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A steady incompressible boundary layer flow and heat transfer past on a moving thin 
needle saturated with hybrid nanofluid are investigated with the effects of solar radiation 
and viscous dissipation. The simulation is also influenced by the effects of thermophoresis 
and Brownian motion. We consider (Al2O3-Cu-water) as a hybrid nanofluid, where water 
is the base fluid and alumina and copper are the hybrid nanoparticles. By utilizing the 
technique of similarity transformations, we transformed the dimensional partial 
differential equations into dimensionless ordinary differential equations. Using the 
MAPLE software scheme, the transformed equations have been solved numerically. The 
graphical representation of different parameters including Mixed convection, Power-law 
exponent, Buoyancy ratio parameter, Eckert number are illustrated on velocity, 
temperature, the concentration of nanoparticles profiles and explained in detail. Skin 
friction coefficient, heat transfer rate, and mass transfer rate are also obtained 
numerically. With the presence of hybrid nanoparticles, the heat transfer rate is higher 
in all cases. In the temperature profile, we observed a reduction with the increasing 
values of the mixed convection parameter. It also revealed that greater values of volume 
fraction of nanoparticle (Cu) reduce the mass transfer rate but accelerates the heat 
transfer rate. 
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1. Introduction 
 

Boundary layer flow and heat transfer are the fundamental areas of modern fluid dynamics, 
which have a huge application in engineering and industrial fields [1]. The boundary layer is the 
region, where viscosity is dominant and the majority of the drag experienced by the body immersed 
in a fluid is created, the viscosity can be neglected on the outside of the boundary layer without any 
significant effects. It has several applications including polymer extrusions, wire drawing, nuclear 
reactor, etc. are examples of such flow in engineering and industrial processes. 

The analysis of heat transfer and boundary layer flow has gathered immerse attention from 
researchers which focused on hybrid nanofluid, in the recent period. Hybrid nanofluid has more 
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thermophysical properties and it has the capacity of raising the heat transfer rate because of the 
synergistic effects [2,3]. A better understanding of the thermal capacity of hybrid nanofluid in 
comparison with nanofluid has been analysed [4]. Hybrid nanofluid is considered as an effective heat 
transfer fluid rather than nanofluid and base fluid which uses for engineering application, to augment 
the heat transfer in the system [5]. It also has phenomenal application in the branches of the heat 
exchanger, nuclear system cooling, coolant in machining, transformer cooling, solar collector, 
micropower generation, heat sink, boiling, electronic cooling, refrigeration, drug reduction, 
biomedical [6]. With transpiration effect dual solution is noticed for both shrinking and stretching 
sheet, using buoyancy effect bifurcation is found which lead the solution towards a lower point [7,8]. 
Though the dual solution has been found for several values of radiation and suction parameter, the 
skin fraction factor decreased for the first solution [9]. The dual solution is also noticeable for the 
unsteadiness parameter or the elevated value of volume fraction of nanoparticle, critical value 
decreased in biaxial sheet [10,11]. With the wide range of Reynolds numbers, it is noticed that the 
heat transfer rate and skin friction coefficient got higher in the stretching/shrinking cylinder [12]. 
Also, to find out the effects of pressure drop disadvantage some experiments have been placed and 
implied positive results for hybrid nanofluid [13]. With the increasing values of volume fraction, it has 
noticed that the Nusselt number and the rate of heat transfer shows lessened effect throughout [14]. 

Over the last decades, the problem of boundary layer flow past thin needle has been proved as 
beneficial in terms of applications especially in industrial areas, for example, electronic devices, the 
hot wire anemometer, geothermal power generation [15]. It has also some vital aspects in the 
industries of engineering and medicine such as lubrication, blood flow problems, manufacturing 
dynamics of smart coating, wind prediction, transportation, and so on [16]. Forced convection 
boundary layer flow through a horizontal thin needle has been initiated which shown that the fluid 
and heat transfer were affected by solid volume fraction [17]. For further assumption, another 
problem was examined on the velocity and temperature profiles with a visible impact of needle size 
as well as solid volume fraction [18]. The laminar mixed convective flow of hybrid nanofluid is 
investigated for experimental learning [19,20]. A vertical thin needle with mixed convection 
boundary layer flow was obtained to find out the effect of solid volume fraction and boundary layer 
separation [21]. Also, an investigation has been done for nanomaterial over moving needle which 
find out, in the magnetic function the velocity profile demoted but the temperature profile elevated 
[22]. Apart from that, the dual solution has been found for another nanomaterial considering thermal 
radiation and discovered the velocity for both upper and lower solution depends on the size and 
movement of the thin needle [23]. 

