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ABSTRACT

Article history:

Heat transfer has always been one of the most important aspects of human life. So far,
many sources have been reported on methods of increasing the heat transfer rate. Many
of these methods focus on changes in equipment structure. These techniques can hardly
cope with the growing demand for heat transfer and compression in equipment. Recent
advances in nanoparticle production can be seen as a breakthrough in methods of
increasing heat transfer. The purpose of this study is to numerically investigate the flow
field and heat transfer of water-aluminium oxide nanofluid in a wavy channel. The channel
consists of two parallel plates and is divided into three parts in the longitudinal direction.
The beginning and end parts of the channel are insulated and the middle part is sinusoidal
and receives a uniform heat flux. The nanofluid enters the channel at a uniform speed and
temperature and exits it in an expanded manner. For numerical analyses, the finite
difference method based on control volume and simple algorithm is used. In this research,
Reynold’s effect was analysed. The results showed that by increasing the Reynolds
number, the speed, temperature gradient and heat transfer rate was increased and the
thickness of the thermal boundary layer was decreased. With increasing Reynolds
number, the amount of heat transfer from the wall to the fluid and also the production of
entropy increases. In the unsteady state, with increasing time and flow rate, the amount
of heat transfer and total entropy and temperature gradient increase to reach the steady
state.
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1. Introduction
Heat transfer always is one of the most important and influential aspects of human life. Many
researches have been done in this field for many years, most of which have been done with the aim
of improving and accelerating heat transfer. Therefore, this science is still one of the most important
fields of activity for researchers and scientists. Heat transfer has three specific mechanisms and the
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most widely used heat transfer mechanism is convective heat transfer in which the presence of fluid
plays an important role [1].
In the meantime, combined heat transfer is very common due to its simplicity, low volume,
recovery and low cost. In such a way that its applications can be seen from the simplest of them in
the daily life of human beings to the most complex industrial processes. This mechanism is even
incorporated into the environmental sciences and is responsible for oceanic and atmospheric motion,
as well as related heat transfer processes. So far, many sources have reported on methods of
increasing the convective heat transfer coefficient [2, 3]. Many of these methods focus on changes
in equipment structure, such as increased thermal surfaces (blades), vibration of thermal surfaces,
injection or suction of fluids, and application of electric or magnetic current. These methods can
hardly meet the growing needs for heat transfer and compression equipment, including electronic
chips, laser systems, and high-energy processes. Recent advances in nanoparticle production can be
seen as a breakthrough in methods of increasing heat transfer.
Fluids such as air have very little cooling potential, which is not effective for cooling purposes
such as the electronics industry, which aims to dissipate high heat fluxes [4, 5]. The thermal
conductivity of liquids is greater than that of gases, and the use of liquid fluids increases the heat
transfer efficiency and cooling of the system. The use of solid particles in liquid has long been
considered by humans. millimeter and micrometer dimensions, which resulted in problems such as
suspension heterogeneity and deposition, and so on. With the advent of nanotechnology technology,
nanoparticles have been used to suspend liquids, which in itself largely solves previous problems.
These stable suspensions that improve the thermophysical properties of the fluid are called
nanofluids. Alvarino et al., [6] numerically investigated a slow flow developed from water-alumina
nanofluid in a tubular channel under a constant heat flux boundary condition, taking into account the
effects of brownian and thermofertric diffusion. The volume percentage of nanoparticles in their
study was up to 6%. The results showed that a boundary layer developed along the tube, which is
gradually depleted by nanoparticles. Also, the increase in heat transfer, especially in the high-volume
percentages of nanoparticles, is small, so that the highest increase in heat transfer is about 5%. Ajeel
et al., studied the effects of turbulent forced convection of nanofluids flow in different configurations
of trapezoidal corrugated channels over Reynolds number ranges of 10000 to 30000 [7]. Also, the
effects of four different types of nanofluids which are Al2O3, CuO, SiO2 and ZnO–water under constant
heat flux condition (10kw/m2) were considered. For all studied forms, the nozzle rib configuration of
trapezoidal corrugated channel achieved maximum PEC and can lead to more compact heat
exchangers. Rush et al., [8] experimentally investigated local heat transfer and flow behavior in a
sinusoidal corrugated channel. They found that the physical Reynolds number and how the sinusoidal
wave is applied affect the rate of heat transfer.
Yang et al., [9] numerically studied the heat transfer and pressure drop in a corrugated channel
with a sinusoidal wall. They found that heat transfer and loss coefficients increased with increasing
amplitude of the wave surface. Azman et al., simulated a hybrid nanofluids flow in a straight pipe
