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The research deals with the stationary flow of an inhomogeneous incompressible fluid
inside a spherical vessel under the influence of a potential mass force. Using the methods
of four-dimensional analysis, the solution to the problem is constructed in an explicit
analytical form. Exact solutions of the Euler equations for a homogeneous fluid are
obtained only for some of the simplest problems. Researchers usually prove the existence
and uniqueness of solutions to various initial - boundary value problems for Euler
equations using the methods of a priori estimation. After that, the problem is usually
solved by numerical methods. For an inhomogeneous fluid, when the unknown density
is a variable, even obtaining a priori estimates becomes much more complicated, not to
mention finding exact solutions. Nevertheless, in recent years, new methods of four-
dimensional mathematics have been developed, giving previously unknown approaches
to the study of nonlinear problems. In this paper, an exact analytical solution of the Euler
equations describing the flow of an ideal inhomogeneous fluid inside a sphere is
obtained. At the same time, the authors demonstrate new methods of four-dimensional
analysis.

1. Introduction

A lot of scientific paper were devoted to the problems of fluid flow, and these problems were
solved numerically [1,2]. In this work by using the methods of four-dimensional analysis an analytical
solution of inhomogeneous fluid flow was investigated.

Nonstationary models of the flow of an ideal inhomogeneous fluid are given in the form of various
initial-boundary value problems for a system of Euler equations of the form

(1)

p| 2+ (V x V)P| + VP = pF

ap + a(pv1) + a(pVz) + a(pV3) -0

ot dx dy 0z
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where unknowns: p(t, x,y,z),P(t,x,y,z) — the desired density and pressure of the liquid, V=
(Vi (t, x,y,2),V,,V3) — desired vector of the desired velocity vector of the fluid, and the mass force
vector F = (Fi(t,x,y,2),F,, F;) are given [3-7].

When solving a specific applied problem, various initial and boundary conditions are added to the
differential equations, Eq. (1) and Eq. (2). Note that this system of differential equations is nonlinear
and difficult to study. The fact is that the system is four-dimensional in its essence because the
unknown functions to be determined are real functions of four real variables: t, x, y, z. At the same
time, to find classical solutions to various initial boundary value problems developed mathematical
apparatus of one dimensional (theory of functions of a real variable) and two-dimensional analysis
(theory of functions of a complex variable) is usually used. In this regard, researchers investigated
the various simplifications of the Euler model.

It is not difficult to understand that a complete study of various initial boundary value problems
for the general Euler model Eq. (1) and Eq. (2) requires a complete four — dimensional mathematical
apparatus. A pioneering work in this direction is the monograph [8], which sets out the basics of four-
dimensional analysis and describes specific, four-dimensional methods for studying such problems.
For the latest results on the four dimensioanal mathematics see papers [9-15].

In this article, we will illustrate the application of the methods of four-dimensional analysis to the
study of a rather complex problem of hydrodynamics, which has an important application value.

2. Statement of the Problem
2.1 Formulation of the Main Result

Let an inhomogeneous, ideal incompressible fluid, completely filled with a spherical vessel of
radius r, move under the action of an external, stationary potential mass force. It is necessary to
determine the hydrodynamic characteristics of such a flow. It is well known [9] that mathematically
this problem is formulated as follows. In the domain Q : x2 + y? + z2 < r? with the boundary S :
x? +y2 + z? = r?itis required to find a bounded and sufficiently smooth solution of the boundary
value problem for a system of Euler equations, of the following form

aVv, aV, av, oP
p(x,y,z)<V1a+ Vz@ + V36_z> + % p(x,y,2z) Fi(x,y,2)
v, v, v, P
p(x,y,z)(Vla+ VZE + Vga_z) + Ty p(x,y,z) F,(x,y,2) (3)
( )<V6V3+V6V3+V6V3)+6P_ ( ) Fy( )
px,y,z 155 ) 3y 33, P p(x,v,z) F3(x,y,2
with continuity conditions
a(pvy) |, a(pVp) |, d(pV3) _
ax + dy + 9z =0 (4)
v av v )

ox dy 0z

and with the condition of non-flow through the border
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Vals =0 (6)

Here: F;(x,y,2),i = ﬁ— components of a given, potential mass force, which we assume to be
sufficiently smooth. In the future, we will clarify the conditions imposed on these functions.
Additionally, for an ideal fluid, the equation of state is assumed to be known and is taken as

p=w(P) (7)
We seek the classical solution of the problem Eq. (3) — Eq. (7)
p(x,v,2),P(x,v,2),V; (x,y,2),V,, V5 € CL(Q) N C(Q).

