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The problem of hyperbolic tangent fluid model for stagnation flow of hybrid nanofluid
over a stretching sheet is investigated. Constitutive relation of an incompressible
hyperbolic tangent model as well as consideration of thermal radiation and Newtonian
heating is taken into account. The boundary layer problem is formulated to nonlinear
partial differential equations which is then transformed into ordinary differential
equations by using similarity transformation. The equations including the boundary
conditions are solved numerically using bvp4c in the MATLAB software. A comparison with
previous findings shows an excellent agreement. The effect of governing parameters such
as power law index, Weissenberg number, suction/injection, radiation and Biot number is
investigated. The changes in the value of volume fraction of diamond and silicon dioxide
are also analyzed. Characteristics for the significant variables are graphically presented
and the numerical results are tabulated. The velocity behavior is significantly influenced
by the volume fraction of diamond and silicon dioxide and other physical parameters.
Meanwhile, the temperature is influenced by the radiation parameter. This study provides
conclusive evidence that increasing the volume fraction of diamond nanoparticles
significantly enhances the heat transfer rate. The increment by 0.1 (10%) of the volume
fraction of diamond nanoparticles increases the heat transfer rate approximately by 3%.
These findings underscore the potential of integrating these nanoparticles to improve
thermal performance across diverse applications.

1. Introduction

In 1904, Prandtl revolutionized the concept of boundary layers by introducing a new
understanding and analysis of fluid dynamics. His theory emphasizes that the fluid instantly adjacent
to the surface caused by the frictional effects with a no-slip condition in a boundary layer [1]. Heat
transfer is a crucial technical process in many industrial and engineering sectors. Heat transfer is also
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known as a result of the change in temperature between the conversions of energy from one form
to another form [2].

The study of the boundary layer, particularly under stretching surface conditions, provides
valuable insights into the fluid dynamics and heat transfer phenomena that occur in various
engineering applications. There are crucial applications on the stretching plate especially in
manufacturing and industrial such as in the performance of lubricants, the movement of biological,
the cooling of metallic plates and the plastic sheet extrusion [3]. A large amount of work through
different stretching velocities, situations and models in this direction has been reported [4-9].

The exploration of boundary layer and heat transfer phenomena in nanofluids yields valuable
insights into the behaviour and performance of these sophisticated fluid systems. By comprehending
the intricate interplay between the boundary layer, heat transfer mechanisms, and the unique
properties of nanofluids, we can facilitate the advancement of efficient thermal management
systems, enhance heat transfer rates, and optimize the overall performance of diverse nanofluid-
based applications. Nanofluid is a new admixture fluid as stated in Choi’s theory [10]. Based on Choi’s
theory, nanofluid is formed by adding nanoparticles into the base fluid. Choi also stated that by
comparing the base fluid to the nanofluids, the nanofluids have higher thermal conductivity to
enhance heat transfer behaviour. The study of nanofluids’ properties has been extensively
investigated since its broad applications in industrial engineering especially cooling, heat exchangers,
food, double pane windows, transportation, and biomedicine. A comprehensive study of current and
future nanofluids applications has been explored by Wong and Leon [11]. Numerous researchers
have studied the fluid flow and heat transfer over a range of geometric figures such as a flat surface,
cone, cylinder, and other shapes numerically [12-14].

According to the literature, Soid et al., [15] studied the laminar forced convection boundary layer
flow along a horizontal thin needle. The results are generated by a boundary value problem 4C solver
(BVP4C). They stated that dual solutions exist when the needle and the free stream move in opposite
directions. Moreover, the investigation of stagnation-point flow is an vital topic in fluid mechanics
when a flow impinges perpendicularly to a solid surface in which the shear stress is zero. It has
engaged the interest of many researchers due to its industrial applications such as flows over the tips
of aircraft wings and submarines [16,17]. Othman et al., [18] explored a stagnation point flow in a
mixed convection boundary layer over a vertical plate immersed in a nanofluid. They solved the
problem numerically by shooting method and they found the increament in the mixed convection
parameter tends to increase the mass transfer, skin friction coefficient and heat rates at the plate.
Moreover, they also discovered a unique solution for stretching and dual solutions for shrinking
plates. Recently, there are many similar types of research focusing on this topic in various aspects of
parameters immersed in a nanofluid [19-24].

