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aspect ratio by applying mass balance equation. The effect of various parameters on
the flow rate are obtained graphically. The examination incorporates Bingham plastic
fluids, Casson and Herschel-Bulkley fluid. The administering equations are solved using
an iterative procedure by converting non-linear algebraic equation, expressing the
variation in pressure in terms of core thickness obtained using the mass balance
equation and plug core velocities along the boundary layers. The core thickness is
obtained numerically by solving this equation using an iterative procedure. MATLAB
programming tool has been employed to get the graphical variation of core thickness
for different values of aspect ratio. The comparisons have been made between the

Keywords: obtained results and the results of Casson and Herschel-Bulkley fluids. Also, we find
Core variation; non-Newtonian fluids; excellent agreement between our numerical results and the results available in
annular cylinder; aspect ratio literature.

1. Introduction

The entrance region flow in channels finds its applications in the field of engineering such as
capillary membrane oxygenators, processing of polymers, haemodialyzers, nuclear reactors and
hydro-mechanical machinery. The knowledge of control of flow rate in a pipe facilitates the optimal
design and layout of the flow networks. Many scientists have contributed their efforts towards better
understanding of the non —Newtonian flow. The fluids included in the majority of realistic models are
complex non-Newtonian fluids. Their complex rheological characteristics cannot be adequately
represented by a single model.

Various types of non-Newtonian fluid have been studied using different mathematical models.
This type of installation may result in a significant pressure drop in the channel since the fluid's
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behaviour in the entrance region has a key role in the overall length of the channel. Recently, the
study of non-Newtonian fluids with variable viscosities has gained increasing attention. Previous
authors have analysed such non — Newtonian fluids flow at the entrance region by changing the
geometry and considered the core formation at the entrance region [1-10]. Kandasamy and Pai [11]
have analysed the flow of Casson fluid in a circular tube at the entrance region. Ree-Eyring non-
Newtonian model was used by Vaidya et al., [12] to study the blood flow in small arteries by taking
convective and wall properties into consideration. Prasad et al., [13] investigated the effects of
properties of the fluid on the flow and transfer of heat of an electrically conducting fluid over a
stretching sheet by varying the thickness in the presence of a transverse magnetic field. The paper
also examines the peristaltic transport of an incompressible non-Newtonian fluid in a porous elastic
tube. The impact of slip and heat transfer on a Herschel-Bulkley fluid is taken into account by Vaidya
et al., [14]. Manjunatha et al., [15] have investigated the effect on Jeffrey liquid's MHD peristaltic
process by varying transport properties and slip situations. Rajashekhar et al., [16] have analysed the
effects on Casson liquid peristaltic transport in a convectively heated inclined porous tube by varying
viscosity and thermal conductivity. Yusof et al., [17] have analysed the steady of stagnation point
flow and radiative heat transfer of a non-Newtonian fluid which is Casson fluid passing over an
exponentially permeable slippery Riga plate in presence of thermal radiation, magnetic field, velocity
slip, thermal slip, and viscous dissipation effects. Omar et al., [18] have analysed the analytical
solution of performance of unsteady Casson fluid with the inclusion of thermal radiation and
chemical reaction. Harish et al, [19] have numerically investigated the Thermo-Hydraulic
Characteristics of Turbulent Flow in a Tube. Khan et al, [20] have analysed the
magnetohydrodynamic (MHD) flow of a double stratified micropolar fluid across a vertical
stretching/shrinking sheet in the presence of suction, chemical reaction and heat source effects. The
objective of the current work is to numerically analyse Bingham fluid core formation in an annular
cylinder at the region of entrance.

2. Methodology

We are investigating the flow of Bingham fluid through an annular cylinder in the entrance region.
Fluid enters a horizontal annular duct with a uniform velocity along the axial direction from a large
chamber. The examination is carried out over a wide range of aspect ratios. In the annulus, boundary
layer development is envisioned upon the enter of the fluid. Also, a fully developed velocity profile is
observed where the boundary layer converges with the outer edge of the plug flow zone. Figure 1
depicts annuli geometry.

An annular duct of radius r2 and r1is considered as depicted in the Figure 1. A laminar, isothermal
Bingham liquid which is incompressible enters this duct with a constant velocity Vo from a large
chamber. A cylindrical co-ordinate system (r, 6, z) is considered taking the centre of the cylinder as
origin, coinciding with the z axis. V;and V, are the velocities in z and r directions. There is a boundary
layer formation with core separation on each wall. The problem is solved considering only upper half,
as the areas are symmetrical about the axis. The Figure 2 depicts the flow of fluid in different areas
of annuli is divided into two regions with thickness §;(z) , §,(z) inthe ranger; <r <r; + §; and
r, — 0, < r < 1, respectively. These two regions are separated by plug flow region ranging from r; +
6, tor, —6,.
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Fig. 1. Annuli Geometry Fig. 2. Flow of fluid in different areas of annuli

Based on the boundary layer assumption and not taking into account inertia terms, the equation
of motion of an isotropic, incompressible Bingham liquid can be expressed as

1o(zr)_ dp

1
r or dz (1)

Bingham fluid constitutive equation is given by

T=T0+T]1|%|,T2T0 (2)
Where 71, represents Bingham viscosity, and boundary conditions for this model is given by

i) The wall axial velocities are given by

v, (z,11) =0, v,(2712)=0 (3)
ii) The core velocities at the corners of the boundary layer are given by

v, (2,11 + 6) = vy, v, (275 — 8;) = 1y (%)

iii) Using the limiting conditions of shear stress at the boundaries of plug core region, Eq. (2) reduces