Let F = (F,(x,y,2), F,, F3) is potential force, then, 3Q(x, y,z) € C*(Q) n C(Q) such that, F = VQ.
The scalar function Q(x, y, z) which satisfies the conditions above is said to be potential of mass
force.

2.2 Main Theorem

P dt

Let ¢ be a certain velocity characteristic of a given current. A function ®(P) = fPO e —the
potential of mass power Q(x,y, z) is an arbitrary solution of the differential equation
d d a
(x2+2y2+222—rz)ﬁ—xyi—xza—gze(x,y,z) (8)
where
sz 2 2 2 2 2 2 2 2 2 2 2
) =r—4[2(x —r2)(x* + 2y° + 2z° —1r?) — (y* + z°) 2y~ + 2z — r?)]
Then the problem Eq. (3) — Eq. (7) has a unique classical solution of the form
2 2 2_,.2
( V. (x,y,2) = c(x +2yr-2+22 r?)
V,(x,y,2z) = —Crx—zy
\ Vi(xy,2) = - (9)
2
®(P) = Q(x,y,2) — = [x* = (2 +2)2 = r2(2x? — y? — 2%)]
\ p=w(P)

Note that the differential equation Eq. (8) has innumerable (continuum) smooth solutions

Q(x,y,2) € C1(Q) N C(Q). For each such solution, the mass force is determined F= VQ. By this we
define a continuum of mass forces.

3. Description of the Method for Solving the Problem

We will rely on the theoretical foundations of four-dimensional analysis set out in [8]. Let X =
(xo,%1,%3,%3) € G € R* — a dimensionless four-dimensional number. Consider all possible
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mappings of the form U: G » R*. With such mappings, each element X = (x,, x1, X5, x3) € G a well-
defined image is matched - a four-component object of the following type

U(X) = [Uy(xo, x1, %2, x3), U1, Uy, Us] € R*

Definition 1. An object of the form U = (U,, U, U,, U3), which is an image obtained with some
mapping U: G — R*, is called a four-dimensional function.

Definition 2. A four-dimensional function whose components are all real and continuous
functions of four variables in the domain G is called a continuous four-dimensional function, and the
entire set of such functions is denoted as CM(G). With respect to the operation of component-by-
component addition and multiplication by a scalar, CM (G) is a linear space.

Further, in [8], a description of a specific subset is given M,(G) © CM(G). Each element M,(G)
It plays the role of a four-dimensional generalization of typical functions from real and complex
analysis.

Definition 3. The element u = (ug, Uy, Uy, u3) € CM(G) is said to be a regular four-dimensional
function in the domain G < R?*, if the relations (generalized Cauchy-Riemann conditions) of the
following form are satisfied

6u0 _ 3u1 _ auz _ 6u3

6xo - 6x1 - 6x2 - aX3

Oug _ ug _ O0up _ dug (10)
6x1 - axo - 6x3 - 3x2

Oup _ Ous _ 0w _ _ous

6x2 - aX3 - 3x0 - axl

6u0 _ 3u1 _ auz _ 6u3

aX3 - axZ - 6x1 - 6xo

It is easy to check that the simplest, everywhere regular function is u = X = (x,, X1, x5, X3). We
denote the set of such functions by M, (G). The subset M, (G) of the linear space CM(G) is also linear
space with respect to the operations: component-by-component addition of elements and
multiplication by a scalar. It is shown that [4], the sub linear space M, (G) infinite dimensional. It is
proved that each regular function is a four-dimensional analog of the corresponding typical function
from real and complex analysis.