This foregoing study is focused on the problem of an incompressible hybrid nanofluid in the 
boundary layer with the influence of exponential solar radiation and Viscous dissipation of steady 
mixed convective heat transfer flow past a non-isothermal moving thin needle [24-26]. Here we 
consider (𝐴𝑙2𝑂3 − 𝐶𝑢 − 𝑊𝑎𝑡𝑒𝑟) as a hybrid nanofluid and the effects of Brownian motion and 
thermophoresis are included in this paper for this fluid. As the radiation and dissipation are invoked 
in this present study with other effects, the constructed new model has a great influence on the study 
of flow and heat transfer of hybrid nanofluid [27]. So, this particular topic of the thin needle could be 
exploded into real-life problems as well as industrial areas. For accuracy, the resulting data has been 
compared with the previously published data. To our best knowledge, no other investigation has 
been noted for this type of study and the resulting data are unique. 
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2. Physical Model and Formulation 
 

Study of a solar radiative dissipative, inspired by simulating the functional mixed convective 
hybrid nano-polymer coating boundary layer flow on a moving thin needle containing different 

nanoparticles. Temperature variation as P

w AxTTT +==  considered for the condition of the non-

isothermal case, with surface temperature 𝑇𝑤 and the ambient temperature 𝑇∞ (𝑇𝑤 > 𝑇∞). The 
adopted cylindrical coordinate system (𝑥, 𝑟) (Figure 1) with axial and radial coordinates, respectively. 

Here the needle moves with a constant speed in a moving fluid with the same speed, U  is the 

nanoparticle concentration at the surface, 𝐶𝑤 and  𝐶∞ is the ambient nanoparticle concentration. The 
properties of nanofluid are assumed to be constant. The corresponding governing equations, under 
the above assumptions describing the 2D Hybrid nanofluid boundary layer flow, are obtained by 
amalgamating earlier models [24,26,27]. 
 

 
Fig. 1. Flow geometry of hybrid nanofluid 
through thin needle 
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Boundary conditions for the flow geometry are 
 

u =𝑈∞𝜀,   𝑣 = 𝑣𝑤,  T = 𝑇𝑤 = 𝑇∞ + 𝐴𝑥𝑃,  𝐷𝐵
𝜕𝐶

𝜕𝑟
 + 

𝐷𝑇

𝑇∞

𝜕𝑇

𝜕𝑟
 = 0 at r = R(x) 

u → 𝑈∞, T → 𝑇∞, C → 𝐶∞ as r→ ∞           (5) 
 
where, 𝐴, 𝑝 are constant, 𝜀 is constant moving parameter, 𝑢 and 𝑣 are the velocity components in 
(𝑥, 𝑟) directions, the surface of the thin needle is described by R(x), 𝐷𝑇  and 𝐷𝐵 are thermophoretic 
diffusion and Brownian diffusion coefficients, respectively, the effective heat capacity ratio, hybrid 
nanofluid’s temperature, nanoparticle concentration and mass flux velocity are represented with 𝜎,T, 
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C and 𝑣𝑤 respectively, heat capacity, thermal conductivity, dynamic viscosity and density of hybrid 
nanofluid flow are characterized by (𝜌𝐶𝑝)ℎ𝑛𝑓 ,𝑘ℎ𝑛𝑓, µℎ𝑛𝑓 and 𝜌ℎ𝑛𝑓 respectively. Further, the 

nanoparticle volume fractions of 𝐴𝑙2𝑂3 𝑎𝑛𝑑 𝐶𝑢 are symbolized by 𝜑1 𝑎𝑛𝑑 𝜑2 while their solid 
components are indicated by the subscripts n1 and n2, respectively. Thermophysical properties are 
listed in Table 1. 
 

Table 1 
Thermophysical properties of nanoparticles and water [14,23] 
Thermophysical properties Water 𝐶𝑢 𝐴𝑙2𝑂3 

𝜌(kg/𝑚3) 997.1 8933 3970 
𝐶𝑝(J/kgK) 4179 385 765 

𝑘(W/mK) 0.613 400 40 

 
Eq. (1)-(5) are formidable to solve even with numerical methods. It is pertinent therefore to 

simplify them with the help of similarity transformations and dimensionless quantities assuming from 
[24,27] 
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Subject to 
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where, 𝐸𝑐, 𝜉, 𝐺𝑟𝑥, 𝑅𝑒, 𝜀, 𝑁𝑟, 𝑃𝑟, 𝑆𝑐, 𝑁𝑡, 𝑁𝑏 signifies respectively Eckert number, local Grashof 
number, Reynolds number, constant moving parameter, buoyancy ratio parameter, Prandtl number, 
Schmidt number, thermophoresis and Brownian motion parameters, respectively. The needle moves 
away from the origin if ε > 0 and moves toward the origin if ε < 0. The dimensionless flow parameters 
arising in Eq. (7)-(10) have the following mathematical definitions 
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c5 = 
1
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Local skin friction coefficient 𝐶𝑓 , Nusselt number Nux and Sherwood numbers 𝑆ℎ𝑥 are given by 

 