In the study of both boundary layer and stagnation point flow, it is essential to investigate both
traditional nanofluids and hybrid nanofluids, as they represent significant areas of exploration and
research. The composition of nanoparticles by two or more different materials of nanometer size in
a based fluid is defined as a hybrid nanofluid that attains a synergistic effect [25,26]. Extensive
research has shown a significant improvement in the heat conductivity of this novel fluid, as seen in
studies by Araniand Aberoumand [27] where they consider stagnation hybrid nanofluid flow of silver-
copper oxide (Ag-CuO) and water over a slippery stretching and shrinking sheet. The coefficient of
skin friction and the rate of Nusselt number of the hybrid nanofluids increase with the inclusion of
suction and injection parameters. The problem of stagnation-point flow in hybrid nanofluid has been
extended in numerous ways including various shapes and physical effects such as Khan et al., [28],
Gul et al., [29], Wahid et al., [30], Saupi et al., [31], Khashi’ie et al., [32] and Zainal et al., [33].
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Besides, a fluid where its stress and rate of deformation have variable proportionality is known
as a non-Newtonian fluid which is described by Sir Isaac Newton [34]. The resistance of fluid against
the exerting of the shear stress changes with the variation rate of the material length is defined as
the non-Newtonian fluids [35]. The hyperbolic tangent model is a rheological model that possesses
many significant values as compared to other non-Newtonian formulations which are absent of
complication, physical stability, and smooth of computation. Hayat et al., [36] investigated influence
of thermal radiation in MHD stagnation point flow towards an exponentially stretching sheet is where
incompressible hyperbolic tangent liquid is taken into account. They concluded that heat transfer
rate for larger Prandtl number, Biot number and radiation factor is higher when compared with
Eckert number. Following them, the research about hyperbolic tangent models has studied by many
researches and become the core of some applications in the engineering and medical fields [37-40].

After reviewing the existing literature, we are inspired by the work of Hayat et al., [36]. Therefore,
we want to improve their model by implementing Newtonian heating, including hybrid nanofluid
thermophysical properties as well as constant suction/injection effects on the boundary conditions
[41,42]. Furthermore, we also want to include the effect of radiation, and suction/injection due to its
powerful impact on the fluid flow and heat transfer together with other governing parameters over
an exponentially stretching permeable sheet using the hyperbolic tangent fluid model for hybrid
nanofluid over a stretching surface [43,44]. It is generally known that radiation and suction/injection
parameter can alter and control the fluid dynamic system, hence, the implementation of those
parameters are emphasized and considered in this study. Diamond and silicon dioxide are considered
as the nanoparticles. The combination of diamond and silicon dioxide as hybrid nanoparticles is
advantageous due to their complementary properties. Diamond nanoparticles possess exceptional
thermal conductivity, mechanical strength, and chemical stability [45]. Silicon dioxide nanoparticles,
on the other hand, offer good dispersibility, surface functionalization capabilities, and compatibility
with various matrices. By merging these materials, the resulting hybrid nanoparticles inherit the
diamond's thermal properties and silicon dioxide's versatility. This synergy enables enhanced heat
transfer, improved dispersion, and diverse applications in electronics, thermal management, and
biomedicine.

The main goal of this study is to (i) formulate the appropriate model, (ii) solve the model using
the numerical method, (iii) generate the numerical findings in the form of data and graphs, and (iv)
analyze and discuss the findings accordingly in terms of the impact of parameters towards the fluid
flow and heat transfer properties.

2. Methodology
Consider a steady radiative stagnation of laminar hybrid nanofluid flow using hyperbolic tangent

fluid model towards an exponentially stretching permeable surface with Newtonian heating is
investigated depicted in Figure 1.
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Fig. 1. Physical configuration of the problem for stretching
surface

The governing boundary layer parabolic partial differential equations (PDEs) are written as [36]

du  dv

o Ty = 0 (1)
ou ou ud?u du,

u—+ Vo, = Vhnr (1 + \/_vhnfnr‘a 32 + U — (2)
aT 1Ja_T _ [ Knng 160:T% | 9%t (3)
ox oy (PCp)hnf 3(PCp)hnfka dy?