using Ansys Fluent software [11]. This study was carried out on Al2O3+Cu/water hybrid nanofluids to
analyze the thermal improvement and friction factor of nanofluids occur in a straight pipe. The results
showed that that the mono nanofluids at 1% and 4% indicate an increase in Nusselt number at 17%
and 24% respectively and hybrid nanofluid increase at 2% to 5.6% compared to base fluid. Naphon
[11] investigated heat transfer and pressure drop in a corrugated channel with a fixed flux wall. They
found that heat transfer and pressure drop were directly related to the corrugated surface. Pahlivan
et al., [12] investigated heat transfer in a sinusoidal channel with three different fin shapes. The
results showed that increasing the corrugated angle increases the rate of heat transfer in the duct.
Akbarzadeh et al., [13] numerically examined a corrugated channel and found that increasing the
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Reynolds number from 400 to 1400 increases the channel efficiency by 3.6%. Muhammad et al.,
employed the single-phase numerical method to study the effects of different nanofluids on heat
transfer and pressure drop penalty in the Diverging-converging mini channel heat sink [14, 15]. The
nanofluids are prepared as stable nanoparticles of Al2O3, Cu, and SiO2 and suspended in deionized
water with concentrations of 0-0.8% volume. The results showed that an insignificant change in
pressure drops with a variation of nanofluids loadings, whereas, the increase in Reynolds number
and nanoparticle loading indicated a considerable influence on the enhancement of heat transfer
coefficient. Beng and Japar stimulate the nanofluids flow in straight channel and corrugated
microchannel using ANSYS software [16]. In their study, hydraulic diameter was 133.3 µm, Knudsen
Number was fixed when flow was considered continuum, Reynold number was set below than 1400,
so that the flow in within laminar region, the inlet temperature fixed at 300 K, uniform heat flux
100W/cm2 and inlet velocity in the range of 1.0m/s to 4.5m/s. The results showed that triangular
cavities that using high volume fraction of nanofluid has better performance compared to straight
channel with the same volume fraction of nanofluid.
Xie et al., [17] optimized the corrugated channel and found that the corrugated channel structure
has a high thermal efficiency at low Reynolds number. They examined the slow flow in a heatsink,
which itself contained a two-layer channel, and found that the shape of the channel was very
important to the heat transfer rate. Zhang et al., [18] proposed a new relation for the calculation of
heat transfer and pressure drop in a corrugated channel. Ajeel et al., numerically investigated the
effects of forced turbulent convective flow and heat transfer in a symmetric semicircle corrugated
channel with SiO2-water nanofluid as the working fluid [19]. The results showed that the average
Nusselt number enhances with increase in Reynolds number and with the height of the corrugated
channel. Han et al., [20] numerically optimized the types of corrugated tubes. Do et al., [21]
numerically optimized a finned heat exchanger and found that they could improve the heat transfer
rate by 6.2% and the pressure drop by 40%. Asadi et al., [22] numerically investigated a twodimensional corrugated channel in which a slow and forced flow of iron oxide and water nanofluid
flowed. They studied the effect of magnetic field, Reynolds number, nanoparticle volume percentage
and wave amplitude on heat transfer rate. Finally, they found that the increase of volume percentage
of nanoparticles and the Reynolds number had a positive effect and an increase in the magnetic field
had a negative effect on the heat transfer rate. Shahsavar et al., showed that the influence of
Reynolds number on the Nusselt number is much higher than that of nanoparticle concentration [23].
The increasing of the Reynolds number and decreasing of nanoparticle concentration, results in
increasing the Nusselt number for channels.
Based on the mentioned literature, most researches on the application of nanofluids in wavy
channels have focused on the steady flow. In addition, a few researches have been carried out to
utilize the entropy generation. Consequently, the aim of the present study is to improve the mixed
convective heat transfer for nanofluid flow inside a wavy channel using the entropy generation.
Al2O3–water nanofluid is chosen as working fluid due to its low cost and good heat transfer
characteristic. The Al2O3 is a common material which could be prepared easily. As the first study on
mixed convection nanofluid flow inside sinusoidal wavy channels, the effect of the nanoparticle
volume fraction and geometry parameters are investigated on heat transfer characteristics and
entropy generation.
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2. Methodology
Navier-Stokes equations are considered as governing equations of flow and by solving them, the
flow is analyzed. It should be noted that these equations only govern the DC regime. However, in
numerical simulation, not all physical conditions can be considered and a series of approximations
are required. Therefore, numerical simulations should be validated by laboratory results and then
used as a design criterion. The geometry considered in this research, according to Figure 1, is a twodimensional corrugated channel with a corrugated part with a constant temperature Th in the middle.
At the beginning and end of the channel there is an initial and end length that are completely
insulated. Also, alumina water nanofluid enters the channel with temperature T c and speed u0, v0 and
leaves the channel after cooling with the condition of thermal and hydrodynamic expansion.

