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The effects of the variation of radiation and fluid characteristics on the flow, heat transfer, 
and mass transfer of a non-Newtonian Casson fluid at a vertical permeable stretched 
sheet are explored. We focus on the assumption that the behavior of the particles in the 
fluid is sensitive to both temperature and species diffusion, and we investigate their 
combined impacts. By using an appropriate similarity transformation, the governing 
nonlinear partial differential equations are converted into a system of highly nonlinear 
coupled ordinary differential equations. We apply a semi-analytical method for different 
physical parameters to solve the resultant system with proper boundary conditions. By 
employing the optimal homotopy analysis method (OHAM), which allows for the 
regulation and modification of the convergence zone, we are able to derive analytical 
solutions for the dimensionless velocity, temperature, and concentration fields. Our 
findings demonstrate that, compared to the homotopy analysis approach (HAM) 
proposed by Liao [1], OHAM solutions are more accurate approximations of the precise 
solutions for large values of the independent variable. By plotting the residual errors and 
comparing them to results in the literature, we can ensure that our analytical solution is 
correct for certain edge situations. Our method was validated by the comparison, which 
showed a high degree of agreement. Due to the presence of permeability parameter the 
velocity profile decreases, whereas the temperature and concentration profile increases. 
Since radiation parameter is directly connected to the free stream temperature, 
increasing values of radiation parameter, the thermal boundary layer thickness gets 
enhanced. 

Keywords: 

Casson fluid; material parameters; 
variable viscosity; thermal and species 
diffusion 

 
1. Introduction 
 

Many engineering and industrial procedures rely heavily on permeability flows. These 
movements occur in porous mediums like filtration systems, oil storage tanks, and subterranean 
water reservoirs. Geothermal energy extraction, oil recovery, and heat exchangers are just a few of 
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the many technical sectors that may benefit from understanding mixed convective permeable flows. 
Many industrial processes, including filtration, separation, and catalytic reactions, have important 
implications for species transport in such flows, so they have been the subject of extensive research. 
Adding in other physical phenomena like heat and mass transport complicates the interpretation of 
the already complex behavior of fluid flow in porous media. In addition, fluid qualities like viscosity 
and density can vary widely across a wide range of temperatures and concentrations. As a result, 
research into the dynamics of mixed convective permeable flows with thermo- and species-diffusion 
variables necessitates the creation of precise mathematical models. 

In view of the above, many scientists have studied how fluids move through porous media. The 
concept of porous media is applied in many areas of applied science and 
engineering: filtration, mechanics, acoustics, geomechanics, soil mechanics, rock mechanics, 
petroleum engineering, bioremediation, construction engineering, geosciences, etc. Heat 
transmission was shown to be very sensitive to both porosity and the Prandtl number. Many other 
researchers examined the flow through porous medium [2-10]. Multiple studies have investigated 
the impact of radiation on permeable flows. They discovered that raising the radiation parameter 
improved the temperature and velocity distributions [11-17]. 

Heat and mass transfer with chemical reaction analysis is essential for chemical industries due to 
its numerous applications in several branches of science and engineering, such as in drying, 
evaporation, reservoir engineering, manufacturing of ceramics, and food processing. The order of 
chemical reaction depends on various factors such as foreign mass, active fluid, and stretching of the 
sheet, among others. Chambré and Young [18] studied the first-order chemical reaction and analyzed 
the diffusion of a chemically reactive species in a laminar boundary-layer flow. Muthucumaraswamy 
[19] considered the homogeneous chemical reaction of the first order and presented the heat and 
mass transfer effects on a vertical isothermal surface with uniform suction. Chamkha [20] extended 
the work of Muthucumaraswamy [19] to heat generation/absorption in the presence of a magnetic 
field. Sohail et al., [21] examined the second-order slip flow and convective heat transfer of a 
nanofluid over a porous vertical plate with chemical reaction effects. Recently, Basha et al., [22] 
examined the impacts of a nonlinearly expanding sheet on velocity, heat and mass transport for a 
Suttery hybrid nanoliquid [23-28]. 

All of the above studies have restricted their analyses to heat transfer over a horizontal or vertical 
plate, with or without chemical reaction, and assumed the thermo-physical properties of the ambient 
fluid to be constant. However, the two important physical properties, fluid viscosity and fluid thermal 
conductivity, may change with temperature [29-31]. 

Although many studies have been done on permeable flows, the mixed convective permeable 
flow of a Casson fluid with varying fluid properties, thermal and species diffusion, and radiation 
effects is poorly understood. To address this knowledge gap, the present work investigates Casson 
fluid's mixed convective permeable flow in a porous medium under the combined impacts of 
radiation, changeable fluid characteristics, temperature, and species diffusion. There have been 
several attempts to study mixed convective and permeable flows using various numerical 
approaches. The use of finite element, finite volume, and finite difference techniques has become 
commonplace. Recent years have seen the rise of computational fluid dynamics (CFD) as an effective 
method for investigating fluid flow in porous media. Computational fluid dynamics (CFD) allows for 
the simulation of intricate geometries and fluid flow phenomena and offers precise data on flow 
properties, including velocity, pressure, and temperature. 

In this work, we examine the impact of radiation on the mixed convective permeable flow of 
Casson fluid with thermal and species diffusion as independent variables. Non-Newtonian fluids with 
a yield stress, such as paints, drilling fluids, and blood, are often described using the Casson fluid 
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model. Radiation, fluid variability, and species diffusion are all considered in depth as they affect the 
flow. This research will hopefully shed light on how fluid characteristics, temperature, and species 
diffusion interact in mixed convective and permeable flows. This research aims to understand better 
the dynamics of Casson fluid mixed convective permeable flow in a porous medium with varying fluid 
characteristics, thermal and species diffusion, and radiation. Research into mixed convective and 
permeable flows will likely yield useful information for engineering process design and optimization. 
Casson fluid in a porous medium undergoing convective flow, heat and species diffusion, and fluid 
property variability. 
 
