏𝑝𝑚 =
𝑘𝑟𝑚

𝑘𝑟𝑠𝑚
 is the ratio of thermal diffusivity to solute diffusivity, 

 

𝐷𝑀𝑅 =
𝑘𝑟𝑚𝑇 (𝐶𝑟𝑚−𝐶0𝑓)

𝑘𝑟𝑚 (𝑇𝑟𝑚−𝑇0𝑓)
 is the Dufour coefficient, 

 

𝑅𝑟𝑚 = 
𝑔 𝛼𝑟𝑓(𝑇𝑟𝑚−𝑇0𝑓) 𝑑3 

𝜈 𝑘𝑟𝑚 
 is the Rayleigh number, 

 

𝑅𝑠𝑟𝑚 = 
𝑔 𝛼2𝑚(𝐶𝑟𝑚−𝐶0𝑓) 𝑑3 

𝜈 𝑘𝑟𝑚 
 is the solute Rayleigh number and �̂� =

𝜇𝑟𝑚

𝜇
 is the viscosity ratio. 

 
3. Boundary Conditions 
 

The appropriate non-dimensionalized and normalized boundary conditions for both upper and 
lower boundaries, at interfaces, are mentioned below. 
 
𝑊𝑟𝑓 (1) = 0, 𝐷𝑟𝑓𝑊𝑟𝑓(1) = 0, 𝐷𝑟𝑓Θ 𝑟𝑓(1) = 0, 𝐷𝑟𝑓 𝑆𝑟𝑓(1) = 0 

 

�̂�𝑊𝑟𝑓(0) =  𝑊𝑟𝑚(1), �̂��̂�𝐷𝑟𝑓𝑊𝑟𝑓(0) =  𝐷𝑟𝑚𝑊𝑟𝑚(1), Θ 𝑟𝑓(0) =  �̂�Θ 𝑟𝑚(1), 

 

𝐷𝑟𝑓Θ 𝑟𝑓(0) =  𝐷𝑟𝑚 Θ 𝑟𝑚(1),  𝑆𝑟𝑓(0) =  �̂� 𝑆𝑟𝑚(1), 𝐷  𝑆𝑟𝑓(0) =  𝐷𝑟𝑚 𝑆𝑟𝑚(1)  

 

�̂� 𝑑3𝛽2[𝐷𝑟𝑓
3𝑊𝑟𝑓(0) − 3𝑎2𝐷𝑟𝑓𝑊𝑟𝑓(0)] = {

−𝐷𝑟𝑚𝑊𝑟𝑚(1)

+ �̂�𝛽2𝛽2[𝐷𝑟𝑚
3𝑊𝑟𝑚(1) − 3𝑎𝑟𝑚

2𝐷𝑟𝑚𝑊𝑟𝑚(1)]
} 

 

�̂��̂�2[(𝐷𝑟𝑓
2 + 𝑎2)𝑊𝑟𝑓(0)] = �̂�(𝐷𝑟𝑚

2 + 𝑎𝑟𝑚
2 )𝑊𝑟𝑚(1) 

 
𝑊 𝑟𝑚(0) = 0, 𝐷𝑟𝑚𝑊 𝑟𝑚(0) = 0, 𝐷𝑟𝑚Θ 𝑟𝑚 (0) = 0, 𝐷𝑟𝑚𝑆𝑟𝑚(0) = 0 
 
where, 
 

�̂� =
𝑑𝑚

𝑑
,  �̂� =

�̂�

�̂�
=

𝑘𝑟𝑚

𝑘𝑟𝑓
,  𝑘�̂� =

𝑘𝑟𝑠𝑚

𝑘𝑟𝑠𝑓
=

�̂�

�̂�
 , �̂� = [

 𝑇𝑟𝑚 − 𝑇0𝑓

𝑇0𝑓 − 𝑇𝑟𝑓
] , �̂� = [

 𝐶𝑟𝑚 − 𝐶0𝑓

𝐶0𝑓 − 𝐶𝑟𝑓
] 
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4. Regular Perturbation Technique 
 

For the consistent mass and heat fluxes, expanding the physical parameters in terms of horizontal 
wave numbers "𝑎𝑟𝑓" and "𝑎𝑟𝑚" 

 