Fig. 1. Two-dimensional geometry of the research model

In this research, laminar and unsteady flow was assumed. The nanofluid is assumed to be a
continuous medium with a thermal equilibrium between the base fluid and the solid particles. The
governing two-dimensional equations for the two-dimensional smooth flow in the channel are
assumed to be incompressible Newtonian fluid. Volumetric force, like gravity, is neglected. These
equations according to the following hypotheses as follows [24, 25]:
i. The flow is laminar and steady and unsteady.
ii. Newtonian fluid.
iii. The flow has no volumetric force.
iv. The properties of nanofluids vary with temperature.
v. Conductive heat transfer follows the Fourier law.
vi. Ignore the effects of viscosity losses and the effects of radiation.
vii. Thermal balance of fluid and nanoparticles.
viii. Nanofluid is considered as single phase.
ix. Nanoparticles are uniform in shape and size
∂u ∂v
+
=0
∂x ∂y

(1)
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In Eq. (1) to (6), using the dimensionless variables introduced in Eq. (7), the equations are
rewritten dimensionless. The definition of dimensionless numbers Prantel (Pr) and Reynolds (Re) is
also given in Eq. (7):
x

y

u

v
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,

(7)

By defining dimensionless quantities, dimensionless equations are obtained from Eq. (8) to (13),
respectively:
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In the entropy generation Eq. (12), the value of ζ is obtained as below:
𝜁=

2
μ𝑓 𝑇0
αf
(
)
k𝑓 𝐿(𝑇ℎ − 𝑇𝐶 )

(14)

By integrating the whole area, the total entropy can be obtained
1

𝑆𝑇𝑜𝑡𝑎𝑙 = ∫ 𝑆𝑔𝑒𝑛 𝑑Ω = ∬ 𝑆𝑔𝑒𝑛 𝑑𝑋𝑑𝑌

(15)

0

In the current study, researchers used a Simply Fortran v3.2.2976 to simulate the model. As it is
clear from the governing equations, the thermophysical properties of nanofluids are needed to solve
the equations. The electrical conductivity, density, volume expansion coefficient, heat capacity and
nanofluid heat dissipation coefficient are calculated using the properties of fluid and nanoparticles
from the following equations [26].
ρnf = (1 − φ)ρf + φρp

(16)

(ρβ)nf = (1 − φ)(ρβ)f + φ(ρβ)p

(17)

(ρcp )nf = (1 − φ)(ρcp )f + φ(ρcp )p

(18)

αnf =

k nf
(ρcp )nf

(19)

In these equations, subtitles f and p refer to the properties of water and Al2O3, respectively. These
properties are listed in Table 1. Also, knf is the effective thermal conductivity of the nanofluid, which
can be obtained from references [27-29] as below:

k nf = k Static + k Brownian = [

k p + 2𝑘𝑓 − 2(k f − k p )
k p + 2𝑘𝑓 + ϕ(k f − k p )

] k f + [5 × 104 βϕρf cpf √

kbT
f(T , ϕ)] (20)
ρf dp

In the above equation, kp is nanoparticle conductivity and kf is pure fluid conductivity. Boltzmann
constant kb= 1/3807×10- 23 1/K, T is the temperature of the nanofluid in terms of Kelvin and the
combination of β and f(T, ϕ) for the nanofluid of water-Al2O3. The Brownian motion of nanoparticles
in nanofluids is actually their random and continuous motion in the fluid. Liquid molecules constantly
strike the nanoparticles and disperse them into the fluid. In the present study, the effect of this
phenomenon on the thermal conductivity and viscosity of nanofluid was also considered.

