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The future research on hybrid nanofluids need to be done as there are many applications 
of hybrid nanofluids. Some of them are electro-mechanical, renewable energy and 
manufacturing process application and also the application in automotive cooling. 
Therefore, this numerical study is conducted to investigate the aligned 
magnetohydrodynamics (MHD) flow of hybrid nanofluid over a vertical plate through a 
porous medium. The base fluid (water), silver and copper oxide flowed over a vertical 
plate in the presence of MHD and porous medium with boundary conditions of constant 
wall temperature by taking a few types of parameters into consideration. By using 
similarity transformation, the governing nonlinear partial differential equations are 
transformed into nonlinear ordinary differential equations. Keller Box method is applied 
to solve numerically the nonlinear ordinary differential equations and the system is 
solved by using Fortran programming. The results of the study are illustrated graphically 
to show the behavior of velocity and temperature also skin friction and Nusselt number 
of hybrids nanofluid affected by the parameters. It is found that the velocity profiles 
increase, and temperature profiles decrease when the angle of aligned magnetic field, 
the interaction of magnetic parameter and local Grashof number increase while the 
velocity profiles decrease, and temperature profiles increase when the porous 
parameter and volume fraction of nanoparticles parameter increase. Besides, the skin 
friction of Ag-CuO-water is less than CuO-water and Nusselt number of Ag-CuO-water is 
higher than CuO-water. 
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1. Introduction 
 

Last two decades, there was a revolution on all scientific research because of the use of 
nanotechnology or also known as new technology [1]. Nanotechnology is a manipulation of the 
individual molecules and atoms which is a part of a technology that deals with dimensions and 
tolerances of below 100 nanometres. Nanotechnology creates many new devices and materials for 
a large range of applications. For example, the application in nanoelectronics, nanomedicine, 
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consumer product, and biomaterials energy production. Furthermore, nanotechnology is the process 
of utilization of metals and oxides. Nanofluid is a new heat transfer fluid class introduced by Choi and 
Eastman [2] for the first time. Based on Choi and Eastman [2] and Eastman et al., [3], nanofluid is 
proposed to show the components of nanoparticles dispersed in a base fluid. Ganga et al., [4] 
investigated the hydromagnetic flow of an incompressible viscous nanofluid in the presence of 
thermal radiation past a vertical plate. They believe that nanofluids are additives which additives are 
a method used to increase the efficiency of heat transfer of base fluids. Hussanan et al., [5] studied 
the unsteady free convection flow of five different types of oxide nanoparticles suspended 
micropolar nanofluid over a vertical plate. It founds that velocity of Al2O3 based nanofluid is higher 
than other oxide nanoparticles based nanofluid for every values nanoparticle volume fraction. Also, 
Hussanan et al., [6] explores the impact of viscous dissipation on unsteady two-dimensional 
boundary layer flow of viscoplastic Casson ferrofluid over semi-infinite vertical plate with leading 
edge accretion/ablation. There are several studies in nanofluid in different situation [7,8]. 

Besides that, the heat transfer performance can be more increased by using hybrid nanofluid. 
Hybrid nanofluid is a relation between two or more types of nanoparticles that hang in a base fluid 
and a combination of favorable physical and chemical properties that will make it more stable and 
boost thermophysical properties [9]. Khashi’ie et al., [10] analyze the mixed convection of hybrid Cu-
Al2O3/water along a static plate in a non-Darcy porous medium with thermal dispersion. It founds 
that the hybrid nanofluid temperature decreases with an increment in thermal dispersion and mixed 
convection parameters. Waini et al., [11] studied about steady mixed convection flow along a vertical 
surface embedded in a porous medium with hybrid nanoparticles. It is noticed that the added hybrid 
nanoparticles delay the separation of the boundary layer. In addition, the velocity of the hybrid 
nanofluid is increased for the upper branch solutions, but the observation is reversed for the lower 
branch solutions as Cu nanoparticle increases. In the others way, there are various studies in hybrid 
nanofluid [12-16]. 