2. Problem Formulation 
 

Consider a steady, two-dimensional mixed convective boundary layer flow of a viscous 
incompressible, non-Newtonian Casson fluid with variable fluid properties in porous medium with 

permeability 
*

pK  and in the presence of a transverse magnetic field. The rheological equation of 

state for an isotropic and incompressible Casson fluid is given by [32-35] 
 

( )

( )

2 / 2 ,

2 / 2 ,

B y ij c

ij

B y c ij c

P e

p e

   


   

 + 


= 
+ 



           (1) 

 

where ij ije e = and ije is the ( , )thi j component of deformation rate,  is the product of the 

component of deformation rate with itself, c  is a critical value of this product based on the non-

Newtonian model, B is the plastic dynamic viscosity of non-Newtonian fluid, and yP is the yield 

stress of the fluid. 
The origin is fixed at O (see Figure 1). Two equal and opposite forces are applied along the x-axis 

to stretch the porous sheet, keeping the origin fixed. The coordinate system has its origin located at 
the centre of the sheet with the x-axis extending along the sheet, while the y-axis is measured normal 
to the surface of the sheet and is positive in the direction from the sheet to the fluid. The flow is due 
to the combined buoyancy effects of temperature and concentration gradients. The sheet is drawn 

continuously with a nonlinear (power-law) velocity variations ( ),wU x
 the prescribed surface 

temperature variation ( )wT x  and the prescribed species diffusion variations ( )wC x  in the following 

forms [36] 
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Fig. 1. Schematic diagram of the physical problem and coordinate system 
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where 0U the speed of the stretching sheet and n  the velocity exponent parameter. Positive and 

negative values of n  indicates the acceleration and deceleration of the sheet respectively. The 

parameters andA B  are the positive constants; andr s  are the exponents; andT C   are the 

temperature and concentration fields of the fluid far away from the sheet respectively. A magnetic 

field of strength 0( )B x  is applied along the direction normal to the stretching sheet. Further, 

following assumptions were considered: 
(i) The Magnetic Reynolds number is assumed to be small. 
(ii) The electric field due to the polarization of charges is negligible. 

 
Under these assumptions and invoking the Boussinesq approximation, the governing equations 

for the convective flow of Casson fluid can be written as [37] 
 

v 0,x yu + =               (2) 

 

( )( ) ( ) ( ) ( )
1

1 1 *

y y+vu 1 u ,x T C py
uu g T T g C C K u      

−
− −

  = +  − + − −      (3) 
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( ) ( ) ( ) ( )
1 1 1

yvT ( ) ( ) ( ) ,x p y p f yy
uT C kT Q x C T T Cp q  

− − −

   + = + − −       (4) 

 

( ) ( )y yvC ( )C ( ) ,
m

x my
uC D C K x C C+ = − −

         
(5) 

 

where and vu  are the velocity components in the x  and y  directions respectively,  is the density 

of the fluid, g is the gravitational acceleration, andT C   are the thermal and concentration 

expansion coefficient respectively. T  is the temperature of the fluid , C is the concentration of the 

fluid,  is the fluid electrical conductivity, 0( )B x is the magnetic field, pC is the specific heat at 

constant pressure, ( )Q x represents respectively. The exothermic 0Q   represents the heat 

generation coefficient, and endothermic chemical reactions, 0Q   represents heat absorption 

coefficient and mK  denotes the reaction rate constant of the mth order homogeneous and 

irreversible reaction. To obtain the similarity transformation, a special form 0( ), ( )B x Q x  and ( )mK x

are considered and are defined as 
 

( ) ( )1 1( 1)/2 1

0 0( ) , ( ) and ( )
m s nn n

m mB x B x Q x Q x K x K x
− + −− −= = = .       (6) 

 
The second term in the right hand side of Eq. (3) is due to thermal buoyancy force. Further, the 

positive sign represents buoyancy assisting flow in the upper half of the region where, the flow due 
to buoyancy and stretching sheet must assist each other. On the other hand, the negative sign 
represents buoyancy opposing flow in the lower half of the region where, the flow due to buoyancy 
and stretching sheet oppose each other. The reverse phenomenon is observed when the sheet is 
cooled below ambient temperature. The thermo-physical transport fluid properties of the ambient 
fluid are assumed to be isotropic and constant, except for the fluid viscosity, the fluid thermal 
conductivity and the fluid species diffusivity which are assumed to vary as a function of temperature 
and species diffusion. Further, ( )T is the coefficient of viscosity which varies as an inverse function 

of temperature, ( )k T  is the temperature-dependent thermal conductivity and ( )D C is the chemical 

molecular diffusion coefficient of the diffusing species in the fluid and are defined as follows [36] 
 

 1 1 1 ( ) ,T T  − −

 = + −             (7) 

 

( ) 1

1( ) 1 ,k T k T T T −

 
 = + −              (8) 

 

( ) 1

2( ) 1 ,D C D C C C −

 
 = + −              

(9) 

 

where , ,andk D  
 are respectively, the ambient fluid viscosity, the thermal conductivity and the 

species diffusivity. andw wT T T C C C  = −  = −  are the temperature difference and species 

difference respectively. Here 
1 2and   are the small parameters known as the variable thermal 

conductivity and the variable species diffusion parameters. Eq. (7) can be written as 
 

1 ( ),ra T T − = −                        (10) 
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where 1a  −

=  and 1.rT T  −

= −                      (11) 

 

Both a and rT  are constants and their values depend on the reference state and the thermo-

physical property of the fluid, i.e.,   is a small parameter reflecting a thermal property of the fluid: 

In general, 0a   for liquids and 0a  for gases. Also, r is a constant which is defined as 

 

( ) ( )
11 .r rT T T T 

−−

= −  = −                       (12) 

 

rq  is the radioactive flux recognized by ( )
1

* * 44 3 yq k T
−

= −  . The temperature differences inside 

flow region are small enough, therefore 4T  can be obtained by expanding Taylor series around 4T  

and ignoring the terms of greater order we get 4 3 44 3T T T T  − . 