μnf = μStatic + μBrownian =

μf
μf
kbT
+ 5 × 104 βφρf (Cp )
f(T‚φ)
√
2.5
f
(1 − φ)
k f Pr ρp dp

(21)

In Eq. (21), the terms β and f(T‚φ) are written as Eq. (20), (22) and (23) for the nanofluid waterAl2O3:
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T
f(T‚φ) = (2.8217 × 10−2 φ + 3.917 × 10−3 ) ( ) + (−3.0669 × 10−2 φ − 3.91123 × 10−3 ) (22)
T0
β = 8.4407(100 φ)−1.07304

(23)

Table 1
Thermophysical properties of water-Al2O3 [30]
Physical properties
𝐶𝑃 (𝐽⁄𝑘𝑔. 𝑘 )
ρ (𝑘𝑔⁄𝑚3 )
𝑘 (𝑤 ⁄𝑚. 𝑘 )
𝑑𝑃 (𝑛𝑚)

water
4179
1.997
0.613
-

nanoparticles Al2O3
765
3970
25
40

To describe and draw flow lines, it is necessary to define the flow function. The flow function is a
mathematical function that replaces the two components of velocity and is a relation between flow
lines and the expression of mass stability. The flow function is defined as:
U=

∂Ψ
∂Ψ
,V = −
∂Y
∂X

(24)

Equation 25 defines the local Nusselt number on a hot wall as well as the definition of the entropy
parameter.
𝑁𝑢 =

2
𝜇𝑛𝑓 𝑇0
𝛼𝑓
λh
(
)
,𝜁 =
kf
𝑘𝑓 𝐿(𝑇ℎ − 𝑇𝐶 )

(25)

Calculating the heat exchange rate is one of the most important parameters. The total heat
transfer rate is expressed in the form of a Nusselt number. The local Nusselt number of the lower
and upper walls is defined according to Eq. (26):
Nus =

λL
kf

(26)

In the above relation kf is the thermal conductivity of pure fluid, L is the characteristic length and
λ is the convective heat transfer coefficient.
λ=

q′′0
Ts − Tc

(27)

The obtained equations can be used to calculate the temperature field and velocity components.
For this purpose, the Simple algorithm is used. Also, for a better understanding of the simple
algorithm, flowchart of this program is shown in Figure 2.
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Fig. 2. Simple flowchart algorithm [31]

When executing the above algorithm, the isolated equations that are linearized must be solved.
Because the problem is more than one dimension, it is not effective to use direct methods. For this
purpose, the iteration method is used. In this method, it is necessary to solve the system of algebraic
equations of n equations and n unknowns. Therefore, the line-by-line method is used to solve this
system of equations. The line-by-line method is a combination of the TDMA matrix and Gauss-Sidel
methods. The equations of the nodes on the line include the values of the points of the adjacent
lines. If the values of adjacent points are subtracted from the previous values, the equations for the
nodes on the principal line become one-dimensional and can be solved by the three-diagonal matrix
method. This operation starts from one side and continues in the opposite direction. This method
can be used for network lines along. Thus, the above algorithm is implemented in all parts of the
network [32]. In general, the boundary conditions for solving equations are expressed as follows:
i.
ii.
iii.
iv.

Speed limit conditions, including non-slip condition for all walls except corrugated: U =
𝑉=0
Thermal boundary conditions for a corrugated part of a channel with a constant
temperature (𝑇ℎ ) or in other words θ = 1
Temperature boundary conditions of the upper and lower walls of the channel with
sinusoidal temperature profiles
Boundary conditions for the channel output include thermal and hydrodynamic
∂T

∂u

expansion θ = 1, ( ∂x = 0, ∂x = 0)
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The border conditions are as follows:
i.
ii.
iii.
iv.