Example 1. Consider a functionu = X? = (ug, uq, Uy, ug) of the four-dimensional independent
variable X = (xg, x1, X3, X3)

Uo (X0, X1, X2, X3) = 2X0X1 — 2X5X3
Uy (Xg, X1, X2, X3) = X% + %12 — %% — x3
Uy (Xg, X1, X2, X3) = 2X1X5 + 2XoX3
U3 (xg, X1, X2, X3) = 2X1X3 + 2X0X,

2

It is easy to check that at the points of the form X = (O, X1, xz,o) a function has a form
u=X?=(0,x2—x,22%,%,,0)
which is just another form of representing an elementary function from a single complex variable

u=1z%=(x +ixy)>
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Similarly, in the points of the form X = (0, x1,0,o) we get a one-dimensional analog U = X? =
(0,x%,0,0) , which is just another form of writing an ordinary function of a single real variable. This
situation is characteristic of all regular four-dimensional functions, that is, the corresponding two-
dimensional and one-dimensional analogs are easily derived from its form (formula) in the specified
way. For example, this is valid for a four-dimensional exponential function

u=eX ={ Ug (X, X1, X2, X3 ), Ug, Up, U3},

where

Uo (X0, X1, X2, X3) = > [ e¥1¥%0 cos(x, + x3) — e*17%0 cos(x, — x3)]

Uy (X0, X1, X2, X3) = = [ e¥1%¥0 cos(x, + x3) + e*17%0 cos(x, — x3)]

Uy (X, X1, X2, x3) = =[ €17 ¥0 sin(x, + x3) + e*170 sin(x, — x3)]

NIRN[RNIRN |-

us(xg, X1, %2, x3) = =[ e¥17¥0 sin(x, + x3) — e*17%0 sin(x, — x3)]

Further, let G be a compact set. Then M,(G) becomes an everywhere dense subset in the space
CM(G). And the latter contains all the required 4-vectors that occur in the applied problems of
modern natural science. Therefore, it is sufficient to study applied problems in compact domains "in
terms of" regular functions from M, (G). This is discussed in more detail in monograph [8]. Thus, one
of the key results of the four-dimensional analysis is associated with the solution of a non-stationary
equation of the form

106(t,x,y,z) . ou(txyz) ., ov(txyz) = ow(txy,z)
1 vz vz vz y.2) _

c ot ax dy 0z 0 (11)

In the bounded domain G c R*. Let ¢ — characteristic speed, L — characteristic measure
(diameter) of the domain. We use notations

X y Z
Xg = T,xl = Z,xz = Z,Xg = Z

Definition 4. The following eight scalars: ay, fx, k = 0,3 (real and complex numbers) are said to
be the resolving parameters of the Eq. (11), if they are connected by the relations

aofo + a1 — azfr — azfz = 0.

Auxiliary Theorem. Let u = (ug, Uy, Uy, u3) € My(G) — an arbitrary regular function,

(ay, B, k = 0,3 —an arbitrary list of the resolving parameters. Then the general solution of the (11)
has the following form

apct a1x azy asz
0(t,x,y,z) = Boc Uy (T’T ,—;—)

L L
09, = e (1,52 22 o) (12

apgct a;x ayy azz
v (6xy,2) = —fre (5,55 52,5

W(t, Xy, Z) _ —,83C U (aoct aLx ayy a’3z)

L’ L " L’L
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We refer the readers to [4] for the proof of the statement. Further, all our further actions will be
related to the application of formula (12) to the simpler Eq. (5) in the original problem. As we will see
later, it is this four-dimensional approach to the original task that leads us to achieve our goals.