(%) =0atr; + 6, and alsoatr, — &, 5

Non-dimensional velocity profiles in different areas are obtained from (1), (2) and using the
boundary conditions (3), (4) and (5)

1 2 R\ d 1d R
Vv, = [5 (r.,) log (;)d—z— 1—6d—Z(R2 — &%) 4+ Nr,, log (;) — N(R — e)] ,e<R<r, (6)
2 d d
v, = E () log(R) 2 — L2 (R> — 1) - N(R — 1) — N, logR] T, <R<1 (7)
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Te 1dp Tc
[s0) e () G e (a® — ) i oe ()] ®)
: ~N(r, — &) 1 ’
d
c, — (rCZ) log(rcz) dz 116 dzZ) 1) Nrcz log(rcz) e <R Te (9)
2 —N(r,, — 1) ' 2

where non-dimensional parameters are

Vzq Vz, _ V2 _ V2, _Trit+61 __Tp=63
Vl_vo v, = ,Vcl— VO'VCZ_ Vo,rcl——r2 —£+6C1,r62——r2 =1-46,
zZ r ToT- . T .
= "12 R=—,P= %,N = -2 = Bingham Number, s = = = Aspect Ratio
4voTs p T2 vop N1y T2

We equate, I, = 1, to find the unknowns rcl , ., changein pressure, core velocity and the core

Cy’
thickness
@®_x (10)
dz v

where X and Y are given by
Teq
X = [N(rcl)log (T) —N(r., =€)+ N(1,, — 1) + N(.,) log (rCZ)]

2 c 2 2
¥ =[50 109 () =5 () og () + 455 ()" = %) = 55((r)” - 1))
The integral balance equations are given by
J, 2VRdR = 1 an

substituting (6), (7) and (8) in (11), we get

Al + Bl+C1 = % (12)
r2 2 2 3 2 3

Ay = Nr, ( -1 log(rcl) —1 - 21 log(e) — %log(e) + % + &2 log(e)) —N (rc?l - %2— 2%) +

1dP ré 2 2 1.dp (ré rée? &t

3 00) (S10g(r) = = Sog(e) ~ Tlog(e) + 5+ e log(e)) 7 (-5 + )

B, =—N (—6 S rcz) Nr, (—%—%log(rcl) +@) —id—P(—l—i+TC—2) +

16 dZ 4 4 2
1dP o, ( 14, 1
saz'e (‘7‘°g(TCz) s

2

= (3= [ 08 (2) = NG, —e) - 55 08 - e + 1 Erdlog (2]
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Eqg. (10) and Eq. (12) are numerically solved for multiple variables using Newton Raphson method
to determine the values of I’C1 , rCZ and variations in pressure for various values of Bingham number

and aspect ratio.
3. Results

The core thickness of Bingham fluid through an annular cylinder at the region of entrance has
been numerically obtained without taking into account the velocity profile in the developing
boundary layer. Initially, the variation in pressure with respect to core thickness is derived using mass
balance, momentum balance equations and plug core velocities along the boundary layers. The
solution of this equation yields dP/dZ. Using the values of variation in pressure so obtained, the
thickness of the core for various values of Bingham number and aspect ratio are obtained. The change
in core thickness for different values of Bingham number and aspect ratios € = 0.3, 0.4 and 0.5 are
indicated in Figure 3, Figure 4 and Figure 5. Looking at the variation at any cross section Z, it is
observed that the thickness of the core increases with the increase in Bingham number at the
entrance region. Additionally, it has been found that the entrance length reduces for a given Bingham
number as the thickness of the core grows along with the annuli's aspect ratio. The Figure 6 and
Figure 7 show the variation in core thickness for different values of Casson number. By comparing
Figure 3 to Figure 5 with Figure 6 and Figure 7, it is observed that for a particular value of Casson and
Bingham number, the entrance length decreases and the core thickness increases. The core thickness
also gets enhanced with the increase in the aspect ratio, for particular values of Casson and Bingham
number.
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Fig. 3. The variation in Core Thickness for € = 0.3, Bingham Number =
N=3.2,3.4and 3.6
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Fig. 5. The variation in Core Thickness for € = 0.5, Bingham Number
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Fig. 6. The variation in Core Thickness for € = 0.4, Casson Number =
N=1.2,1.4and 2
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Fig. 7. The variation in Core Thickness for € = (0.5, Casson
Number=N=1.2,1.4and 2

Itis also observed from Figure 8 and Figure 9, when the power law index is n= 0.8 for the Herschel-
Bulkley fluid having same Bingham number as of Figure 4 and Figure 5, the core thickness gets
enhanced with rise in Bingham number and aspect ratio. In general, it is observed that the increase
in the value € reduces the maximum growth of the inner and outer boundary layers and at the
extremity of the entrance length, the plug core region thickness equals the yield value, as is physically
expected. By comparing the results, we see that the value of entrance length of Casson fluid is shorter
than Bingham fluid for a particular value of non-Newtonian fluid number ‘N’ and for all acceptable
values of aspect ratio.
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4. Conclusions

The analysis carried out has the capacity to analyse the outcomes of numerous already presented

models within the scope of a single investigation, viz. Bingham fluid model, Hershel Bulkley fluid
model and Casson fluid model. The results of these models have been compared. From the variations,
it is noteworthy to observe that the core thickness in materials with thick viscosity is high. Also, the
core thickness for Casson, Herschel-Bulkley fluids in the above study is observed to be more
compared to Bingham fluid.
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