[

𝑊𝑟𝑓

Θ 𝑟𝑓
 𝑆𝑟𝑓

] =  ∑𝑎𝑟𝑓
2𝑖 [

𝑊𝑟𝑓𝑖

Θ𝑟𝑓𝑖

𝑆𝑟𝑓𝑖

]

∞

𝑖=0

 & [

𝑊𝑟𝑚

Θ 𝑟𝑚
𝑆𝑟𝑚

] =  ∑𝑎𝑟𝑚
2𝑖 [

𝑊𝑟𝑚𝑖

Θ𝑟𝑚𝑖

𝑆𝑟𝑚𝑖

]

∞

𝑖=0

 

 
To find the Solution of zero order equations using the arbitrary factors as mentioned below 
 

𝑊𝑟𝑓0 (𝑧𝑟𝑓) = 0,𝑊𝑟𝑚0(𝑧𝑟𝑚) = 0, 𝑆𝑟𝑓0(𝑧𝑟𝑓) =  �̂�, 𝑆𝑟𝑚0(𝑧𝑟𝑚) = 1, Θ 𝑟𝑓0(𝑧𝑟𝑓) = �̂�, Θ 𝑟𝑚0 (𝑧𝑟𝑚) = 1  

 
First-order equations For the Fluid layer (𝑧𝑟𝑓 ∈ [0,1]) are mentioned below 

 

𝐷𝑟𝑓
4𝑊𝑟𝑓1 − 𝑅𝑟𝑓 �̂� + 𝑅𝑠𝑟𝑓 �̂� = 0                     (17) 

 

𝐷𝑟𝑓
2Θ𝑟𝑓1 + 𝑊𝑟𝑓1 + 𝐷𝑅(𝐷𝑟𝑓

2𝑆𝑟𝑓1 − �̂�) − �̂� = 0                   (18) 

 

𝜏𝐷𝑟𝑓
2𝑆𝑟𝑓1 + 𝑊𝑟𝑓1 − 𝜏 �̂�  = 0                      (19) 

 
First-order equations for the porous layer (𝑧𝑟𝑚 ∈ [0,1]) are mentioned below 
 

�̂�𝛽2𝐷𝑟𝑚
4𝑊𝑟𝑚1 − 𝐷𝑟𝑚

2𝑊𝑟𝑚1 − 𝑅𝑟𝑚 + 𝑅𝑠𝑟𝑚 = 0                   (20) 
 

𝐷𝑟𝑚
2Θ𝑟𝑚1 + 𝑊𝑟𝑚1 + 𝐷𝑀𝑅𝐷𝑟𝑚

2𝑆𝑟𝑚1 − 𝐷𝑀𝑅 − 1 = 0                  (21) 
 

𝜏𝑚𝐷𝑟𝑚
2𝑆𝑟𝑚1 + 𝑊𝑟𝑚1 − 𝜏𝑚 = 0                     (22) 

 
Boundary conditions related to 1𝑠𝑡 order equations are given below. 
 
𝑊𝑟𝑓1 (1) = 0, 𝐷𝑟𝑓1𝑊𝑟𝑓1(1) = 0, 𝐷𝑟𝑓1Θ 𝑟𝑓1(1) = 0, 𝐷𝑟𝑓1 𝑆𝑟𝑓1(1) = 0 

 

�̂�𝑊𝑟𝑓1(1) = �̂�2 𝑊𝑟𝑚1(0), �̂�𝐷𝑟𝑓1𝑊𝑟𝑓1(1) = �̂� 𝐷𝑟𝑚1𝑊𝑟𝑚1(0), Θ 𝑟𝑓1 (1) = �̂�2 �̂�Θ 𝑟𝑚1(0) 

 

𝐷𝑟𝑓1Θ𝑟𝑓1(1) = �̂�2𝐷𝑟𝑚1 Θ𝑟𝑚1(0), 𝑆𝑟𝑓1(1) = �̂� �̂�2𝑆𝑟𝑚1(0), 𝐷𝑟𝑓1𝑆𝑟𝑓1(1) = 𝐷𝑟𝑚1 𝑆𝑟𝑚1(0) 

 

�̂� �̂�𝛽2𝐷𝑟𝑓1
3𝑊𝑟𝑓1(1) = −𝐷𝑟𝑚1𝑊𝑟𝑚1(0) + �̂�𝛽2[𝐷𝑟𝑚1

3𝑊𝑟𝑚1(0)], 𝐷𝑟𝑚1𝑆𝑟𝑚1(0) = 0 

 