 
Let the dimensionless similarity variable be 
 

1

0 ( 1)
 .

2

nU n x
y



−



+
=                       (13) 

 
The dimensionless stream function ( , ) ,x y the temperature distribution ( )  and the 

concentration field ( )   are defined as 

 

( ) ( )1

0

2
( , ) ( )  , ,

1

n

w w

T T C C
x y f U x

n T T C C
      +  



 

− −
= = =

+ − −
                (14) 

 
where, the stream function ( )yx,  satisfies the continuity Eq. (2). With the use of (6) to (14), Eq. (2) 

to Eq. (5) reduces to 
 

( ) ( )( ) ( )
1 11 1 21 1 '' 2 1 ' 0,r pf ff n n f Gr Gc K f   

− −− −


 + − + − + + + − =                (15) 

 

( ) ( ) ( )
12

11 4 3 Pr 2 1 Pr 0,dR f r n f       
−     + + + + − + + =

                  
(16) 

 

  ( )
1

2(1 ) 2 1 0.mSc f s n f Sc      
−    + + − + − =

                    
(17) 

 
These systems of equations are subjected to the following dimensionless boundary conditions 
 

( ) 0, ( ) 1, ( ) 1, ( ) 1 0,

( ) 0, ( ) 0, ( ) 0 .

f f at

f as

      

     

= = = = =

 = = = → 
                   (18) 

 
Here , andf    are the dimensionless velocity, temperature and species diffusion fields 

respectively. The parameters , , , , Pr, , , andr p dK Gr Gc Sc R    are respectively, the fluid 

viscosity parameter, the permeability parameter, the local Grashof number, the local solute Grashof 
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number (mixed convection parameters), the Prandtl number, the modified heat source /sink 
parameter, the Schmidt number, the reaction rate parameter and the radiation parameter. These 
parameters are defined as 
 

* 2 2 1 2 2 1

0 0 0
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Here  andGr Gc are the functions of x . To make both  andGr Gc  independent of x we consider 

2 1.r s n= = − Thus, the similarity solutions are obtained under this limitation when  = 0Gr Gc = . We 

notice that when 2 1r n= − , Gr  is a constant, with 0Gr   and 0Gr   correspond to the assisting 

flow and opposing flow, respectively, while 0Gr =  (i.e.
wT T= ) represents the case when the 

buoyancy force is absent (pure forced convection flow). From the mass diffusion Eq. (17), we can see 
the following three cases 

(i)  > 0, imply the destructive chemical reaction; 

(ii)  = 0, imply no chemical reaction; and 

(iii)  < 0, imply the generative chemical reaction. 
 

The quantities with core physical interest are skin friction coefficient fxC , Nusselt number xNu

and Sherwood number xSh and are defined as 
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1 2

11 / 2 (1 ) Re 0x xNu n   = − + +  and 

 

( ) ( ) ( )
1 2

21 / 2 (1 ) Re 0 .x xSh n  = − + +
 

 
3. Semi-analytical Solution: Optimal Homotopy Analysis Method (OHAM) 
 

The optimal homotopy analysis method has been employed to solve the following nonlinear 
system of Eq. (15) to Eq. (17). Mathematica software is used obtain the analytical results for higher 
order approximations. In accordance with the boundary conditions (18), consider the base functions 

as ( )
{ 0}

n
e for n

−
 then, the dimensionless velocity ( )f  , temperature ( )  and concentration 

( )   can be expressed in the series form as follows 
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where , andn n na b c  are the coefficients. According to the rule of solution expression and boundary 

conditions (18), we assume the following: 
 
(a) Initial guesses for dimensionless velocity ( )f   and temperature ( )   and concentration ( ) 

[1-38] 
 

0 0 0( ) 1 , ( ) and ( ) .f e e e      − − −= − = =
 

 

(b) Linear operators 1L , 2L and 3L  as 

 
3 2 2

1 2 33 2 2

() () () () () ()
() , () and ()

d d d d d d
L L L

d d d d d d     
= − = + = +

 such that 
 

1 1 2 3 2 4 5 3 6 7[ ] 0, [ ] 0 and [ ] 0L c c e c e L c c e L c c e   − − −+ + = + = + =
  

where 'ic s ( 1,2,3,4,5,6,7)i = are arbitrary constants. 

 

(c) Auxiliary function as 1 2 3( ) , ( ) and ( )H e H e H e    − − −= = =  . 

 
Let us consider so called zeroth order deformation equation 
 

( )1 0 1 1
ˆ ˆ ˆ ˆ(1 ) ( , ) ( ) ( ) ( , ), ( , ), ( , ) ,q L f q f qH hN f q q q          − − =

     
 

2 0 2 2
ˆˆ ˆ(1 ) ( , ) ( ) ( ) ( , ), ( , ) ,q L q qH hN q f q         − − =

   
  

 3 0 3 3
ˆˆ ˆ(1 ) ( , ) ( ) ( ) ( , ), ( , ) ,q L q qH hN q f q        − − =

   
 
with conditions 
 
ˆ ˆ ˆ ˆ ˆ ˆ ˆ(0, ) 0, (0, ) 1, ( , ) 0; (0, ) 1, ( , ) 0; (0, ) 1, ( , ) 0.f q f q f q q q q q    = =  = =  = =  =  

 

where [0,1]q is an embedding parameter, 0h  is the convergence control parameter and 
1 2,N N

and 3N  are nonlinear operators.  