2πX

Wavy walls θ = 1, 𝑉(𝑋) = V + sin ( L )
Initial and end length of the channel θ = 0, U = V = 0
Channel input boundary condition 𝑋 = 0, u = u0 , v = v0 , 𝑇 = 𝑇𝑐
∂T
∂u
Channel output boundary condition 𝑋 = L, ∂x = 0, ∂x = 0

To select the appropriate solution network for the present geometry, the effect of the number of
network points on the average Nusselt number was investigated. An example of the studies
performed is given in Table 2. According to the table, it is clear that for networks smaller than 80×800,
the answers remain the same and no significant change in values is seen. Therefore, the appropriate
network for the implementation of the above program was selected as the network.
Table 2
Number of network points
Re=10
𝑁𝑢m
𝑆Total
Re=500
𝑁𝑢m
𝑆Total

50×500

60×600

70×700

80×800

90×900

100×1000

5.3303
22.023

5.3605
21.382

5.3834
21.003

5.4638
20.965

5.4703
20.965

5.4705
20.964

19.2615
218.425

19.4731
215.398

19.3713
213.106

19.8914
212.215

19.8914
212.214

19.8912
212.212

3. Results and Discussion
To prove the effectiveness of the method, the numerical results were compared with similar
studies findings conducted by various researchers. In this validation, the dimensions of the channel
and the barrier as well as the boundary conditions of the flow were considered in accordance with
Nor Azwadi et al., [33]. In this study, the forced convection of water-alumina nanofluid in a channel
with five barriers was investigated by Lattice Boltzmann method. The barriers are located at the
bottom of the channel, and the bottom wall and barriers were kept warm at a constant temperature
and cooled by the cold inlet fluid. The upper wall of the channel is also insulated. According to Figure
3, a very good agreement can be seen between the results. The deviations between the results of
current research and benchmarks were computed by the following equation.
∑𝑛𝑖=1
%Diff =

(𝑥𝑖 − 𝑥𝑖,𝑏𝑒𝑛𝑐ℎ𝑚𝑎𝑟𝑘 )
𝑥𝑖,𝑏𝑒𝑛𝑐ℎ𝑚𝑎𝑟𝑘
× 100
n

(28)

In this research, the dimensionless length of the channel L=l/H=20 is considered and, in its output,
the boundary conditions of hydrodynamic and thermal development are used. Using this condition,
the appropriate length of the channel is checked. For this purpose, for Re=10, Re=500 and φ=0.03,
with increasing the length of the end part, the average Nusselt number for different lengths of the
channel was calculated. The results are presented in Figure 4. According to the figure, with increasing
channel length, which is done by increasing the end length of the channel, the average Nusselt
number and the horizontal velocity on the central axis of the channel have not changed after the
length of 20. Therefore, the length L=20 which was selected in this research is appropriate.
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Fig. 3. Comparison of average Nusselt number per volume percentage
and different Reynolds numbers between the current research results
and Nor Azwadi et al., [33]

Fig. 4. Horizontal velocity on the central axis of the channel
(Y=0.5) for values of φ=0.03 and different Re=10, Re=500 and
different output lengths of the channel in the steady state

The effect of Reynolds number and forced convection on the flow and heat transfer field was
investigated. According to Figure 5, flow lines are drawn for the values of φ=0.03 and different
Reynolds numbers. According to the figure, in order to better show the field of flow and temperature,
it is not drawn for the whole channel and only the part of the channel where the wavy wall is located
was displayed. With increasing Reynolds number, due to the increase of the effects of inertia and
flow velocity, the vortices formed inside the channel indentation become stronger and the vortex
inside the indentations increases with increasing Reynolds number.
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Re=10

Re=20

Re=100

Re=200

Re=500

Fig. 5. Flow lines for values φ=0.03 and different Reynolds numbers in the steady state

As shown in Figure 6, it can be seen that in the lower Reynolds lines, the isothermal lines are
drawn towards the top of the lower wave wall and below the upper wave wall and the entire output
section. As the Reynolds number increases, these lines are drawn and the temperature of the fluid in
the center of the heat channel decreases. Due to the isothermal lines, with increasing Reynolds
number due to increasing current inertia, the amount of heat transfer increases. This can be seen
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from the compaction of isothermal lines adjacent to the wavy walls. Also, in the indentations of waveshaped walls, with increasing Reynolds number due to increasing fluid inertia, the strength of vortices
increases and the amount of heat transfer increases due to decreasing the thickness of the thermal
boundary layer and increasing the temperature difference.