along with the initial and boundary conditions

u:uW:UO() kh”fa = hT,aty =0 @)

Uu-u, = Uooe(Z) asy — oo

where u is the component velocity along x-axis, v is the component velocity along y-axis, n is the
power law index, vy, is the kinematic viscosity of the hybrid nanofluid, u, is the free stream velocity,
knny is the thermal conductivity of the hybrid nanofluid, (0Cp)nny is the heat capacity of the hybrid

nanofluid, o; is the Stefan Boltzmann constant, and k; is the Rosseland mean absorption coefficient
X

and hy = he(ﬂ) is the convective heat transfer coefficient.
Then the subsequent similarity variables can be regarded for Eq. (1) to Eqg. (3)

n= [ oy, u = vee®r i, v = — 222 Eirtn) +np ), 66 = 5 )

vafL
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where 7 is the similarity variable, U, is the reference velocity, vy is the kinematic viscosity of base
fluid and @ is the dimensionless temperature. Replacing (6) into Eq. (1) to Eq. (4), we retrieve the
following differential equations

S (L=n)f" = 2f " 4 ff" 4 DnWef [ + 247 = 0 (7)
[P4+§Rd]9” + P,PrfO' =0 (8)

along with the boundary conditions

ffam=1Lfn)=S,00m=-yl0@m+1],atn=0 )
f'(n) - A,0(n) > 0asn ->

. . . . . . C
where P; = Ehnf s dynamic viscosity, P, = Phnt i density, P; = (PCp)hny
Hbr Pbf (PCp)by

Kk
% is thermal conductivity of the hybrid nanofluids, (1) is the dimensionless stream function, We
bf

is the Weissenberg number, A is the ratio of velocities, Pr is the Prandtl number, R, is the radiation
parameter, S is the suction/injection parameter, and y is the conjugate parameter for Newtonian
heating, which are defined as

is heat capacity and P, =

3x
_ Ug/zl"e(ﬁ) _ % _ I‘bf(cp)bf _ 4.0'1T°3o _ Vo _ h vafL
We=—"——A=—,Pr= , Ry = , S = VY = — |—— (10)
[VpfL U? kpf kikpr /"beo knngN Uo
2L

The subscript 1 and 2 indicate the physical properties of diamond and Silicon Dioxida (SiO3)
respectively. The total volume concentration of both nanoparticles are denoted by ¢ given as ¢ =
¢1 + ¢,. The thermophysical properties of the hybrid nanofluid and nanoparticles are presented in
Table 1 and Table 2, respectively.

Table 1
Thermophysical properties of hybrid nanofluids [46]
Properties Hybrid Nanofluids
Dynamic Viscosity (,u) s Hi

hnf = 25

[1-(#+¢.)]

Density (/7) Pt = [¢1,051 +é, 0, + (1+ ¢)pbf }
Heat Capacity (pCp ) (pCp )hnf = [¢1 (,OCp )sl + 4, (,{)Cp )82 + (1— ¢)(pCp )bf }
Thermal Conductivity (k) Kot _ Bk + Bk, + 20Ky + 2¢(¢1psl + 4,05, ) — 20Ky

Ky Bk, + BK, + 20K, _¢(¢1ps1 +¢2Psz)+¢2kbf
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Table 2

Thermophysical values of base fluid and nanoparticles [47]

Properties Diamond (¢l) Silicon Dioxide, SiO2 (¢2) Sodium Alginate (CsHsNaO-)
p(kg/m?) 3510 2650 989

C, (I /kgK) 497.26 730 4175

k(W /mK) 1000 15 0.613

The involved physical quantities are the skin friction coefficient C; and the local Nusselt number
Nu,

— w - Xdw
Cf — pul Nuy kpf(T-Teo) (11)

Using the similarity variables (6) then

Re/*C; = 5—\/% [ =mf +Fwer™| (12)
Re; 2 Nu, = —x\/g [(Ps +5Ra) 5]

X
;/2 = ﬂe(ﬂ) is the local Reynolds number.

