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The heat transfer process of combined convection and its flow pattern in a vertical 
channel is important, especially in environmental, industrial and engineering 
applications. There has been some concern regarding the heat transfer process in which 
it is difficult, expensive and time consuming. There are three main objectives to satisfy 
the purpose of this study which are to determine the impact on flow and heat transfer 
of the Robin temperature boundary condition, to verify whether the viscous dissipation 
plays a classical role in fluid flow and heat transfer and lastly to compare the degree of 
heat transfer facilitated by the boundary conditions of Dirichlet, Neumann and Robin. 
In this study, the effects of different dimensional parameters were tested and the flow 
reversal phenomenon was discussed. The Boundary Value Problem (BVP) was solved 
numerically using Maple using a built-in routine, dsolve. Validation study to the 
previously published problem was carried out to verify the accuracy of the present 
computation. The transformation of partial differential equation to ordinary differential 
equation involved similarity technique. The numerical results of the flow and 
temperature variables were presented graphically. The flow reversal occurred when 
the value of internal heat generation (G) and combined convection parameter (λ) were 
large. There was no occurrence of flow reversal when the values of local heating 
exponent (p) and the Biot Numbers (Bi) increase. However, the value of mass transfer 
coefficient (N) was different, gave no significant impact. 
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1. Introduction 
 

The theory of heat transfer has been applied mostly in the industrial and engineering field. Heat 
transfer is the mechanism of the movement of energy with regards to the temperature difference 
and it is proportional to a temperature gradient. Heat transfer process may involve conduction, 
convection or radiation. In this present study, convection was applied [3]. 

Convection is a heat transfer of fluids such as air or water by mass motion as the hot fluid is 
caused to travel away from the heat source, bringing energy with it.  Convection involves the medium 
between the medium of solid and a fluid but do not involve transfer of heat within a solid. The term 
convection may be referred to the transfer of mass and or the transfer of heat. The summation of 
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advection and diffusion is called convection, where advection is the heat transported by large-scale 
movement of currents in the fluid and diffusion is the random Brownian motion of individual particles 
in the fluid [7]. 

A lot of studies in heat transfer and fluid flow has been performed in the past few decades 
involving free, forced or combined convection in a vertical or horizontal channel. A condition where 
heat is transmitted from both natural and forced convection is known as combined convection. The 
internal flow may be upwards or downwards on a vertical channel. There were previous researchers 
who have done researches of combined convection in a vertical heated channel [2], [12], [24]. These 
studies were then further enhanced by the effect of viscous dissipation and ohmic dissipation by 
Barletta [4] and Umavathi and Malashetty [42]. The author found out that the effect of viscous 
dissipation in asymmetrical heating is critical, particularly when it is upward flow because this reduces 
the effect of flow re-versal. In the case of downward flow, however, it increases this effect. 
Furthermore, the speed of the fluid rises as the booming forces accelerate because of viscous 
dissipation. It is also understood that in analytical and numerical solutions, the small value of the 
perturbation parameter is generally accepted. In addition, [38], investigated fully developed 
combined viscoelastic fluid convection flow between parallel vertical permeable walls to improve 
thermal and flow pattern understanding. The combined convection flow characteristics in vertical 
channels with third form boundary conditions were later analyzed by [44]. The growth of the vortex 
viscosity parameter has been found to decrease the speed of both aiding and opposing flux. There 
were a number of researchers who have also examined other problems related to fully developed 
vertical combined convection flows [5], [6], [8], [11],[14], [16], [20], [21],[23], [26], [29], [30], [33], 
[39], [46]. 

Convection is free if the stresses (including the usual pressure) to which the fluid is being exposed 
at its boundaries do not perform mechanical work. The case where this is not true is termed forced 
convection referred to as the case where this is not valid. It corresponds to the effect of some 
mechanical suction pumping on the fluid [25]. Free convection is a kind of movement flow of a liquid 
such as water or a gas in which no external cause forces the fluid motion. Due to the density 
difference called free convection, motion within a fluid is created. Some areas are denser than other 
parts of the fluid. The driving force is a gravity. Since there are hot and cold regions of air or water, 
free convection will occur, because as they are heated, both water and air become less dense. In 
addition to increase the heat transfer, forced convection is a particular form of heat transfer in which 
fluids are forced to move. With a ceiling fan, a pump, suction unit, or another, this forcing can be 
performed. 