�̂� 𝐷𝑟𝑓1
2𝑊𝑟𝑓1(1) = �̂� 𝐷𝑟𝑚1

2𝑊 𝑟𝑚1(0),𝑊 𝑟𝑚1(0) = 0,  𝐷𝑟𝑚1𝑊 𝑟𝑟𝑚1(0) = 0, 𝐷𝑟𝑚1Θ 𝑟𝑚1 (0) = 0 

 
Eq. (17) and Eq. (20) are solved using the relevant boundary conditions then we get velocity 

distributions as below, 
 

𝑊𝑟𝑓1(𝑧𝑟𝑓) = [
�̂�𝑅𝑟𝑓 −�̂�𝑅𝑆𝑟𝑓

24
] (𝐶1 + 𝐶2𝑧𝑟𝑓 + 𝐶3𝑧𝑟𝑓

2 + 𝐶4𝑧𝑟𝑓
3 + 𝑧𝑟𝑓

4)                 (23) 
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𝑊𝑟𝑚1(𝑧𝑟𝑚) = 𝐶5 + 𝐶6𝑧𝑟𝑚 + 𝐶7𝑒𝑝𝑧𝑟𝑚 + +𝐶8𝑒−𝑝𝑧𝑟𝑚 + ℳ                 (24) 

 

ℳ = 
(𝑅𝑠𝑟𝑚−𝑅𝑟𝑚)𝑧𝑟𝑚

2

2
+

(𝑅𝑠𝑟𝑚−𝑅𝑟𝑚)

𝑃2                     (25) 

 
5. Compatibility Condition 
 

The differential equations corresponding to concentration and temperature, along with 
corresponding boundary conditions give the compatibility condition as below. 
 

{
∫ 𝑊𝑟𝑓1(𝑧𝑟𝑓) 𝑑𝑧𝑟𝑓 −

𝐷𝑅

𝜏
 ∫ 𝑊𝑟𝑓1(𝑧𝑟𝑓) 𝑓(𝑧𝑟𝑓)𝑑𝑧𝑟𝑓 

1

0

1

0

+𝑑2  ̂ ∫ 𝑊𝑟𝑚1(𝑧𝑟𝑚) 𝑑𝑧𝑟𝑚  −
𝐷𝑀𝑅

𝜏𝑚
𝑑2  ̂ 

1

0
∫ 𝑊𝑟𝑚1(𝑧𝑟𝑚) 𝑔( 𝑧𝑟𝑚)𝑑𝑧𝑟𝑚

1

0

} = 𝑑2  ̂ + �̂�               (26) 

 

In the above expression, 𝑓(𝑧𝑟𝑓) and 𝑔(𝑧𝑟𝑚) are taken according to basic salinity gradients. 

 
5.1 Linear Salinity Profile (LSP) 
 

The Rayleigh number is obtained by substituting 𝑓(𝑧𝑟𝑓) = 1 and 𝑔(𝑧𝑟𝑚) = 1 in Eq. (26). 

 

ℝ𝐿 = {[
�̂�2

𝑇 ̂(ℳ1−ℏ1ℳ2)
] + [

R𝑠𝑟𝑚𝐶 ̂ (ℳ1−ℏ1ℳ2)

𝑇 ̂(ℳ1−ℏ1ℳ2)
] + [

𝟏

(ℳ1−ℏ1ℳ2)
]}  

 
where, 
 

ℂ = ℮−ℊ; 𝑙 = ℮ℊ; ℂ1 = (𝛽2𝑑)̂−1𝛽 = (𝐷𝑎)1/2;  ℊ = (𝜇𝛽2)−1/2;  𝜃3 = 12𝜇ℂ − 4ℂℂ1 
 

Ϝ3 = 24�̂�ℂ + 24𝜇ℂ − 12ℂℂ1;  Ϝ2 = 24�̂�ℂℊ(1 − ℂ) + 24ℊ2𝜇ℂ2 + 𝜃1; ℏ5 = Å1(ℕ3Ϝ2 − ℕ2 Ϝ3); 
 