Re=10

Re=20

Re=100

Re=200

Re=500

Fig. 6. Isothermal lines for values φ=0.03 and different Reynolds numbers in the steady state

Figure 7 shows entropy lines in different states. It can be seen that with increasing Reynolds
number, the amount of velocity increases and consequently the velocity gradient also enhances. On
the other hand, with increasing speed, the temperature gradient increases, which increases the term
related to the temperature gradient in the entropy equation, and therefore the generated entropy is
determined by the following figures. As the Reynolds number increases, the entropy lines become
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denser. On the other hand, in channel indentations, due to the formation of vortices, entropy has
increased in those areas, which can be seen in entropy lines.

Re=10

Re=20

Re=100

Re=200

Re=500

Fig. 7. Entropy lines for values φ=0.03 and different Reynolds numbers in the steady state

Figure 8 shows the dimensional temperature changes on the central axis of the channel (Y = 0.5)
for values φ=0.03 and different Reynolds numbers. At the inlet section of the channel, it is observed
that with increasing Reynolds due to increasing fluid velocity, the chance of temperature reaching
the center of the channel from the lower wall is less and with increasing Reynolds number, the
midline dimensionless temperature decreases. Reaching the wavy area due to the constant surface
near the center of the channel, the temperature also increases. Passing through the last elevation
also increases the temperature to the channel outlet by increasing the Reynolds number. This
increase is lower in high Reynolds due to the predominant effects of current inertia. The results
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showed that in the length L=20 and central axis of the channel (y=0.5), with decreasing Reynolds
number, the temperature value increased sharply and reached from θ=0.1 to θ=0.68. This means that
the temperature increases by 580%.
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Fig. 8. Temperature on the midline of the channel for values φ=0.03
and different Reynolds numbers

To better understand the effects of a wavy wall during forced convection, the maximum number
of local Nusselt on the ridges is plotted in Figure 9.
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Fig. 9. The most localized Nusselt number on the tip of the ridges per
values φ=0.03 and Different Reynolds numbers
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The behavior was the same on all the ridges, but for example the Nusselt number increased on
the last ridge. The results show that with increasing Reynolds number, the difference between
surface temperature and adjacent fluid increases and as a result, Nusselt number increases. As we
approach the end of the channel, the amount of heat absorption decreases due to the heating of the
fluid, so the Nusselt number, which indicates the amount of heat transfer, decreases along the
channel. But on the last ascent, the amount of Nusselt also increases due to the increase in speed.
By increasing the Reynolds number from 10, 20, 50, 100 and 200, respectively, the value of the
average Nusselt number in the lowest maximum local Nusselt B1 increases by 25%, 75%, 125% and
200% and In the highest maximum local Nusselt B6, the mean Nusselt number increases by 17%, 33%,
64% and 93%. By analyzing the changes in temperature and velocity (Figure 10 (a), (b)), it was found
that with increasing time, the flow velocity towards a steady state is normal.

(a)

(b)

Fig. 10. (a) Temperature and (b) Speed changes at different
times per Re=100 and φ=0.03
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It was found that at the beginning of the flow, the temperature was penetrating the fluid and
with increasing the penetration time, the wall temperature increased, which is well observed in the
isothermal lines. Also, in the velocity profile, as seen in the flow lines, the velocity is higher near the
walls and increases as the velocity near the wall increases.
4. Conclusions
In this study, the forced convection of a laminar flow of water-aluminium oxide nanofluid into a
channel consisting of two parallel plates with a sinusoidal region is investigated. By numerically
solving the governing equations, the effect of Reynolds number in steady and unsteady state was
investigated. Also, due to the increase in the inertia of the flow, the inlet distance to the area where
the flow is hydrodynamically developed increases. As the Reynolds number increases, the velocity
also increases and the thickness of the boundary layer decreases, and the temperature gradient
increases, and consequently the heat transfer rate increases. The total production entropy increases
with increasing Reynolds number due to increasing velocity and increasing velocity and temperature
gradient. In the unsteady mode, as the time increases, the current gradually moves away from the
walls and the velocity in the centre of the channel increases. When the problem is in the unsteady
state, the entropy increases with increasing time due to the infiltration of temperature into the
centre of the channel and the increase of the temperature gradient and the predominance of the
temperature gradient in the entropy equation.
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