MHD consists of liquid and magnetic properties which are the magnetic field influences the 
adjourned particles and rearranges their concentration in the fluid regime which strongly influences 
the heat transfer analysis [17]. The study done by Reddy et al., [18] investigates the numerical 
solution of unsteady aligned MHD flow of magnetic nanofluids over an inclined plate with leading 
edge accretion. They found that the leading-edge accretion can significantly alter the fluid motion 
and the heat transfer attributes. The numerical study of natural boundary layer flow of MHD 
ferrofluids over a flat plate with aligned magnetic field by Ilias et al., [19] and found that the heat 
transfer rate at the plate surface is increase with increasing angle of magnetic field, magnetic field 
parameter, ferroparticle volume fraction and local Grashof number. There are several studies in MHD 
in different situation [20-25]. 

Porous medium is defined as a solid matrix containing pores that are typically filled with fluid 
[26]. Porous medium is also known as porous material. The porous medium is considered as rigid and 
open cell saturated because the pores are connected and filled with fluid completely so that the fluid 
can flow through the pores. Goud et al., [27] studied unsteady MHD free convection flow with mass 
and heat transfer past an inclined plate. They discussed the effects of the porous medium on related 
material parameters, magnetic field, and permeability. It shows the flow reversal in porous water, 
with an active magnetic field, and for angle of inclination and heat source a retarding velocity is 
observed. Das et al., [28] analyzed the presence of a transverse magnetic field a MHD flow of 
AlO/water nanofluid and Cu-AlO / water hybrid nanofluid through a porous channel. Mansour et al., 
[29] also study the natural convection flow and heat transfer of the entropy generation and 
magnetohydrodynamics in a square porous cavity differentially heated and cooled by the heat source 
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and sink filled with the Cu-Al2O3-Water hybrid nanofluid. Other studies on porous medium were 
discuss in [30-33]. 

There are studies about constant wall temperature boundary condition. Anwar et al., [34] 
evaluate the physical effects of application of simultaneous ramped wall velocity and ramped wall 
temperature condition on unsteady, MHD convection flow of some nanofluids over an infinite 
vertical plate. The Darcy’s law is applied to encounter the porosity of the medium and found that the 
temperature, velocity, shear stress and rate of heat transfer, respective profile behaves in a similar 
manner for both ramped wall and isothermal wall boundary conditions. In the study by Pasha et al., 
[35], the dissipation of heat in tiny engineering systems can be achieved with fluid flow through micro 
pipes. There are deep-rooted analytical relations for convective heat transfer available for fluid flow 
through macro size pipes. But differences exist between the convective heat transfer for fluid flow 
through macro and micro pipes with either constant heat flux wall boundary conditions or constant 
wall temperature boundary conditions with constant and variable property flows. They found that 
with variable and constant property flows of varying Reynolds numbers, the conventional pipe 
exhibited no significant difference. The Nusselt number with variable property flows is lower than 
with constant property flows, as shown by the flow through a 3D micropipe. Besides, various 
researchers did the investigation of constants wall temperature under different situations [36–38]. 

This paper focuses on the effects an aligned magnetic field of hybrid nanofluid over a vertical 
plate through porous medium with constant wall boundary condition. The study of this research is 
to understand of how the aligned angle of interaction parameter, the interaction of magnetic 
parameter, volume fraction of magnetic nanoparticles parameter, local Grashof number, Biot 
numbers, and porous medium parameter affect velocity and temperature, as well as skin friction and 
Nusselt number hybrid nanofluid. The governing equations is simplified by using similarity 
transformations and finally the obtained model is illustrated numerically by using Keller Box method. 
 
2. Mathematical Formulation 
 

This study considers a continuous, incompressible two-dimensional free convection flow of 
hybrid nanofluids over a smooth vertical plate in the presence of porous medium and aligned 
magnetic field with constant wall temperature. The mixtures of magnetic nanofluid used in this study 
was copper oxide (CuO) and water and hybrid nanofluid used in this study was Silver (Ag), copper 
oxide (CuO) and water. The aligned magnetic field with an acute angle,   is applied to the flow. It is 

recognized as a function of the distance from the origin expressed as ( ) 0
B

B x
x

=  with 0 0B  . 