𝜃1 = 12ℊℂ2(1 − ℊ − 𝑙)ℂ1;  Ϝ1 = 24�̂�ℊ(1 − ℂ) + 24ℊ2𝜇 + 𝜃2; ℏ4 = Å2 �̂�ℂ(4ℕ1  − Ϝ1); 
 

𝜃2 = 12ℊ(ℂ + ℊ − 1)ℂ1; ℕ3 = 12 �̂�2ℂ + 24ℂ�̂� + 𝜃3; ℕ2 = 24 �̂�2(ℊ − 1 + ℂ)ℂ + 24�̂�ℊℂ + 𝜃4; 
 

𝜃4 = 12ℊ2𝜇ℂ2 + 4ℂ2ℊ(1 − ℊ − 𝑙)ℂ1;  ℕ1 = 24 �̂�2(−ℂℊ + 1 − ℂ) + 12𝜇ℂ2 + 𝜃5; 
 

𝜃5 = 24�̂�ℊ(1 − ℂ) + 4ℊ(ℊ − 1 + ℂ)ℂ1;  ℏ6 = Å2(ℕ1Ϝ3 − ℕ3Ϝ1); ℏ2 = ℕ2Ϝ2 − ℕ2Ϝ2;  
  

ℏ1 =
𝛽2�̂�3

�̂�
;  ℳ1 =

ℏ3

ℏ2
+

ℏ4

ℏ2
+

𝜏 − D𝑅

120
;ℳ2 = Å3 +

ℏ5

ℏ2
+

ℏ6

ℏ2
; ℏ3 = Å1 �̂� ∗ ℂ(Ϝ2 − 4ℕ2)  

 

ℏ7 =
𝜏 − D𝑅

24 𝜏 �̂� �̂� 𝛽2
; Å3 = ℏ7 + ℏ9 +

ℏ11

2
+

ℏ11�̂�

2
+

1

6
; ℏ11 =

(𝜏 − D𝑅)�̂�

𝜏 �̂�
; ℏ12 =

ℊ(1 − ℂ)

2ℂ
;  

 

Å1 = ℏ7 ℏ8 + ℏ9ℏ10 + ℏ11ℏ12 + ℏ11ℏ13 − ℏ14 − ℏ15 + ℏ16(ℂ − 1); ℏ19 =
ℊ(1 − ℂ)

2
;  
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Å2 = ℏ7 ℏ17 + ℏ9ℏ18 + ℏ11ℏ19 + ℏ11ℏ20 − ℏ14 + ℏ15 + ℏ16ℂ − ℏ16;  ℏ20 = �̂�(ℊ + ℂ) − �̂�;  
 

ℏ13 =
(1 − ℊℂ − ℂ)�̂�

ℂ
; ℏ14 =

τ𝑚�̂�2 − D𝑀𝑅 �̂�2

τ𝑚
; ℏ18 = ℊ2ℂ; ℏ10 =

ℊ2

ℂ
; ℏ8 = ℊ(ℊ − 1 + ℂ)𝑙 

 

ℏ15 =
ℊ(τ𝑚�̂�2 − D𝑀𝑅  �̂�2)

2τ𝑚
; ℏ16 =

(τ𝑚�̂�2 − D𝑀𝑅  �̂�2)

ℊτ𝑚
; ℏ17 = ℊ(1 − ℊ − 𝑙)ℂ; 

 
5.2 Parabolic Salinity Profile (PSP) 
 

The Rayleigh number is obtained by substituting 𝑓(𝑧𝑟𝑓) = 2 𝑧𝑟𝑓 and 𝑔(𝑧𝑟𝑚) = 2 𝑧𝑟𝑚 in Eq. (26). 

 

ℝ𝐿 = {[
�̂�2

𝑇 ̂(ℳ1−ℏ1ℳ2)
] + [

R𝑠𝑟𝑚𝐶 ̂ (ℳ1−ℏ1ℳ2)

𝑇 ̂(ℳ1−ℏ1ℳ2)
] + [

𝟏

(ℳ1−ℏ1ℳ2)
]}  

 
where, 
 

ℏ1 =
𝛽2�̂�3

�̂�
;  ℳ1 =

ℏ3

ℏ2
+

ℏ4

ℏ2
+

3𝜏τ𝑚 − 3D𝑅τ𝑚

360
; 

 