Ubf

where Re

3. Results

The transformed non-linear boundary layer equations were solved numerically by using bvp4c in
MATLAB software. The values of the skin friction were computed for various values velocity ratio A
with other parameters were set to be constant at n=We=R; =S=0 and B =P,=F,=P, =1. Table 3
shows the comparison of the skin friction coefficient f”(O) between the results obtained from

Mustafa et al., [48] using the homotopy analysis method (HAM) and Hayat et al., [36] using the bvp4C
solver with the present study. The numerical results stated are in an excellent agreement. Therefore,
this verifies the reliability and accuracy of the method in this study. It is noticed that the values of the

magnitude of the skin friction coefficient f”(O) decreases as A increases. The negative value

indicates the drag force exerts from the surface to the fluid.

Table 3

Comparison for numerical values f"(O) for A=0.0,0.1,0.2,0.5,0.8,1.2
A Mustafa et al., [48] Hayat et al., [36] Present Study
0.0 -1.281809 -1.281809 -1.28180857
0.1 -1.253580 -1.253580 -1.25357990
0.2 -1.195120 -1.195118 -1.19511787
0.5 -0.879835 -0.879833 -0.87983365
0.8 -0.397771 -0.397767 -0.39777179
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The numerical values of the skin friction coefficient and the rate of heat transfer are tabulated in
Table 4 for both suction S =0.5 and injection S = —0.5 with fixed values of volume fraction of silicon
dioxide ¢, =0.1, power law index n=0.2, ratio of velocity A=0.1, Weissenberg number We =0.5,

Prandtl number Pr =6.45, radiation parameter R, =0.3, and Biot number y=0.2. It is found as
@, increases, the magnitude of drag force |f”(0)| decreases for both suction and injection effects.

The decrement of drag force reflects that the hybrid particles of the fluid flows move quite smoothly
on the surface for every increment of ¢, . Apparently, the surface exerts a drag force to the fluid that

causes movement on the surface due to the negative value. Furthermore, the heat disperses more
for a higher percentage of diamond volume fraction specifically when the fluid is sucked on the
surface. However, the analysis contradicts when less heat is transferred for a higher percentage of
diamond as the fluid is injected to the surface. Moreover, the heat transmitted from the surface to
the fluid is rectified by the positive Nusselt number. Hence, the results are consistent with graphical
illustrations in Figure 2 and Figure 3.

Table 4
Values of the skin friction coefficient and the heat transfer rate for diamond volume fraction &
on the velocity profiles whenn = 0.2,A = 0.1, We = 0.5,Pr = 6.45,R; = 0.3 andy = 0.2

& b, f"(0) —6'(0)
0.0 0.1 0.5 -1.26855514 0.21469981
0.1 0.1 -1.26350276 0.22130834
0.2 0.1 -1.18984161 0.22745000
0.0 0.1 -0.5 -0.94820936 0.45381841
0.1 0.1 -0.94535082 0.43600493
0.2 0.1 -0.90306366 0.43648263
. 14 .
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Fig. 2. Effects of various values of volume fraction
(¢,) on velocity profiles

n

Fig. 3. Effects of various values of volume fraction
(¢,) on temperature profiles

Figure 2 and Figure 3 also show the behavior of velocity and temperature of the fluid in the
boundary layer when the volume fraction of diamond ¢ increases in the presence of

suction/injection respectively. Noticeably, the velocity of the fluid in the boundary layer increases
with the existence of diamond ¢, . Both cases have a similar pattern of velocity profiles, this is due to

the physical reason that the diamond nanoparticles affect the boundary layer by interacting with fluid
molecules, increasing its thickness, and slowing down the transition from high-velocity to slower-
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moving fluid near the solid surface. Their small size and high surface area facilitate efficient mixing
and dispersion, resulting in enhanced fluid velocity.

The temperature profile in Figure 3 increases as ¢, increases in the presence of suction while for
injection, the temperature decreases at the beginning then increases as ¢ increases. This

phenomenon happens due to the nature of the surface which the injected fluid to the surface leading
to unstable flow that results in decreasing the rate of heat transfer on the surface. This shows that
the behavior of the temperature in Figure 3 is affected differently by the increment of ¢ in the
presence of suction and injection. As a consequence of the increment of the temperature, the
thickness of the thermal boundary layer significantly increases as well. Hence, this implies that the
cooling down for the temperature of the fluid is delayed as ¢, increases.