Figure 1 shows the physical model used in the simulation. It is a figure of the boundary layer of 

MHD hybrid nanofluid flow through porous medium over a vertical plate. Here  is the strength of 

the magnetic field and  is the coordinate along the plate. The base fluids (water) and nanoparticles 
(silver (Ag) and copper oxide (CuO) nanoparticles) are in thermal equilibrium and the shape of 

nanoparticles is spherical. The surface of the plate is maintained at a constant temperature  higher 

than the temperature  of the ambient nanofluid. The equations of boundary layer flow given as: 

 

0B

x

wT
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Fig. 1. Physical Model of Constant Wall Temperature 
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The boundary conditions for the velocity and temperature of this problem are given by 
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where u  is the fluid velocity and v  is the normal velocity components along the x- and y-axes.   is 

the angle of aligned magnetic field, wT  is the constant wall temperature, T  is the temperature of the 

fluid, T  is the free stream temperature,   is the electrical conductivity, g  is the gravity acceleration 

and U  is the free stream velocity. The thermophysical relations of nanofluids as follow [39]. 
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where 
hnf  is the effective density, ( )

hnf
  is the thermal expansion coefficient, 

hnf  is the effective 

dynamic viscosity and 
hnf  is the thermal diffusivity of the fluid, ( )p hnf

C  is the heat capacity of the 

fluid, 
hnfk  is the thermal conductivity of the fluid, M  is the magnetic parameter, Pr  is the Prandtl 

number and 
x

Gr  is the local Grashof number, and 
pK  is the porous medium. The thermophysical 

properties of base fluid, copper oxide and silver nanoparticles are given in Table 1 [40]. 
 

Table 1  
Thermophysical properties of base fluids and nanoparticles [40] 
Properties Base Fluid (Water) CuO (Copper Oxide) Ag (Silver) 

( )3/ kg m  997.1 6320 10500 

( )/pC J kgK  4179 531.8 235 

( / )k W mK  0.613 76.5 429 

510 −  21 1.80 1.89 

Pr  6.20   

 

The continuity equation in (1) is satisfied by introducing the stream function ( ),x y =  of the 

form which is related to u  and v  as below 
 

            (6) 

  
The similarity variable   and the dependent variable f of stream function as below 
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=  is the Reynolds number. By using similarity transformation, (5), (6) and (7) were 

substitute into (2) and (3) in order to reduce to the following nonlinear system of ordinary differential 
equations as below: 
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By subjecting to (4), the boundary conditions obtained were as follow: 
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kinematic viscosity of base fluid. The quantities of engineering interest are the skin-friction 

coefficient, 
fc at the surface of the plate and local Nusselt number, 

x
Nu  which are defined as: 
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where w  is the shear stress or wall skin friction and wq  is the plate’s heat flux which given by: 
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3. Results and Discussion 
 

The result explained are on the velocity and temperature profile as well as skin friction and 
Nusselt number effected by the parameter used in this paper is presented using graphs and tables. 
Table 2 shows the comparison of the present analysis with the numerical results reported by previous 
researchers. The present results are in good agreement with results from past papers for the 
validation. 
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Table 2  

Comparison results of skin friction for different values of 1  when

20, 0, 0, 0, 0 and 1
nf

x p

f

k
Gr M K

k
 = = = = = =   

1  Cu-Water Al2O3-Water 

Skin 
Friction 
[41] 

Present Skin Friction 
[41] 

Present 

Skin Friction Nusselt 
Number 

Skin Friction Nusselt 
Number 

0 0.3321 0.332059 0.620077 0.3321 0.332059 0.620077 
0.002 0.3355 0.335530 0.623559 0.3339 0.333882 0.622419 
0.004 0.3390 0.338997 0.627029 0.3357 0.335711 0.624760 
0.008 0.3459 0.345923 0.633934 0.3394 0.339386 0.629440 
0.01 0.3494 0.349382 0.637370 0.3412 0.341233 0.631780 
0.012 0.3528 0.352839 0.640796 0.3431 0.343085 0.634120 
0.014 0.3563 0.356294 0.644211 0.3449 0.344944 0.636459 
0.016 0.3597 0.359749 0.647617 0.3468 0.346809 0.638798 
0.018 0.3632 0.363202 0.651013 0.3487 0.348680 0.641136 
0.02 0.3667 0.366655 0.654400 0.3506 0.350558 0.643475 
0.1 0.5076 0.507637 0.784968 0.4316 0.431594 0.736999 
0.2 0.7066 0.706567 0.943462 0.5545 0.554512 0.855036 