ℳ2 = Å3 +
ℏ5

ℏ2
+

ℏ6

ℏ2
; ℏ7 =

ℊ(ℂ + ℊ − 1)

ℂ
;  

 

Å3 = ℏ10 − ℏ8 + ℏ12 + ℏ22 +
𝜏�̂�2 τ𝑚

6
+

𝜏�̂�2D𝑀𝑅

4
; 

 

ℏ8 = (
𝜏τ𝑚

4
−

2D𝑅τ𝑚

5
) (6𝜏𝛽2�̂̂�)

−1

; ℏ9 = ℊ2ℂ; 

 

Å1 = ℏ7 ℏ8 + ℏ9ℏ10 + ℏ11ℏ12 + ℏ13 + ℏ14 − 2ℏ15𝜏�̂�
2D𝑀𝑅; 

 

Å2 = ℏ8 ℏ16 + ℏ10ℏ17 + ℏ12ℏ18 + ℏ19 + ℏ20 − 2ℏ15𝜏�̂�
2D𝑀𝑅; 

 

ℏ11 = ℊ(1 − ℂ)𝑙; ℏ12 = (
𝜏τ𝑚

2
−

2D𝑅τ𝑚

3
) (

�̂�

�̂�
) ; ℏ18 = ℊ(1 − ℂ); 

 

ℏ13 =
�̂�2(1 − ℊℂ − ℂ)(𝜏τ𝑚 − D𝑅τ𝑚)

�̂� ℂ
; ℏ16 = ℊ ℂ(1 − ℊ − 𝑙);  

 

ℏ19 =
�̂�2(−1 + ℊ + ℂ)(𝜏τ𝑚 − D𝑅τ𝑚)

�̂� 
; ℏ22 = 

�̂�2(𝜏τ𝑚 − D𝑅τ𝑚)

�̂�
; 

 

ℏ20 = 𝜏τ𝑚�̂�2 (−1 +
ℊ

2
−

 ℂ − 1

ℊ
) ; ℏ21 =

2 ℊ − 3

6
+

1 − ℂ − ℊ ℂ

ℊ2
; 
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ℏ10 = (
𝜏τ𝑚

3
−

D𝑅τ𝑚

2
) (

𝜇

2�̂�
) ; ℏ14 = 𝜏τ𝑚�̂�2 (−1 −

ℊ

2
+

𝑙 − 1

ℊ
) ; 

 

ℏ15 =
−3 − 2ℊ

6
+

ℊ 𝑙 − 𝑙 + 1

ℊ2
; ℏ17 = ℊ2 ℂ; ℏ18 =  ℊ(1 − ℂ);  

 
5.3 Inverted parabolic Salinity Profile (ISP) 
 

The Rayleigh number is obtained by substituting 𝑓(𝑧𝑟𝑓) = 2(1 − 𝑧𝑟𝑓) and 𝑔(𝑧𝑟𝑚) = 2(1 − 𝑧𝑟𝑚) 

in Eq. (26). 
 

ℝ𝐿 = {[
�̂�2

𝑇 ̂(ℳ1−ℏ1ℳ2)
] + [

R𝑠𝑟𝑚𝐶 ̂ (ℳ1−ℏ1ℳ2)

𝑇 ̂(ℳ1−ℏ1ℳ2)
] + [

𝟏

(ℳ1−ℏ1ℳ2)
]}  

 
where, 
 

ℏ1 =
𝛽2�̂�3

�̂�
;  ℳ1 =

ℏ3

ℏ2
+

ℏ4

ℏ2
+

6 − 2D𝑅

720
;ℳ2 = Å3 +

ℏ5

ℏ2
+

ℏ6

ℏ2
;  ℏ7 =

10 − 4D𝑅 

240 �̂��̂��̂�2
; 

 

Å3 = ℏ9 − ℏ7 + ℏ11 +
ℏ13

2
+

�̂�2

6
−

�̂�2D𝑀𝑅

12 𝜏𝑚
; ℏ8 = ℊ(ℂ + ℊ − 1)𝑙; ℏ9 =

𝜇(2 − D𝑅)

�̂� 12
;  

 

Å1 = ℏ7 ℏ8 + ℏ9ℏ10 + ℏ11ℏ12 + ℏ13ℏ14 + �̂�2(ℏ15 + ℏ16); ℏ10 =
ℏ16

ℂ
; 