4. Proof of the Main Theorem

First, we will separately consider Eq. (5) of the original problem.

ovi(xyz) | 0Vo(xy.z) | 0Vas(xy,z) _
ax T ay T 0z =0 (13)

This equation is the stationary analog of the Eq. (11), when 8 = 0, which can be achieved by
choosing , = 0, and the other functions do not depend on the time parameter, which is achieved
by choosing @, = 0. Thus, the general solution (13) will be as follows

e y7) = fre (0.2 2,15

Vo) = oy (0.2 22,220 a9
Vo) = ooy (022 22,22

where a1 — a5, — azf3 = 0.
Based on the results of the work [5], we will obtain

iv2
u(X):XZ_l,L:r, a1=ﬁl=1; a2:a3:\/§i;ﬁ2:ﬁ3:_T

Then, using the explicit form of the function components u(X) = X? — 1 (see Example 1) we have

c(x?+2y?+22%2-1?)

V1(x’y1 Z) = r2
Vo(xy,2) = - (15)
ﬂ

Vs(x’ylz) = - 72

It is easy to check that the functions (15) satisfy the conditions (5) and (6) of the original problem.
Indeed, the execution of (5) is checked trivially, and

Vols = 2xVy + 2yV, + 2zV3)|s = Zrizx(x2 +y2+2z2—1r?)|s = 0.
Now we write the first continuity Eq. (4) in the form
l7Vp+pdivI7= 0,

or taking into account Eq. (5), in the following form

ap ap ap _
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Thus, the desired density isp(x, v, z) satisfies the Eq. (16). On the other hand, if p = w (P) then

dp dw (P) 0P 6p dw (P) 0P ap dw (P) 0P
ox 0P ox’ ay B ay 9z 0P 0z

Substituting the density derivatives in Eq. (16), we get
aP aP aP

That is, the desired pressure satisfies equation (17), which is absolutely identical to Eq. (16). Further,
using formulas Eq. (15), we can easily obtain

6V1 6V1 vy _ 2c?x(x?-r?)
N+ V2 4 Vot = 50
aV aV av. c?y(2y?+2z%-r2
Vl 2 + V2 —2 + V3 2 = — ( 2 )
r
aV aV aV c?z(2y?+2z%-r?
V1 3 + VZ — + V3 6_23 = — ( a )

Now the equations of motion (3) will be rewritten in the following form

19P _ 9Q  2c*x(x*-r?)

p Ox ox r4
19P 9Q , c*y(2y?+2z%-r?
19p _ 90 | %y ) (18)
p oy ay r4
10P _ 9Q , c?z(2y?+2z%-r2)
pdz 0z r4

In general, the system Eq. (18) is solvable for any potential of mass forces Q(x, y, z). But we have
to choose it so that Eq. (17) is additionally satisfied, which is equivalent to fulfilling Eq. (16). That is,
the condition for unambiguous determination of pressure (density) is a condition of the form

9Q  2c%x(x?-1?) 3Q . c?y(2y?+2z2-1?) 9Q  c?z(2y?+2z%-1?)
R

ré

From here, after opening the brackets, we come to Eq. (8). If the potential Q(x, y, z) is chosen as the
solution to Eq. (8), then Eq. (4) of the original system will be automatically fulfilled. Further, if

d(P) = fP d(f) = VO(P) ==
Therefore, system Eq. (18) has a unique solution of the form

o(P) = Q(x, y,Z)——[x -2 +z)? —r?(2x? —y? - 2] = ¥(x,y,2) (19)

From Eq. (19) we determine the pressure P(x, y, z). After that, we will also find the exact density
formula of the form p = w (P). The proof of the main theorem is completed.
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5. Conclusion

We were able to obtain an explicit analytical solution to a nonlinear system of differential
equations. Obviously, this fact emphasizes the attractiveness of the mathematical apparatus of four-
dimensional mathematics in solving applied problems of this kind. Next, we could take the equation
of state in its simplest form (the Mendeleev-Clapeyron formula), namely

P

= P:—
p=w(P) R,T

where R, — universal gas constant, and T — constant value, the temperature of the liquid. In this
case, the formula (19) will be rewritten as follows

®(P) = R,TInP
Py

=W¥(x,y,2)

From here we obtain

Y(x,y,z)

P(x! y» Z) = P(0,0,0) + eXp [T
g

Unknown number P(0,0,0) now it is determined from the condition of the form

fP(x, y,z)dxdydz = 0
Q

After that, the density is also uniquely determined p = RL .
g

~
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