A perturbation series method that implements a perturbation parameter proportional to the 
Brinkman number obtains the velocity field, the temperature field and the Nusselt numbers. 
Dimensionless coefficients are determined that allow the calculation of the dimensionless assume 
velocity of the dimensionless bulk temperature and the numbers of Nusselt [4]. Some essential works 
that have been published on problems of heat transfer in channels by means of combined 
convection. Due to some engineering applications in the fields of nuclear reactors, heat exchangers, 
and so forth, the problems have been extended to those with linearly varying wall temperature or 
constant wall temperature gradient. Many analyses on combined convection with linearly varying 
wall temperature are focused on cases of fully developed flows. Based on [3] observation, the heat-
transfer problems of combined convection are expressible in the form of a Helmholtz wave equation 
in the complex domain. Including the Darcian force, buoyancy force and no-slip wall effect, the non-
dimensional temperature distribution, heat transfer rate per unit length between two walls, heat 
carried out by fluid, friction factor, velocity profile and mass flow rate are all analytically derived by 
Kou and Lu [28]. Barletta [4] expanded the research on laminar and fully developed combined 
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convection in a parallel plate vertical channel with prescribed wall with temperatures the viscous 
dissipation effect. This effect is supposed to be important for fluids with high dynamic viscosity 
values, as well as for high velocity flows. When viscous dissipation cannot be ignored, the field 
temperature relies on the velocity field via a nonlinear term in the energy balance equation. The 
interacting effects of free and forced convection should represent the information for combined 
convection. It is important to remember that the combined convection heat transfer will vary 
significantly from its values in both pure free and pure forced convection [43]. Combined convection 
flows are known as “buoyancy affected flows” [44]. An analytical relationship exists between the 
decrease in pressure through the porous medium and the viscous and gravitational [10]. The study 
of fully developed combined convection in a vertical channel continued in [21] by using nanofluid 
model. On the other research [36] focusing the effect of thermal radiation and viscous dissipation 
mention that the flow reversal enhanced by the viscous dissipation. [27] studied of the effects of 
Brownian motion and thermophoresis in the fully developed mixed convection in a vertical channel 
filled with nanofluid with a heat source or sink. 

This study compares three types of boundary conditions, comprising Dirichlet (first kind), 
Neumann (second kind) and Robin (third kind). In the Dirichlet condition, the value is the set of the 
unknown function itself while in the Neumann condition, the function’s gradient is set in direction 
normal direction to the boundary. The value sets of the combination of the unknown function and 
its normal gradient, which is linear in the unknown function is called the Robin condition. [34] and 
[35] were among the earlier systematic comparisons of the effect of Dirichlet, Neumann and Robin 
boundary conditions. The Robin boundary condition has been shown to give the most accurate 
solution. Therefore, in this research, the Robin condition is extended to the default case. It was [13] 
who called liquids with suspended nanoparticles as nanoliquids. Ever since the development of 
nanoparticles became a reality, researchers have begun to use nano liquids as a preferred heat 
transfer medium. Many researchers have done research on mixed convective flows of nanoliquids in 
channels, including [45]. In this case it was found that as the right nanoliquids are added, the heat 
transfer characteristic can be considerably improved. [31] showed that the entropy production in the 
vertical channel is reduced by Ti02-water nanoliquids. Meanwhile [11], [15], [17], [18], [22], [32] [41] 
and [46] were some similar studies. These works use either the [27] or the [9] single-phase model, 
and their studies are focused on the temperature state of Dirichlet with mostly no viscous dissipation 
effect. [30] focused more on the boundary condition of a third kind and the viscous dissipation for 
the laminar flow in a parallel plate vertical channel with two non-miscible viscous fluid. The latest 
study found involving boundary condition of a third kind in [1] focused on substantial heat generating 
or absorbing fluid affected by the viscous dissipation and the thickness of the boundary plate with 
non-uniform internal temperature. In nanoliquid-based applications, it is now recognized that the 
situation of ’enhanced heat transfer’ is seen only for dilute nanoparticle concentrations. Since this 
was the case, the nanoliquids have sufficient chance of viscous dissipation and are therefore an 
important feature to research in vertical channel flows. 