Hence, by defining 
 

0 0 0

1 ( , ) 1 ( , ) 1 ( , )
( ) , ( ) , ( )

! ! !

m m m

m m mm m m

q q q

d f q d q d q
f

m d m d m d

    
    

  
= = =

= = =   

 

we expand ˆ ( , )f q , ˆ( , )q   and ˆ( , )q   by means of Taylor's series as 
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1 1
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

=
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 


                 (19) 

 
If the series (19) converges at 1q = , we get the homotopy series solution as 

 

0

1

( ) ( ) ( ),m

m

f f f  


=

= +  0

1

( ) ( ) ( )m

m
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

=

= +   and 0

1

( ) ( ) ( ).m

m
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

=

= + 
               

(20) 

 
It should be noted that ( ), ( ) and ( )f       in Eq. (20) contain an unknown convergence control 

parameter 0h  , which can be used to adjust and control the convergence region and the rate of 
convergence of the homotopy series solution. 

Now we evaluate the error and minimize over h  in order to obtain the optimal value of h  and 
least possible error. At thm  order deformation equation, the average residual error defined as 
 

2

1

0 0

1
( ) ( )

1

M m
f

m n k

k n

E h N f
M


= =

  
=   +   

  ,

2

2

0 0

1
( ) ( )

1

M m

m n k

k n

E h N
M

  
= =

  
=   +   

  and 

 
2

3

0 0

1
( ) ( )

1

M m

m n k

k n

E h N
M

  
= =

  
=   +   

   

 

where , 0,1,2,....k

k
k k M

M
 =  = = and M=20 for Blasius flow problem. 

Now the error function ( )f

mE h , ( )mE h
and ( )mE h

 is minimized in h to obtain the optimal value 

of h . Substituting this optimal value of h  in Eq. (20) we get the approximate solutions of Eq. (15) to 
Eq. (17), which satisfies the conditions (18). 

In order to validate the method used, the values of ( )'' 0f−  obtained by OHAM are comparison 

with the exact solution which is well known when 1, 0 andpn Gr Gc K r= = = = →  and also the 

wall temperature gradient results have been compared with the previously published papers of 
Prasad et al., [36], Vajravelu et al., [39], Ishak et al., [40], and Ali [41] for several special cases and the 
results are found to be in good agreement: The results are shown in Table 1 and Table 2. 
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Table 1 
Comparison between exact and analytical solution by OHAM for 

( )'' 0f− when 1, 0 and .pn Gr Gc K r= = = = →  

𝛽 Exact solution OHAM Solution (13th 
Approximation) 

Relative error 

  -1.0000 -1.0000 0 
1.0 -0.70710678 -0.707108 0.0000017253 
2.0 -0.81649658 -0.816497 0.0000005143 
3.0 -0.866025414 -0.866025 0.0000004780 
4.0 -0.894427191 -0.894427 0.0000002135 
5.0 -0.912870929 -0.912871 0.0000000777 

 
Table 2 

Comparison of wall temperature gradient ( )0  for different values of Pr , rG  and 
1  when

, , 1.0, 0.0, 0.0 and 0.0r n Gc Mn  →  →  = = = =  

Pr  Gr  
1  Vajravelu et al., 

[39] 
Ishak et al., 
[40] 

Ali [41] Prasad et al., 
[36] 

Present result 

1.0 1.0 0.1 -1.018446 - - -1.018290 -1.018270 
0.0 -1.087206 -1.087300 - -1.087020 -1.087050 

2.0 0.0 -1.142298 -1.142300 - -1.143300 -1.143340 
3.0 -1.185197 -1.185300 - -1.186900 -1.186940 

0.72 0.0 0.0 -0.808836 -0.808600 -0.805800 -0.815699 -0.815689 
1.0 -1.000000 -1.000000 -0.996100 -1.000000 -1.000000 
3.0 -1.923687 -1.923700 -1.914400 -1.923930 -1.923950 
10.0 -3.720788 -3.720700 -3.700600 -3.720420 -3.720410 

 
4. Results and Discussion 
 

Obtaining analytical solutions for the highly nonlinear and coupled system (15) to (17) with the 
boundary condition (18) is a challenging task. However, this can be achieved by utilizing the Optimal 
Homotopy Analysis Method (OHAM), a powerful analytical technique introduced by Liao [1] and 
further developed by Fan and You [38]. With the help of OHAM, the solutions for the system can be 
obtained accurately and efficiently. The results for the velocity field ( )f  , the temperature field 

( )  , and the concentration field ( )   are presented for different values of the Casson parameter

 , the variable viscosity parameter 
r , the Prandtl number Pr , the permeability parameter 

pK , 

the modified heat source/sink parameter  , the thermal conductivity parameter
1 , the variable 

species diffusivity parameter 2 ,  the local Grashof number ,Gr the local solute Grashof number ,Gc  

the velocity exponent parameter n , the Schmidt number Sc , the reaction rate parameter  and the 

Radiation parameter dR  in Figure 2 to Figure 10. It can be seen from these graphs that for all three 

fields ( ), ( )f    and ( )   the profiles decrease monotonically and tends asymptotically to zero as 

the distance increases from the boundary. The computed values for the skin-friction coefficient
(0)f  , the Nusselt number (0) and the Sherwood number '(0)  are tabulated in Table 3. The 

validity and the accuracy of the OHAM solutions are analyzed through residual errors and are 
presented in Figure 11. 