 TiO2-Water Water 

Skin 
Friction 
[41] 

Present Skin Friction 
[42] 

Present 

Skin Friction Nusselt 
Number 

Skin Friction Nusselt 
Number 

0 0.3321 0.332059 0.620077 0.3321 0.332059 0.620077 
0.002 0.3340 0.333975 0.622127  0.332558 0.617720 
0.004 0.3359 0.335897 0.624175  0.333058 0.615368 
0.008 0.3398 0.339758 0.628264  0.334065 0.610681 
0.01 0.3417 0.341698 0.630306  0.334571 0.608345 
0.012 0.3436 0.343643 0.632346  0.335079 0.606014 
0.014 0.3456 0.345594 0.634384  0.335589 0.603689 
0.016 0.3476 0.347552 0.636420  0.336100 0.601369 
0.018 0.3495 0.349516 0.638454  0.336613 0.599055 
0.02 0.3515 0.351486 0.640486  0.337128 0.596745 
0.1 0.4362 0.436237 0.720441  0.359372 0.508614 
0.2 0.5642 0.564182 0.817461  0.393037 0.409705 

 
Figure 2 to Figure 6 illustrate how velocity and temperature profiles change with different values 

of 
1 2

,  ,  ,  ,
x

M Gr    and 
p

K . While the numerical value of skin friction coefficient and Nusselt number 

for nanoparticle shapes are shown in Table 3. 
Figure 2(a) depicts the effects of  on velocity profiles for CuO-Water and Ag/CuO-Water. The 

figure observed that increasing in , increase the velocity profiles for both CuO-Water and Ag/CuO-
Water. It is further observed that the rise in  causes the boundary momentum layer to be 
decreased. The velocity of CuO-Water is higher compared to Ag/CuO-Water. Figure 2(b) depicts the 
effects of  on temperature profiles for CuO-Water and Ag/CuO-Water. It is observed that the 
temperature profiles decrease when the  increase for both CuO-Water and Ag/CuO-Water. This is 
because the rise in  causes the thermal boundary layer to decrease. Ag/CuO-Water has higher 

temperature compared to CuO-Water. When , it behaves like transverse magnetic field, and 

the nanoparticles are attracted by the magnetic field due to changes in aligned angle positions while 
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 represents no magnetic interaction. As shown in Table 3, the skin friction coefficient and 
Nusselt number for nanofluid and hybrid nanofluid is increase as  increases. 
 

  
(a) (b) 

Fig. 2. Effects of  on (a) velocity profiles and (b) temperature profiles 

 
Figure 3(a) represents the effects of on velocity profiles. It is shows that increasing in the value 

of increased the velocity profiles for both hybrid nanofluids and nanofluids. This is led to decrease 
the momentum boundary layer thickness because the nanoparticles usually arrange in sequence 
when the  increase. The magnetic lines move as they move past the plate, based on the free 
stream velocity. pushes the fluid decelerated by viscous force which counteracts the viscous 
effects as well. The velocity profile of Ag/CuO-Water is greater than CuO-Water. Figure 3(b) 
represents the effects of on temperature profiles. Based on the figure, the temperature profiles 
decrease for both hybrid nanofluids and nanofluids when the value of  increase. The behaviour of 
the temperature profiles is contrary with velocity profile, so it can be concluded that, the thermal 
boundary layer thickness is reduced as the magnitude increased. While for the skin friction and 
Nusselt number it shows in Table 3 when increase, all the value for both also increases for 
nanofluid and hybrid nanofluid. 
 