Other related studies to the impact of buoyancy on heat transfer was done by [37], where an 
increase in the fluid temperature is observed when the Grashof number is increased, which was 
resulted due to the fact that heat transfer due to convection facilitates the flow velocity and 
therefore the entropy generation. Meanwhile, the study by [40] revealed that the use of correct fluid 
model is of major importance to understand the behavior and properties of physiological fluids 
during peristalsis. Later, [19] explored the characteristics of catalytic surface reactions on free 
convection non-Newtonian nanofluid boundary layers which are driven by buoyancy force. It was 
revealed that the heat of reaction raises the temperature and concentration profiles significantly due 
to the catalytic surface reactions and it shows a slight enhancement in the velocity profile.   
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The aim of this research is to extend the studies of [4] by taking into consideration that the 
concentration as well as the temperature walls are constant and on top of that, there is a non-
uniform internal heating inside the channel. The investigation is of high importance as it gives an aid 
to the understanding of flow pattern or thermal characteristics. A simple example on the application 
on this study is in counter-flow air humidifiers and evaporative cooling of the falling liquid film 
through interfacial heat and mass transfer in a vertical channel. The basic equations under the flow 
assumptions are solved numerically after being reduced to ordinary differential equations. Flow and 
heat transfer results have been reported for various range of values of relevant parameters. The 
graphical images of the effects of these parameters such like the combined convection parameter, 
the internal heat generation, the local heating exponent, the concentration parameter, the velocity 
distribution and the temperature distribution are shown in the results. As far as it is concerned, this 
problem has not been studied yet. 
 
2. Methodology  
2.1 Mathematical Formulation 
 

In the fully formed parallel vertical channel, we consider the steady flow of a viscous and 
incompressible fluid. L is the width of the channel, which is the length between the walls. The x-axis 
is selected in such a way that the gravitational acceleration vector g is parallel, but in the opposite 
way. The y-axis is perpendicular to the walls s and the origin of the axes is such that the channel walls 

are with the positions of − 
𝐿

2
 and 

𝐿

2
  respectively. The walls at − 

𝐿

2
 and 

𝐿

2
  are isothermal at given 

temperatures 𝑇 𝐶  and 𝑇𝐻 , where it is assumed 𝑇𝐶 < 𝑇𝐻. The flow has a uniform upward vertical 
velocity, 𝑈0  at the channel entrance. The illustration of the geometry and boundary conditions is 
shown in Figure 1.  
 

 
Fig. 1. Physical Configuration 

 
Concentrations are low and the mixture’s molecular weights are assumed to be approximately 

equal. In addition, pressure drops and variations in temperature are low. Thus, with these conditions, 
it is possible to ignore thermal and pressure diffusion as well as energy diffusion due to the 
concentration gradient. 

The transverse velocity as well as the axial direction temperature and concentration gradients 
are considered to be zero, so that the flow is a properly developed flow. Therefore, the following 
equations apply: 
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in which v is the velocity component in the y -direction and p  is the pressure. This will lead us to the 
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Where  is the density, v is the kinematic viscosity, c is the species mass fraction,  is the coefficient 

of thermal expansion, 
0T is the reference temperature and it is assumed that 

0T is given by 

0 ) 2( /+= C HT T T . 

The governing equations are subjected to the boundary conditions: 
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The boundary conditions on the temperature field are assumed to be the following: 
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in which Ch  and Hh  are constants. 

The reference temperature ( 0T )  is defined as: 
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Equations (2) to (5) can be written in a dimensionless form by employing these dimensionless 

parameters: 
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The non-dimensional governing equations and boundary conditions are: 
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Subject to the boundary conditions: 
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The dimensionless form of velocity and temperature profiles thus depend on five parameters: the 
combined convection parameter (  = TGr  /Re), the Biot numbers (Bi1 and Bi2), the internal heating 

parameter (G), mass transfer coefficient (N) and local-heating exponent (p). 
 
2.2 Solutions Method 
 

There are various types of analytical or numerical methods which can be employed to solve the 
nonlinear systems of ordinary differential equations. For this study, though the governing equations 
seem simple, they are not analytically tractable due to the use of a more realistic Robin boundary 
condition on temperature. Hence, shooting method is used to solve for the flow and temperature 
distributions. A build-in routine, dsolve in MAPLE is used to solve the flow and temperature 
distributions. Few steps were carried out in order to complete this study. The steps consist of 
transforming partial differential equation to ordinary differential equation manually, solve boundary 
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value problem by dsolve from MAPLE, getting the appropriate result and analyzing graph to obtain 
the conclusion. This summarized in Figure 2. 