Figure 2(a) through Figure 2(c) elucidate the effect of increasing values of Gr [-1, 0, 0.5, 1, 2] on 
( ), ( )f     and ( )  . It is observed that ( )f   increases as Gr  increases and hence the momentum 

boundary layer thickness increases which in turn enhances the velocity field. Physically, 0Gr 

corresponds to assisting flow, 0Gr  opposing flow, and 0Gr = indicates the absence of buoyancy 
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force> However, the effect of Gr on temperature and concentration profile is quite opposite. In the 
case of ( ) and ( )     the effect of increasing values of Gr  is quite opposite. A similar trend can be 

seen in the case of Gc [-0.5, 0, 0.5, 2] also (see Figure 3(a) to Figure 3(c)). This observation is even 

true in the cases of ( ) ( ), and '( )f        (see Table 3 for details). The effect r  on ( )f  is 

depicted in the Figure 4(a). As r  increases from -10.0 to -1.0, the velocity profile decrease. That is, 

as 0,r →  the momentum boundary layer thickness decreases and the velocity distribution becomes 

linear for higher values of n . Figure 4(b) and Figure 4(c) display the effect of r on temperature and 

concentration profiles. From Eq. (12) it is clear that for higher values of r , ( )wT T− is small, so that 

the effect of variable viscosity on the fluid flow is negligible and hence can be neglected but when r  

is small, the effect of variable viscosity is prominent and cannot be neglected. Therefore, the thermal 

and concentration boundary layer thickness increases as r  increases. Figure 5(a) to Figure 5(c) 

exhibit the effect of n on ( ), ( ) and ( )f      for different values of  . Velocity, temperature and 

concentration profile are found to decrease with increasing n  [0.5, 1, 2, 5, 10], this is because the 
coefficient 2 /( 1)n n + in Eq. (15) approaches 2 as n →  . Here it is worth noting that the effect of n is 

significant when n is very less and is highly negligible when n  is very large. Further, it is observed 
that fluid velocity is much more suppressed in the case of  →   than that of 2.0=  (see Figure 

5(a)), and is quite the opposite in the case of temperature and concentration profiles. This leads to a 
thinner momentum boundary and a thicker thermal and concentration boundary layer as 

increases. Figure 6(a) to Figure 6(c) explains the effect of the permeability parameter pK [0, 0.5, 1, 

1.5] on velocity, temperature and concentration profile respectively. With increasing permeability 
parameter, the resistance to the fluid motion increases and hence velocity decreases, and the 
opposite behavior is seen in temperature and concentration profiles. The permeability parameter 

pK  grows a resistance force (due to the increase in the pores in the fluid) that works conversely to 

the flow field and enhances the thermal and solutal boundary layer thickness. 
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Fig 2(a): Horizontal velocity profile for different values of Gr and n with Pr =1.0, Sc =1.0,

 1 =0.2, 2 =0.2,  = 1.0,  r = -10.0, Mn=0.5, Gc =0.5,  =0.5,  = -0.5, m =2,  K
p
=R

d
=0.1.

Gr = -1.0, 0.0, 0.5, 1.0, 2.0

 
 

f '( )



 n=2  n=5

 
(a) 
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Fig 2(b): Temperature profile for different values of Gr and n with Pr =1.0, Sc =1.0,

 1 =0.2, 2 =0.2,  =1.0, 
r
 = -10.0, Mn=0.5, Gc =0.5,  =0.5,  = -0.5, m =2.0, K

p
=R

d
=0.1.

Gr =2, 1, 0.5, 0, -1

 

 

 ( )



 n=2  n=5

 
(b) 
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Fig 2(c): Concentration profile for different values of Gr and n with Pr =1.0, Sc =1.0,

 1 =0.2, 2 =0.2,  =1.0,  
r
 = -10.0, Mn=0.5, Gc =0.5,  =0.5, = -0.5, m =2,  K

p
=R

d
=0.1.

Gr =2, 1, 0.5, 0, -1

 

 

 ( )



 n=2   n=5

 
(c) 

Fig. 2. (a) Horizontal velocity profile, (b) temperature profile, (c) concentration 
profile for different values of 𝐺𝑟 and 𝑛 with 𝑃𝑟 = 1.0, 𝑆𝑐 = 1.0, 𝜀1 = 0.2, 
𝜀2 = 0.2, 𝛽 = 1.0, 𝜃𝑟 = −10.0, 𝑀𝑛 = 0.5, 𝐺𝑐 = 0.5, 𝛿 = 0.5, 𝛼 = −0.5, 
𝑚 = 2, 𝐾𝑝 = 𝑅𝑑 = 0.1 
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Fig3(a): Horizontal velocity profile for different values of  Gc and n with Pr = 1.0, Sc = 1.0,

 1 = 0.2, 2 = 0.2,  = 1.0,  
r
 = -10.0, Mn=0.5, Gr = 1.0,  = 0.5,  = -0.5, m = 2.0,  K

p
=R

d
=0.1.

Gc = -0.5, 0, 0.5, 2

 

 

f '( )



 n=2,  n=5
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Fig3(b): Temperature profile for different values of  Gc and n with Pr = 1.0, Sc = 1.0, 

1 = 0.2, 2 = 0.2,  = 1.0,  
r
 = -10.0, Mn=0.5, Gr = 1.0,  = 0.5,  = -0.5, m = 2.0,  K

p
=R

d
=0.1.

Gc = 2, 0.5, 0, -0.5

 

 

 ( )



 n=2,  n=5

 
(b) 
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Fig3(c): Concentration profile for different values of  Gc and n with Pr = 1.0, Sc = 1.0,

 1 = 0.2, 2 = 0.2,  = 1.0,  r = -10.0, Mn = 0.5, Gr = 1.0,  = 0.5,  = -0.5, m = 2.0,  K
p
=R

d
=0.1.