  
(a) (b) 

Fig. 3. Effects of  on (a) velocity profiles and (b) temperature profiles 
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Figure 4(a) displays the effects of  and  on velocity profile for hybrid nanofluid and nanofluid. 

The figure shows increasing in  and for Ag/CuO-Water and CuO-Water caused the velocity 

profiles decrease. It is due to the increase in  and makes the fluid more viscous. Besides that, to 

be more specified, the Figure 4(a) shows the velocity CuO-Water is lower than Ag/CuO-Water, so it 
can be observed that CuO-Water more viscous than Ag/Cuo-Water. The momentum boundary layer 

is increase for both nanofluid and hybrid nanofluid. Figure 4(b) displays the effects of  and  on 

temperature profiles for hybrid nanofluid and nanofluid. Based on the figure, the more  and , 

the greater the temperature profile. This is because the thermal boundary layer is increase steadily. 
Furthermore, it is consistent with the physical behavior where the thermal conductivity of the 
nanofluid increases with an increase in and hence the thickness of the boundary layer increases as 

well. 
 

  
(a) (b) 

Fig. 4. Effects of  and  on (a) velocity profiles and (b) temperature profiles 

 

Figure 5(a) shows the effects of of Ag/CuO-Water and CuO-Water on velocity profile. It is 

observed that the velocity profiles show an increase, a peak and then decrease gradually to free 
stream velocity value far away from the plate as satisfying the boundary conditions. However, it is 

noteworthy that the velocity profiles for Ag/CuO-Water and CuO-Water increase when  increase. 

 also known as free convective parameter. The parameter for free convection can be positive, 

negative, or nil. For , it represents the no of free convection meanwhile for  represents 

the rise to the cooling problem which it indicates that . Furthermore, when , it 

indicates  which means the heat flow is from the fluid to the plate. Besides, when  

increase, the buoyancy force also increases. This force increases the rate of heat transfer by 
convection. The greater convection is caused by temperature rise, which reduces the nanofluid 
density at a higher temperature. It is clear that when compared to a larger density fluid which is 
Ag/CuO-Water, the fluid velocity of a smaller density, CuO-Water is greater. The momentum 
boundary layer decreases for both nanofluid and hybrid nanofluid. Figure 5(b) shows the effects of 

on temperature profile for Ag/CuO-Water and CuO-Water. It is exhibit increasing in , decrease 

the temperature profile as well as thermal boundary layer thickness. It accepts that due to buoyancy 
force there is a rise in the fluid velocity, which then resulted in a decrease in the fluid temperature. 
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Based on Table 3, the skin friction coefficient and Nusselt number is increase as increases for 

nanofluid and hybrid nanofluid. 
 

  
(a) (b) 

Fig. 5. Effects of  on (a) velocity profiles and (b) temperature profiles 

 
Figure 6(a) displays the effect of  on velocity profiles for Ag/CuO-Water and CuO-Water. The 

figure displays the velocity profiles decrease when the  increase. The permeability of a medium is 

known to be related to the porosity. The permeability shows a porous material's ability to let the 
fluids pass through it. As a result of enhancing porosity, permeability is enhanced which leads to 
increased fluid flow in supposed porous medium. The velocity profiles of Ag/CuO-Water is higher 
than CuO-Water. The momentum boundary layer thickness increase for both nanofluid and hybrid 
nanofluid. Figure 6(b) displays the effect of  on temperature profiles for Ag/CuO-Water and CuO-

Water. The temperature profiles and thermal boundary layer thickness increase for both Ag/CuO-
Water and CuO-Water when the value of  increase. The main reason for temperature reduction is 

thermal conductivity and specific heat that is decaying because of the influence of porosity. The 
temperature profiles of Ag/CuO-Water is higher than CuO-Water. When , there is no force in 

the velocity of the fluid. The magnitude of skin friction coefficient and Nusselt number is decrease as 
 increases for nanofluid and hybrid nanofluid in Table 3. 
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Fig. 6. Effects of  on (a) velocity profiles and (b) temperature profiles 
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Table 3  
Effects of Skin Friction and Nusselt number for water, CuO-Water and Ag/CuO-Water 
  M  xGr  