There seem to be no accurate solutions to the nonlinear boundary value problem (BVP) in system 
(10)-(12)) when the boundary conditions in Eq. (13)-(15) are applied. Therefore, Maple is used to 
solve the BVP numerically which is optional in dsolve to address the problem. Maple is a component 
of math software that combines the world’s most sophisticated arithmetic engine with an interface 
that makes analyzing, exploring, visualizing, and solving mathematical problems. Maple can solve 
math problems easily and accurately. 
 

 
Fig. 2. Flowchart of the procedure 

 
 
2.3 Numerical Validation 
 

In order to validate the numerical code, comparison with a previously published result is 
necessary. The present numerical results are verified against the result obtained by [4] as shown in 
Figure 3 for G=0. Clearly, from this comparison, the present results are in excellent agreement with 
the corresponding result by [4].   
 
 

 
(a)                                                                                            (b) 

Fig. 3. Velocity profile for different values of mixed convection parameter (a) Barletta (1998) (b) Present 
study. 
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3. Results and Discussion 
 

It is indicated in the foregoing problem that the problem is governed by nondimensional 
parameters in the following domain: Combined convection parameter 300 ≤ 𝜆 ≤ 600, internal heat 
generation    10 ≤ G ≤ 75, mass transfer coefficient 0.2 ≤ N ≤ 1, Biot numbers 0 ≤ Bi ≤ ∞ and local-
heating exponent 1.0 ≤ p ≤ 4.0. The default values of the parameters are mentioned in the description 
of the respective figures. 

Figure 4 represents the effect of various values of internal heat generation (G) on the velocity 
profile and temperature profile. It is understood that the negative signs in internal heat generation, 
G represent heat absorption (cooling), meanwhile positive values of G represent heat generation 
(heating). Hence, that differentiate between conditions of heat transfer and heat absorption. The 
focus of this research, however, is on the heat generation paradigm. As the value of G increases, it 
can be seen in Figure 4(a) that the velocity rises on the right side of the wall and become lower on 
the left side of the wall. Based on the graph, the flow reversal takes place when G ≥ 50 and close to 
cold wall. This is because, the presence of the heat generation results in increasing the region of 
backflow or the reversal flow zone. On the other hand, the temperature profile of Figure 4 (b) shows 
that the temperature distribution is linear when G ≤ 10. When the value of G increases, it can be seen 
that the temperature rises on the right part of the wall and reduced on the left part of the wall. 
Increasing G causes the fluid to heat up and therefore increases its temperature to the warmer 
channel wall from the centre of the channel. 

 

 
(a)                                                                         (b) 

Fig. 4. (a) Velocity profile and (b) Temperature profile for various values of G where p=1, 
N = 1, λ = 300, Br=2 and BiC=BiH=10 

 
Figure 5 shows the effects of different values of local heating exponent (p) on the velocity and 

temperature profiles. As can be seen in Figure 5(a), the velocity profile increases from the colder wall 
to the centre of the channel and decrease from the centre to the hotter wall as p increases. The figure 
also shows that there is no flow reversal occurs and the velocity distributions are asymmetric in 
relation to the channel’s centre and become increasingly so as p grows. Meanwhile, Figure 5(b) shows 
the result of different p values on the temperature profiles. Temperature rises from the colder wall 
to the channel’s centre and decrease afterwards. It can be observed too that as p increases, the 
results of p on the velocity as well as temperature profile becomes less significant. As p increases, 
the velocity and temperature profiles reveal no major variation on the flow design. This is because 
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the internal heat generation (G) gives more impact on increasing heat generation that it outshined 
the effects of local heating exponent (p) on heat generation. 
 

 
(a)                                                                                (b) 

Fig. 5. (a) Velocity profile and (b) Temperature profile for various values of p where 
G=10, N = 1, λ = 300, Br=2 and BiC=BiH=10 

 
The influence of the combined convection parameter, λ, on the velocity and temperature profiles 

can be seen in Figure 6. With reference to the velocity profile in Figure 6(a), the effect of λ is more 
prominent at the cold wall. As the value of λ increases, the flow rate decreases, and more flow moves 
towards the hot channel wall. For large values of λ, it reaches a point where both pressure and 
buoyancy mass transfer coefficient lead the fluid adjacent to the cold wall to go backward, resulting 
in a flow reversal state. There is occurrence of flow reversal in the velocity profile when λ ≥ 500 at 
the cold wall, meanwhile no flow reversal for λ less than 400. For varied degrees of wall temperature 
asymmetry, the value of λ is required to trigger flow reversal. From Figure 6(b), the changes in the 
value of λ does not affect the temperature design. It also shows that as the value of λ increases, the 
effect of λ on the temperature design becomes insignificant. 
 