 

Å2 = ℏ8 ℏ16 + ℏ10ℏ17 + ℏ12ℏ18 + ℏ19 + ℏ20 − 2ℏ15𝜏�̂�
2D𝑀𝑅; 

 

ℏ11 =
 �̂�(3 − 2D𝑅)

6 �̂�
+

�̂�2(1 − D𝑅)

2�̂�
; ℏ13 =

�̂�2(1 − D𝑅)

2�̂�
;  

 

 ℏ16 =
𝐷𝑀𝑅 ℊ

𝜏𝑚3
−

𝐷𝑀𝑅 (𝑙 − ℊ − 1)2

𝜏𝑚 ℊ2
;  ℏ18 = ℊ2 ℂ; ℏ17 = ℊ ℂ(1 − ℊ − 𝑙);  

 

ℏ21 = −1 +
ℊ

2
−

ℂ − 1

ℊ
+

𝐷𝑀𝑅

𝜏𝑚
;  ℏ16 =

−𝐷𝑀𝑅 ℊ

𝜏𝑚3
−

𝐷𝑀𝑅 (ℊ + ℂ − 1)2

𝜏𝑚 ℊ2
; 

 
ℏ20 = −1 + ℊ + ℂ; ℏ19 = ℊ(1 − ℂ); ℏ12 = ℊ(−ℂ + 1)𝑙; 
 

ℏ14 =
1 − ℂℊ − ℂ

ℂ
;  ℏ15 = −1 −

ℊ

2
+

𝑙 − 1

ℊ
+

𝐷𝑀𝑅

𝜏𝑚
; 

 
6. Graphical Interpretations 
 

The physical configuration of the problem of Darcy Brinkman Rayleigh Benard Two-Component 
(DBRBTC) Convection in a two-layered system has been investigated for linear, parabolic and inverted 
parabolic salinity gradients with the Dufour effect. To find the eigenvalue for dimensionless factors 
such as Darcy number (𝒟𝒶), viscosity ( 𝜇 ), Solutal Rayleigh number(ℛ𝑠), Dufour number for fluid 
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layer (𝒟𝑅), Dufour number for porous layer (𝒟𝑀𝑅), variations in the Rayleigh numbers ℝ𝐿 , ℝ𝑃 and 

ℝ𝐼  against the depth ratio (�̂�) for all three gradients for concentration are plotted. Now set 𝒟𝒶 =

0.0001, 𝜇 = 2,ℛ𝑠 = 1000, 𝜅 = 2, 𝜏 = 0.2, 𝜏𝑚 = 0.75, 𝒟𝑅 = 5,𝒟𝑅𝑀 = 75, �̂� = 1, �̂� = 1. 
Figure 2, Figure 3 and Figure 4 show the difference in critical Rayleigh numbers ℝ𝐿 , ℝ𝑃 and ℝ𝐼  

versus depth ratio for different values of 𝒟𝒶 = 0.0001, 𝒟𝒶 = 0.001 and 𝒟𝒶 = 0.01 for LSP, PSP and 
ISP. The graph shows that 𝒟𝒶 has a destabilizing influence on DBRBTC convection because of ℝ𝐿 , ℝ𝑃 
and ℝ𝐼  de-escalate as the value of 𝒟𝒶 increases, permeability of the medium is improved for 
improved values of 𝒟𝒶 so the system is unstable for all the three salinity profiles.  
 

 

 

 
Fig. 2. Linear salinity profile for the effect 
of 𝒟𝒶 on ℛayleigh Number ℝ 

 Fig. 3. Parabolic salinity profile for the 
effect of 𝒟𝒶 on ℛayleigh Number ℝ 

 

 
Fig. 4. Inverted parabolic salinity profile 
for the effect of 𝒟𝒶 on ℛayleigh 
Number ℝ 
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Figure 5-Figure 7 show the difference in critical Rayleigh numbers ℝ𝐿 , ℝ𝑃 and ℝ𝐼  versus depth 
ratio for different values of 𝒟𝑀𝑅 = 25,𝒟𝑀𝑅 = 50 and 𝒟𝑀𝑅 = 75 for LSP, PSP and ISP. The graph 
shows that the Dufour parameter for porous layer 𝒟𝑅𝑀 has a stabilizing influence on DBRBTC 
convection because of ℝ𝐿 , ℝ𝑃 and ℝ𝐼  escalate as the values of 𝒟𝑀𝑅 increases. Resistance of flow is 
increases for improved values of 𝒟𝑀𝑅 so the system is stable for all the three salinity profiles. And 
also, the Dufour parameter for fluid layer 𝒟𝑅 plays a same role compared to Dufour parameter for 
porous layer 𝒟𝑀𝑅 has shown in the Figure 8-Figure 10. 