pK  Ag/Cuo-Water 

1 20.1, 0.1 = =  

Cuo-Water 

1 20.2, 0 = =  

Skin Friction Nusselt Number Skin Friction Nusselt Number 

0  1 0.1 0.5 0.745760 0.951181 0.715909 0.925406 

45  2.062848 2.062848 2.104501 1.187267 

70  2.666078 1.262453 2.728494 1.256155 

90  2.824732 1.277539 2.892304 1.271588 

90  0 0.1 0.5 2.506296 1.246289 2.571725 1.240458 
1 2.824732 1.277539 2.892304 1.271588 
2 3.110683 1.302588 3.180648 1.296627 
3 3.372420 1.323408 3.444870 1.317492 

90  1 0 0.5 2.788080 1.273518 2.857244 1.267843 
0.05 2.806419 1.275533 2.874785 1.269719 
2 3.503459 1.348200 3.542492 1.337709 
4 4.187494 1.413192 4.199185 1.398987 

90  1 0.1 0.5 2.824732 1.277539 2.892304 1.271588 
0.625 2.613271 1.257224 2.672354 1.250643 
1 2.259230 1.219127 2.303273 1.211186 
2 1.914909 1.176022 1.942822 1.166169 

 
Table 4 shows the comparison of skin friction and Nusselt number for water, CuO-Water and 

Ag/CuO-Water. Based on that, it shown the value of skin friction of nanofluid (CuO-Water) is higher 
than hybrid nanofluid (Ag/CuO-Water) and base fluid (Water). While the value of Nusselt number 
shows that hybrid nanofluid (Ag/CuO-Water) is higher than nanofluid (CuO-Water) followed by base 
fluid (Water). So, we can conclude that the hybrid nanofluid (Ag/CuO-Water) has higher rate of heat 
transfer than nanofluid (CuO-Water) and base fluid (Water). From Table 4, it can be concluded that 
the present of nanoparticles give significant impact on skin friction and Nusselt number. In 
percentage-wise: 

• the skin friction factor is increased by 61.62% while for Nusselt number is increased by 36.11% 
(comparison between water and CuO-Water). 

• the skin friction factor is increased by 57.84% while for Nusselt number is increased by 36.02% 
(comparison between water and Ag/CuO-Water). 

• the skin friction factor is decreased by 2.34% while for Nusselt number is increased by 0.48% 
(Comparison between Ag/CuO-water and CuO-Water). 

 
Table 4  
Effects of Skin Friction and Nusselt number for water, CuO-Water and Ag/CuO-Water 
  M  1  2  xGr  

pK  Skin Friction Nusselt Number  

90  1 0 0 0.1 0.5 1.789623 0.938000 Water 

0.2 0 2.892304 1.271588 CuO-Water 

0.1 0.1 2.824732 1.277539 Ag/CuO-Water 

 
4. Conclusions 
 

This paper study on the effects an aligned magnetic field of hybrid nanofluid over a vertical plate 
through porous medium with constant wall boundary condition. The influences of the aligned angle 
of magnetic field, , interaction of magnetic field, M ,volume fraction of nanoparticles,  , Local 
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Grashof number parameter, 
x

Gr , and porous parameters, 
p

K  on effect of base fluid, nanofluid and 

hybrid nanofluid results obtained: 
i. Ag/CuO-Water (hybrid nanofluid) has higher rate of heat transfer than water (base fluid) and 

CuO-Water (nanofluid). 

ii. With an increase in value of  , M , and 
x

Gr the velocity profile increases. The increase in the 

value of 1 2and   and 
p

K results in a decrease of the velocity profiles. 

iii. The temperature profile decreases with an increase in value of  , M , and 
x

Gr . A rise in the 

value of 1 2and   and 
p

K  raises the temperature profiles. 

iv. The skin friction and Nusselt number increase due to the rise in  , M , and 
x

Gr  except for 

p
K , 1 2and  . 

v. In general, hybrid nanofluid heat transfer rate is better than nanofluids with affected by  , 

M , 
p

K ,
x

Gr , 1 2and   parameters. 
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