Figure 4 and Figure 5 show the effect on the velocity and the temperature profiles when the
volume fraction of silicon dioxide (¢, ) increases in the presence of suction/injection. The results are

consistent with Figure 2 and Figure 3 where the velocity and the temperature behaviors increase as
¢, increases as well as the velocity and thermal boundary layer thicknesses are thicker for injection
case. The same physical reasoning as Figure 2 and Figure 3 also applies to this behavior since silicon
dioxide also has a high surface area due to its nanometer size.

1 14
- Solid line - §5=05 solid line 5=05
) Dashed line —: 5 =-0.5 121 Dashed line—- 5§ =-0.5
1 k‘\-\
0.7 W,
%
— 06 _ s 1
E = \
“ = \
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)4 .\?
0.4 W
- » ¢ =0.00.102
b4 _ ¢ =000102 N
- )2 /'
0.2 . - ) \” '\.‘\:_

o 1 2 3 4 5 6 0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

Fig. 4. Effects of various values of volume fraction Fig. 5. Effects of various values of volume fraction
(¢,) on velocity profiles (¢,) on temperature profiles

Table 5 explains the influence of the suction (S >O) and injection (S <0) effects with ratio
between 0.5 and 2.0 on the skin friction coefficient f”(0) and the rate of heat transfer —6'(0). The

absolute value of skin friction and the rate of heat transfer show increment and decrement behavior
on the surface, respectively. An opposite phenomenon of the drag force occurs when the injection is
imposed on the surface. Similarly, a consistent behavior occurs when the heat is dispersed at the
surface. Physically as S =—0.5, the heat is dominantly transmitted from surface to fluid. Surprisingly,
a reverse phenomenon happens when injection reaches -1.0. Moreover, as a greater injection is
imposed on the surface, then the heat is transferred gradually from fluid to surface as implicated by
the insignificant negative value of the Nusselt number.
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Table 5

Values of the skin friction coefficient and the heat transfer rate for various values
of suction (S>0) and injection (S<0) on velocity profiles when

n=0.2,A=0.1We=0.5Pr=6.45R, =0.3 and y=0.2

S f7(0) —6'(0)

0.5 -1.26350276 0.22130834

1.0 -1.45549816 0.21325802

1.5 -1.66396511 0.20945137

2.0 -1.88352699 0.20728816

-0.5 -0.94535082 0.43600493

-1.0 -0.82163177 -0.07199637
-1.5 -0.71913486 -0.00169009
-2.0 -0.63455774 -0.00000693

In the boundary layer, the velocity of the fluid decreases as the suction (S > O) increases shown

in Figure 6 while Figure 7 shows the temperature distribution decreases. This can be physically true
because, logically, as suction is increased, the fluid velocity decreases due to pressure drops and flow
restrictions. Also, suction can induce heat transfer from the fluid to colder surfaces or mediums,
resulting in a reduction in fluid temperature. The velocity of the fluid increases as the injection
(S < O) increases illustrated in Figure 8 but Figure 9 shows a non-uniform temperature distribution.

Obviously, there exists an isolated behavior for S =—0.5 where its surface temperature profile is in
negative gradient 9’(0) . Consequently, both thicknesses of the velocity and thermal boundary layer

decrease for suction and vice versa for injection. This can be physically deduced that suction reduces
the thickness of the boundary layer by extracting fluid from the surface, resulting in thinner boundary
layers. In contrast, injection increases the thickness of the boundary layer by introducing additional
fluid near the surface, leading to thicker boundary layers.

r(n)
—=

Fig. 6. Effects of various values of suction Fig. 7. Effects of various values of suction (S > 0) on

(S >0) on velocity profiles temperature profiles
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on velocity profiles (S < 0) on temperature profiles

Figure 10 explains the impact of the power law index on the velocity distribution with the
presence of both suction and injection on the stretching surface. The velocity profile increases for
larger n in the presence of suction/injection and consequently the thickness of the boundary layer
also increases. Substantially, the fluid shows its shear thinning behavior (n < 1) which in return gives

lower viscosity and consequently velocity f’(n) grows. However, opposite results are observed in