Gc = 2, 0.5, 0, -0.5

 

 

 ( )



 n=2,  n=5

 
(c) 

Fig. 3. (a) Horizontal velocity profile, (b) temperature profile, (c) 
concentration profile for different values of 𝐺𝑐 and 𝑛 with 𝑃𝑟 = 1.0, 𝑆𝑐 =
1.0, 𝜀1 = 0.2, 𝜀2 = 0.2, 𝛽 = 1.0, 𝜃𝑟 = −10.0, 𝑀𝑛 = 0.5, 𝐺𝑟 = 1.0, 𝛿 =
0.5, 𝛼 = −0.5, 𝑚 = 2.0, 𝐾𝑝 = 𝑅𝑑 = 0.1 
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Fig4(a): Horizontal velocity profile for different values of   r and n with Pr = 1.0, Sc = 1.0,

 1 = 0.2, 2 = 0.2,  = 1.0, Gc= 0.5, Mn=0.5, Gr = 1.0,  = 0.5,  = -0.5, m = 2.0,  K
p
=R

d
=0.1.

 
r
 = -1, -2, -5, -10  
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Fig4(b): Temperature profile for different values of   r and n with Pr = 1.0, Sc = 1.0,

 1 = 0.2, 2 = 0.2,  = 1.0, Gc = 0.5, Mn=0.5,  Gr = 1.0,  = 0.5,  = -0.5, m = 2.0,  K
p
=R

d
=0.1.

 r = -10, -5, -2, -1
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Fig 4(c): Concentration profile for different values of   r and n with Pr = 1.0, Sc = 1.0,

 1 = 0.2, 2 = 0.2,  = 1.0, Gc =0.5, Mn=0.5, Gr = 1.0,  = 0.5,  = -0.5, m = 2.0,  K
p
=R

d
=0.1.

 
r
 = -10, -5, -2, -1

 

 

 ( )



 n=2,   n=5

 
(c) 

Fig. 4. (a) Horizontal velocity profile, (b) temperature profile, (c) 
concentration profile for different values of 𝜃𝑟 and 𝑛 with 𝑃𝑟 = 1.0, 𝑆𝑐 =
1.0, 𝜀1 = 0.2, 𝜀2 = 0.2, 𝛽 = 1.0, 𝐺𝑐 = 0.5, 𝑀𝑛 = 0.5, 𝐺𝑟 = 1.0, 𝛿 = 0.5, 
𝛼 = −0.5, 𝑚 = 2.0, 𝐾𝑝 = 𝑅𝑑 = 0.1 
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Fig 5(a): Horizontal velocity profile for different values of  and n with Pr = 1.0, Sc = 1.0,

 
1
 = 0.2, 

2
 = 0.2,   

r
 = -10.0, Gr = 1.0, Gc = 0.5, Mn=0.5,  = -0.5,  = 0.5, m = 2.0,  K

p
=R

d
=0.1.
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 1/ = 0.0,  1/ = 0.5
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Fig 5(b): Temperature profile for different values of  and n with Pr = 1.0, Sc = 1.0,

 
1
 = 0.2, 

2
 = 0.2,   

r
 = -10.0, Gr = 1.0, Gc = 0.5, Mn=0.5,  = -0.5,  = 0.5, m = 2.0,  K

p
=R

d
=0.1.
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 1/ = 0,   1/ = 0.5
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Fig 5(c): Concentration profile for different values of  and n with Pr = 1.0, Sc = 1.0,

 
1
 = 0.2, 

2
 = 0.2,   

r
 = -10.0, Gr = 1.0, Gc = 0.5, Mn=0.5,  = -0.5,  = 0.5, m = 2.0,  K

p
=R

d
=0.1.

 

 

 ( )



 1/ = 0,   1/ = 0.5

 
(c) 

Fig. 5. (a) Horizontal velocity profile, (b) temperature profile, (c) concentration 
profile for different values of 𝛽 and 𝑛 with 𝑃𝑟 = 1.0, 𝑆𝑐 = 1.0, 𝜀1 = 0.2, 𝜀2 =
0.2, 𝜃𝑟 = −10.0, 𝐺𝑟 = 1.0, 𝐺𝑐 = 0.5, 𝑀𝑛 = 0.5, 𝛼 = −0.5, 𝛿 = 0.5, 𝑚 =
2.0, 𝐾𝑝 = 𝑅𝑑 = 0.1 
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Fig 6(a): Horizontal velocity profile for different values of K
p
 and n with Sc =1.0, 

1
 = 

2
 = 0.5,

  =1.0,  
r
 = -10.0, Gc = 0.5, Pr = Gr = 1.0, Mn= 0.5,  = 0.5,  = -0.5, m = 2.0,  R

d
=0.1

K
p
  = 1.5, 1, 0.5, 0
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Fig 6(b): Temperature profile for different values of K
p
 and n with Sc =1.0, 

1
 = 

2
 = 0.5,

  =1.0,  
r
 = -10.0, Gc = 0.5, Pr = Gr = 1.0, Mn= 0.5,  = 0.5,  = -0.5, m = 2.0,  R

d
=0.1

K
p
  = 0, 0.5, 1
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Fig 6(c): Concentration profile for different values of K
p
 and n with Sc =1.0, 

1
 = 

2
 = 0.5,

  =1.0,  
r
 = -10.0, Gc = 0.5, Pr = Gr = 1.0, Mn= 0.5,  = 0.5,  = -0.5, m = 2.0,  R

d
=0.1

K
p
  = 0, 0.5, 1
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Fig. 6. (a) Horizontal velocity profile, (b) temperature profile, (c) concentration 
profile for different values of 𝐾𝑝 and 𝑛 with 𝑆𝑐 = 1.0, 𝜀1 = 𝜀2 = 0.5, 𝛽 = 1.0, 