 

 

 

 
Fig. 5. Linear salinity profile for the effect 
of 𝒟𝑅𝑀 on ℛayleigh Number ℝ 

 Fig. 6. Parabolic salinity profile for the 
effect of 𝒟𝑅𝑀 on ℛayleigh Number ℝ 

 

 

 

 

Fig. 7. Inverted parabolic salinity profile 
for the effect of 𝒟𝑅𝑀 on ℛayleigh 
Number ℝ 

 Fig. 8. Linear salinity profile for the effect 
of 𝒟𝑅 on ℛayleigh Number ℝ 
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Fig. 9. Parabolic salinity profile for the 
effect of 𝒟𝑅 on ℛayleigh Number ℝ 

 Fig. 10. Inverted parabolic salinity profile 
for the effect of 𝒟𝑅 on ℛayleigh 
Number ℝ 

 
Figure 11-Figure 13 show the difference in critical Rayleigh numbers ℝ𝐿 , ℝ𝑃 and ℝ𝐼  versus depth 

ratio for different values of 𝜇 = 1, 𝜇 = 2 and 𝜇 = 3 for LSP, PSP and ISP. The graph shows that 𝜇 has 
a destabilizing influence on DBRBTC convection because of ℝ𝐿 , ℝ𝑃 and ℝ𝐼  de-escalate as the values 
of 𝜇 increases, so the system is unstable for all the three salinity profiles. 
 

 

 

 
Fig. 11. Linear salinity profile for the effect 
of 𝜇 on ℛayleigh Number ℝ 

 Fig. 12. Parabolic salinity profile for the 
effect of 𝜇 on ℛayleigh Number ℝ 
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Fig. 13. Inverted parabolic salinity profile 
for the effect of 𝜇 on ℛayleigh Number ℝ 

 
Figure 14-Figure 16 show the difference in critical Rayleigh numbers ℝ𝐿 , ℝ𝑃 and ℝ𝐼  versus depth 

ratio for different values for LSP, PSP and ISP. The graph shows that Solutal Rayleigh number (ℛ𝑠) 
has stabilizing influence on DBRBTC convection because of ℝ𝐿 , ℝ𝑃 and ℝ𝐼  escalate as the values of 
ℛ𝑠 increases so the system is stable for all the three salinity profiles. 
 

 

 

 
Fig. 14. Linear salinity profile for the effect 
of 𝑅𝑠 on ℛayleigh Number ℝ 

 Fig. 15. Parabolic salinity profile for the 
effect of 𝑅𝑠 on ℛayleigh Number ℝ 
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Fig. 16. Inverted parabolic salinity profile 
for the effect of 𝑅𝑠 on ℛayleigh Number ℝ 

 
7. Conclusion 
 

The effect of LSP, PSP and ISP on the onset of DBRBTC Convection in a two layer/Composite 
system along with Dufour effect has been explored. The expressions for the LSP, PSP and ISP Rayleigh 
numbers are found as functions of various dimensionless quantities and their influence on the 
stability of the system is depicted graphically. And the following findings are made from the study. 

TCRB Convection in a Composite layer system with the Dufour effect is solved in closed form using 
the Regular Perturbation method and the following deductions are made from the study. 

 

i. Solute Rayleigh number (ℛ𝑠) is more effective for the least values of the depth ratio (�̂�) 
compared to all other physical parameters in all three salinity profiles. 

ii. The cross-diffusion effects like Dufour effects play a vital role in DBRBTC convection. The 
effect of Dufour parameters ( 𝒟𝑅 , 𝒟𝑀𝑅) in both fluid and porous layers are stabilizing the 
composite system more effectively. 

iii. Both the viscosity ratio (𝜇) and Darcy number (𝒟𝒶) hasten the development of DBRBTC. 
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