Newtonian fluid as reported by Hayat et al., [36]. The enhancement of the velocity may due to the
addition of the thermophysical properties of the hybrid nanofluid. Meanwhile, Figure 11. shows the
temperature decreases slightly as n increases in the presence of suction as compared to those in the
presence of injection. This indicates that as n increases, the injection affects the behavior of
temperature more than suction. Apparently, both values of the skin friction and the rate of heat
transfer decrease as n increases in the presence of suction/injection. The drag force is dominant
when the fluid is sucked to the surface but the heat transfer process on the surface is not as
significant.
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Fig. 10. Effects of various values of power law Fig. 11. Effects of various values of power law
index (n) on velocity profiles index (n) on temperature profiles

Weissenberg number defines the relaxation time ratio of the fluid as well as the relaxation time
of the shear rate. The rise in the Weissenberg number as shown as in Figure 12 and Figure 13
increases the velocity profile and decreases the temperature profile for both suction/injection.
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Consequently, thickens the velocity boundary layer thickness, while diminishes the thermal boundary
layer thickness. Similar observations on the skin friction and the Nusselt number are achieved for the
Weissenberg number as in the power law index for both suction and injection. Hence, Figure 12 and
Figure 13 have a similar pattern as in Figure 10 and Figure 11.
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1 - — =5 =05 1 o —==5=405
C "
S=05 1 U $=05
& 5=-05| | L - ==§=405
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S=.08 ) . 5=.05
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§=.05 ‘t\ S$=05
_ ~ s=05(1 _ Wy, Su0s
0 =05 £ 06 N 5= 8
-— = -]
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N i _
| 0.4 S We=0510.203.040
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Fig. 12. Effects of various values of Weissenberg Fig. 13. Effects of various values of Weissenberg
number (We) on velocity profiles number (We) on temperature profiles

Figure 14 shows the temperature increases as (Rd) increases with the presence of
suction/injection. This implies the thickness of the thermal boundary layer also increases since the
higher value of the radiation parameter (R;) gives more heat to the working fluid. The velocity
profile remains unchanged since radiation does not affect the fluid flow as proven in the momentum
Eg. (2). Furthermore, Figure 15 depicts the Biot number (y) does affect the temperature distribution
especially in the presence of injection. The fluid temperature in the boundary layer increases as y

increases and gradually the thickness of the thermal boundary layer increases. However, the
temperature distribution decreases for y =0.4 and then increases again when y =0.5 and 0.7. The

imbalanced fluid temperature in the boundary layer may be caused by the surface heat transfer
coefficient h, together with the radiation parameter (R;) as well. Overall, the smaller the Biot
number, the heat transfers from the surface to the fluid as portrayed at y =0.2 and 0.3, while the
larger the Biot number, the process of heat transfer reverses as depicted at y=0.4,0.5,0.7 .
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Parameter (R, ) on Temperature Profiles (y) on Temperature

4. Conclusions

This study considers hybrid nanofluid with the suction/injection effects on the radiative flow of
hyperbolic tangent liquid boundary layer. The rise in the values of volume fraction of both diamond
(¢,) and silicon dioxide (¢,), power law index (n), Weissenberg number (We) for both suction and

injection at 0.5 cases causes the increase of the velocity and decreasing of the skin friction coefficient.
Meanwhile, with the increment of suction (S > 0), the velocity profile decreases and vice versa for

injection effect.
The temperature profile and the rate of heat transfer increase when the volume fraction of both
diamond (¢,), silicon dioxide (¢,) for suction and radiation parameter (R, ) for both suction and

injection. The temperature profile and the rate of heat transfer decrease when the power law index
(n) , Weissenberg number (We) increase for both suction and injection at 0.5 cases. Meanwhile, as

the value of suction and injection vary increasingly, then the temperature profiles decrease. The
smaller the Biot number (y) , the heat transfers from the surface to the fluid, while the larger the

Biot number, the process of heat transfer reverses the flow.

Nevertheless, this study holds great importance as a fundamental reference for a broad spectrum
of nanofluid applications. The model presented in this research provides indispensable guidance for
upcoming researchers, enabling them to develop more accurate and sophisticated models.
Moreover, future advancements should focus on incorporating different types of nanoparticles and
exploring various physical parameters to improve the model's accuracy and applicability. By
continuously refining and expanding upon this study, we can uncover novel research pathways,
leading to a deeper comprehension of nanofluid dynamics and sparking innovation and progress in
this captivating field.
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