𝜃𝑟 = −10.0, 𝐺𝑐 = 0.5, 𝑃𝑟 = 𝐺𝑟 = 1.0, 𝑀𝑛 = 0.5, 𝛿 = 0.5, 𝛼 = −0.5, 𝑚 = 2.0, 
𝑅𝑑 = 0.1 

 
The effect of increasing value of Pr [0.72, 1, 3] and 

1  [0, 0.2, 0.4] on ( )  in presented in Figure 

7. As Pr increases, the temperature decreases and hence thermal boundary layer thickness 
decreases, while quite the opposite is true in the case of increasing

1 . This is due to the assumption 

of temperature dependent thermal conductivity ( )1( ) 1k T k T T
T


 

 
 
 

= + −


 in energy equation which 

condenses the magnitude of transverse velocity by a quantity ( ) /k T y  . Figure 8 demonstrates the 

effect of   [-0.5, 0, 0.5] on ( )  . Physically, 0  implies there is a transfer of heat from wall to 
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the flow region, due to which thermal boundary layer thickness increases and hence enhances the 
temperature profile. On the other hand, when 0, heat transfer from the flow region to the wall, 

due to which thinning of thermal boundary layer occurs and consequently declines the temperature 
profile. Figure 9 depicts the effect of radiation parameter

dR . Since 
dR  is directly proportional to the 

free stream temperature, as the values of 
dR [0.2, 0.5, 0.8] increases, the temperature profile gets 

enhanced and consequently, the thermal boundary layer thickness also gets enhanced. The effect of 

increasing values of ( )/Sc D  = and 
2  is presented in Figure 10. As Sc  [0.66, 1, 2] increases, 

there is a decrease in molecular diffusivity D
which results in a reduction in concentration boundary 

layer thickness. Because of this, the concentration profile decreases with increasing values of Sc [0, 
0.2, 0.4] and exactly the reverse trend occurs with increase in 

2 . 
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Fig 7: Temperature profile for different values of Pr and 
1
 with Sc =1.0, 

2
 = 0.5,

  =1.0,  
r
 = -10.0, Gc = 0.5, Gr = 1.0, Mn= 0.5,  = 0.5,  = -0.5, m = 2.0, n= 2,  K

p
=R

d
=0.1.

 ( )
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 Pr =0.72,  Pr =1,  Pr =3

 
Fig. 7. Temperature profile for different values of 𝑃𝑟 and 𝜀1 with 𝑆𝑐 = 1.0, 
𝜀2 = 0.5, 𝛽 = 1.0, 𝜃𝑟 = −10.0, 𝐺𝑐 = 0.5, 𝐺𝑟 = 1.0, 𝑀𝑛 = 0.5, 𝛿 = 0.5, 𝛼 =
−0.5, 𝑚 = 2.0, 𝑛 = 2, 𝐾𝑝 = 𝑅𝑑 = 0.1 
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Fig 8: Temperature profile for different values of   and n with Pr = 1.0, Sc = 1.0,

 
1
= 0.2, 

2
 = 0.2,  

r
 = -10.0, Gc = 0.5, Gr = 1.0,  = 1.0, Mn = 0.5,  = 0.5, m=2,  K

p
=R

d
=0.1.

  = -0.5, 0.0, 0.5
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Fig. 8. Temperature profile for different values of 𝛼 and 𝑛 with 𝑃𝑟 = 1.0, 
𝑆𝑐 = 1.0, 𝜀1 = 0.2, 𝜀2 = 0.2, 𝜃𝑟 = −10.0, 𝐺𝑐 = 0.5, 𝐺𝑟 = 1.0, 𝛽 = 1.0, 
𝑀𝑛 = 0.5, 𝛿 = 0.5, 𝑚 = 2, 𝐾𝑝 = 𝑅𝑑 = 0.1 
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Fig. 9. Temperature profile for different values of 𝑅𝑑 and 𝑛 with 𝑆𝑐 = 1.0, 𝜀1 =
𝜀2 = 0.5, 𝛽 = 1.0, 𝜃𝑟 = −10.0, 𝐺𝑐 = 0.5, 𝑃𝑟 = 𝐺𝑟 = 1.0, 𝑀𝑛 = 0.5, 𝛿 = 0.5, 
𝛼 = −0.5, 𝑚 = 2.0, 𝐾𝑝 = 0.1 
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Fig. 10. Concentration profile for different values of 𝑆𝑐 and 𝜀2 with 𝑃𝑟 =
1.0, 𝜀1 = 0.5, 𝛽 = 1.0, 𝜃𝑟 = −10.0, 𝐺𝑐 = 0.5, 𝐺𝑟 = 1.0, 𝑀𝑛 = 0.5, 𝛿 =
0.5, 𝛼 = −0.5, 𝑚 = 2.0, 𝑛 = 2, 𝐾𝑝 = 𝑅𝑑 = 0.1 

 
Residual error for ( ), ( )f    and ( )   is presented in Figure 11 for two different values of Pr to 

demonstrate the accuracy and convergence of OHAM. Figure 11(a) and Figure 11(b) show that an 
eight-order approximation yields the best accuracy for the current problem. Figure 12(a) and Figure 
12(b) are the Streamlines and 3D plots, respectively. 
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Fig11(b):Residual error profile for Horizontal velocity, temperature and concentration  for for  =1.0, 
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(b) 𝑃𝑟 = 3.0 

Fig. 11. Residual error profile for horizontal velocity, temperature and concentration 
for 𝛽 = 1.0, 𝑆𝑐 = 1.0, 𝐺𝑟 = 1.0, 𝐺𝑐 = 0.5, 𝜀1 = 0.2, 𝜀2 = 0.2, 𝜃𝑟 = −5.0, 𝛿 = 0.5, 
𝛼 = −0.5, 𝑀𝑛 = 0.2, 𝑛 = 2.0, 𝑚 = 1, 𝐾𝑝 = 𝑅𝑑 = 0.1 
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(b) 