 
(a)                                                                             (b) 

Fig. 6. (a) Velocity profile and (b) Temperature profile for various values of 𝜆 where p=1, N = 1, 
G=10, Br=2 and BiC=BiH=10 
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Figure 7 shows that as the N changes, there is no significant changes on the velocity profile and 
temperature profiles. As the N increase from –0.2 to 1, the velocity profile and temperature profile 
in Figure 7 reveals that no substantial change in the flow pattern occurred. There is no reversal flow 
that occurs within the boundary condition Y=-0.25 to Y=0.25. The values are insignificant because the 
parameter internal heating generation (G) is more dominant compared to mass coefficient transfer 
(N). In Barletta’s research, parameter N gives an impactful value on heat transfer because there was 
no parameter G in the study. 
 

 
(a)                                                                              (b) 

Fig. 7. (a) Velocity profile and (b) Temperature profile for various values of N where p=1, 
G=10, λ = 300, Br=2 and BiC=BiH=10 

 
Velocity profile and temperature profile for three (3) kinds of Boundary Conditions on 

temperature i.e Bi = 0 is Neumann, Bi = 10 is Robin and Bi → ∞ is Dirichlet, where BiC = BiH = Bi, λ = 
300, p = 1 and N = 1 is shown in Figure 8. From the graph pattern in Figure 8(a), it can be noticed that 
the velocity profile decreases with an increase in Biot Number from the cooler wall approaching to 
the centre of the channel and increase with the increase in Biot number from the centre of the 
channel approaching the hotter wall. Biot Number (Bi) is the ratio of thermal resistance between the 
channel and the liquid. For this study, BiC refers to the Biot number on the colder wall (left wall), 
meanwhile BiH refers to the Biot number on the hotter wall (right wall).  Higher value of Biot Number 
(Dirichlet condition) indicates higher magnitude of the velocity as well as temperature profile at the 
vicinity of the hot wall. From the plot in Figure 8(b), we can say that the temperature profile decreases 
with the increase in Biot Number, Bi. The changes of Bi will affect the temperature design which 
consist of Neumann boundary when the Bi very small, Robin boundary when the Bi is moderate and 
Dirichlet when Bi is approaches infinity. This is because the stronger Buoyancy forces due to the 
increase in the power of the convective process on the channel resulted to stronger heat transfer. 
The wall temperature increases with the increase of Biot numbers. It is expected that as Biot number 
goes to ∞, the convective boundary conditions will become the prescribed wall temperature case. 
We can notice that on the smaller domain of Dirichlet condition, the result would be unrealistic 
because the region of change reaches the boundary. Meanwhile, the Robin condition is more 
superior to the Neumann condition. The result obtained support the research done by Novy et al., 
[23] Bixler [6] where it was concluded that the most accurate condition is the mixed condition (Robin 
condition), followed by the traction and free surface inclination boundary condition. 
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(a)                                                                                 (b) 

Fig. 8. (a) Velocity profile and (b) Temperature profile for various values of Biot number: Bi = 0 
(Neumann), Bi = 10 (Robin) and Bi = 500 (Dirichlet) where p=1, N = 1, λ = 300, Br=2 and G=10 

 
4. Conclusions 
 

In this work, fully-developed mixed convection of heat transfer in a vertical channel by 
considering Dirichlet, Neumann and Robin boundary conditions has been studied. The dimensionless 
forms of the governing equations are solved using a built-in routine, dsolve in MAPLE. The major 
findings are as follows: 

i. The liquid cooling is related with a negative value of G, meanwhile the positive values 
correlated to the heat generation case or liquid heating. When there is no internal heat 
generation (G = 0) which implies the temperature profile is linear. The temperature 
profile is asymmetrical because of the asymmetrical nature of the wall temperatures. we 
can also conclude that the existence of internal heat transfer triggers flow reversal on 
the cooler wall, which expands the reversal or the return flow area. 

ii. Large values of mixed convection parameter (λ), enhanced the flow reversal on the 
velocity profile. The momentum equation is independent of the energy equation in the 
absence of the combined convection parameter. Therefore, the changes in the value of 
combined convection (λ) does not influence the temperature profile. 

iii. The Robin condition appears to be superior to the Neumann condition and the Dirichlet 
condition seems unrealistic on sufficiently large combined convection parameter (λ). 
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