Fig. 12. (a) Stream density plot, (b) Three dimensional plot for 𝜃𝑟 = −5, 
𝑛 = 𝑚 = 2, 𝑃𝑟 = 𝑆𝑐 = 𝛽 = 1, 𝛼 = −0.5, 𝜀1 = 𝜀2 = 𝐾𝑝 = 𝑅𝑑 = 0.1, 

𝐺𝑐 = 𝐺𝑟 = 1, 𝑀𝑛 = 𝛿 = 0.5 

 

In Table 3, we present the results for ( ) ( )0 , 0 and '(0)f    for several sets of values of the 

physical parameters. These numerical results help in better understanding of the effects of various 
parameters and their applications in the technological and pharmaceutical industries. For increasing 
values of  and Gr Gc  skin friction increases, whereas the values of the Nusselt and the Sherwood 

numbers decrease, and is exactly opposite in the case of r ; but in the case of n 

( ) ( )0 , 0 and '(0)f    decrease. For increasing values of Pr the Nusselt number decreases but in 

the case of 1  it is reversed. The Sherwood number decreases for increasing values of .Sc  
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Table 3 
Values of Skin friction, Nusselt number and Sherwood number for different values of the physical parameters 

pK  
dR  Pr      

r  Gc  Gr  1n =  3n =  

(0)f   (0)  (0)  (0)f   (0)  (0)  

0.5 0.5 1.0 1.0 -0.5 -10.0 0.5 0.0 -0.871252 -1.383450 -1.322500 -0.944987 -1.594780 -1.541750 
0.5 -0.765156 -1.397450 -1.334590 -0.847351 -1.609250 -1.557850 
1.0 -0.662781 -1.410890 -1.358920 -0.753327 -1.622650 -1.572840 
2.0 -0.463589 -1.434480 -1.382290 -0.571857 -1.646850 -1.598950 

-0.5 1.0 -0.884784 -1.379780 -1.317800 -0.954156 -1.591780 -1.538510 
0.0 -0.771787 -1.396480 -1.338590 -0.852851 -1.607140 -1.556620 
0.5 -0.662151 -1.410450 -1.353520 -0.753987 -1.622250 -1.572420 
2.0 -0.356250 -1.448150 -1.397860 -0.474788 -1.660360 -1.613530 

-10.0 0.5 -0.662251 -1.410250 -1.352520 -0.753257 -1.622980 -1.572750 
-5.0 -0.696250 -1.406360 -1.343680 -0.793650 -1.617250 -1.566860 
-2.0 -0.785780 -1.396780 -1.332840 -0.901985 -1.603780 -1.551950 
-1.0 -0.901360 -1.381590 -1.323970 -1.042210 -1.584980 -1.531850 

-0.5 -10.0 -0.662221 -1.410150 -1.351720 -0.753327 -1.622250 -1.572750 
0.0 -0.739884 -1.483350 -1.577890 -0.739784 -1.483350 -1.575850 
0.5 -0.611122 -1.053780 -1.369840 -0.716983 -1.321680 -1.582450 

0.5 0.5 1.0 0.5 -0.5 -0.456253 -0.854895 -0.764568 -0.814255 -1.381480 -1.318950 
1.0 -0.654259 -1.145250 -1.076550 -0.597366 -1.157390 -1.086850 
2.0 -0.814555 -1.381350 -1.312170 -0.723148 -1.398950 -1.338450 
5.0 -0.951144 -1.584680 -1.523230 -0.831789 -1.606750 -1.554620 
10.0 -1.007180 -1.668780 -1.611580 -0.877179 -1.693950 -1.643850 

0.5 0.5 0.72 1.0 -0.646257 -1.338280 -1.353640 -0.635288 -1.182850 -1.360950 
1.0 -0.673456 -1.596350 -1.352530 -0.662391 -1.410450 -1.353850 
3.0 -0.748655 -2.855980 -1.333470 -0.740758 -2.531650 -1.337250 

0.5 0.1 1.0 -0.650896 -1.414150 -1.216560 -0.644890 -1.415950 -1.074150 
0.3 -0.667759 -1.409250 -1.209530 -0.662121 -1.410750 -1.063360 
0.5 -0.691586 -1.405320 -1.131580 -0.687573 -1.405850 -1.054350 

0 0.5  -1.056580 -0.278257 -0.092785 -1.485415 -0.27852 -0.094245 
0.5  -1.294280 -0.274000 -0.093990 -1.496452 -0.27857 -0.093652 
1  -1.49736 -0.270456 -0.095407 -1.552457 -0.27292 -0.092245 
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5. Conclusions 
 

The present paper studies the effect of chemical reaction on mixed convective steady two-
dimensional boundary layer flow of an incompressible non-Newtonian (Casson) fluid over a vertical 
stretching sheet with variable viscosity, variable thermal conductivity, and variable diffusivity in a 
porous medium. The main conclusions from the analysis of the obtained results using OHAM are: 

(i) The velocity profile is enhanced for increasing values of mixed convection parameters and 
the opposite is observed for variable viscosity, velocity exponent, and permeability 
parameters.  

(ii) The temperature profile increases for increasing values of the variable viscosity and thermal 
conductivity, permeability, and radiation parameters. The opposite effect occurs in the case 
of mixed convection parameters, velocity exponent parameters, and Prandtl number.  

(iii) The chemical species concentration increases as the variable viscosity parameter, variable 
species diffusivity parameter permeability parameter increases and the reverse effect occurs 
for mixed convection parameters, velocity exponent parameter, Schmidt number, and 
reaction rate parameter. 
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