𝑅𝑒𝑥

1

2𝐶𝑓 = 4𝑐
1

2
µℎ𝑛𝑓

µ𝑓
 𝑓′′(0), 𝑅𝑒𝑥

−
1

2𝑁𝑢𝑥 = −2𝑐
1

2
𝑘ℎ𝑛𝑓

𝑘𝑓
 𝜃′(𝑐),  

𝑅𝑒𝑥

−1

2 𝑆ℎ𝑥 = −2𝑐
1

2 𝜙′(𝑐) = 2𝑐
1

2  
𝑁𝑡

𝑁𝑏
𝜃′(𝑐)                    (12) 

 
3. Numerical Procedure and Result Discussion 
 

Numerical investigation of a mixed convective steady non-isothermal hybrid nanofluid flow 
moving thin needle containing different nanoparticles is studied extensively. Extensive numerical 
MAPLE software scheme computations that can accommodate complex boundary conditions (10) 
and multiple nonlinear coupled boundary layer Eq. (7)-(9) have been performed and all results are 
visualised in Figure 2 to Figure 16. Once the velocity, temperature, and nanoparticle concentration 
variables are evaluated, the skin friction, Nusselt number, and Sherwood number may be readily 
computed, compared with previously published results, and documented in Table 2 and Table 3. 
Further, the computed results of Skin friction, Nusselt number, and Sherwood number for the other 
parameters are presented in Table 4. To validate the present numerical results, we consider various 
volume fraction 𝜑2 of Cu, while the volume fraction 𝜑1 = 0.1 of 𝐴𝑙2𝑂3  is kept fixed. The values of 
𝑓′′(c) and -𝜃′(c) when 𝜙1=𝜙2=0 (regular fluid), 𝜀 = 𝑆𝑐 = 0 and 𝑃𝑟 = 0.7 for various values of c in the 
absence of 𝑁𝑡 and 𝑁𝑏 are displayed in Table 2 and found good accuracy to run further simulations 
[17,27]. On the other hand, Table 3 is provided to describe the values of 𝑓′′(c) and -𝜃′(c) for Cu-water 
nanofluid when 𝜑1 = 𝜀 = 𝑆𝑐 = 0 and 𝑃𝑟 = 7 with various values of c and 𝜑2 in the absence of 𝑁𝑡 
and 𝑁𝑏. The present numerical results are compared with the previous results obtained and show a 
favorable agreement [27]. For less the needle size, the enhancement of 𝑓′′(c) and -𝜃′(c) can be 
observed from Table 2 to Table 4 and observed that 𝜑2 tend to increase the values of 𝑓′′(c) and but 
decrease the values of -𝜃′(c) as 𝜑2increases. MAPLE software scheme and this method was used by 
several researchers, for instance, to calculate their results more accurately [28,29]. 
 

Table 2 
Values of 𝑓′′(𝑐) and -𝜃′(𝑐) for 𝜑1 = 𝜑2 = 0, 𝜀 = 𝑆𝑐 = 0, Pr = 0.733 with the value of c 
c Grosan and Pop [17] 

 𝑓′′(𝑐) 
Waini et al., [27] 
𝑓′′(𝑐) 

Present work 
𝑓′′(𝑐) 

Grosan and Pop [17] - 
𝜃′(𝑐) 

Present work -
𝜃′(𝑐) 

0.1 1.289074 1.288778 1.317999 2.441675 2.535714 

  
Table 3 
Values of 𝑓′′(𝑐) and -𝜃′(𝑐) for regular fluid (𝜑1 = 𝜑2 = 0) when (𝜀 = 𝑆𝑐 = 0) and 𝑃𝑟 =
7 with the various values of c and 𝜑2, where 𝑁𝑏 and 𝑁𝑡 are absent 
𝑓′′(𝑐) −𝜃′(𝑐) 
c 𝜑2 Waini et al., [27] Present work Waini et al., [27] Present work 

0.1 0.05 
0.1 
0.2 

1.347125 
1.381635 
1.404050 

1.365640 
1.394255 
1.413123 

3.681817 
3.586427 
3.389682 

3.688617 
3.588975 
3.389044 
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Figure 2 to Figure 4 exhibit the disparity of velocity, temperature and concentration sketches 
through dissimilar quantities of mixed convection parameter 𝜉, where 𝑃𝑟 = 6.2, 𝑁𝑟 = 0.1, 𝑃 =
1, 𝐸𝑐 = 0.1, 𝐺𝑎 = 1.25, 𝑆𝑐 = 0.5, 𝜙1 = 0.1, 𝑎 = 6, 𝑅𝑒 = 1, 𝜙2 = 0.1, 𝑐 = 0.1, 𝜀 = −1. In Figure 2, 
when the values of 𝜉 increase, the fluid velocity is increased, then heat is dispersed more quickly in 
the surrounding and as the consequence, the fluid temperature is reduced, as shown in Figure 3. This 
phenomenon occurs because of the increasing mixed convection parameter has accelerated the fluid 
inside the boundary layer. In detail from Figure 2, the velocity reports magnify through an escalating 
in mixed convection quantity for both the nanoparticles considered, the elucidations of that 
performance reveal that the momentum boundary layer growth is accelerated the fluid motion. On 
the other hand, temperature reports lessen through an escalating in mixed convection quantity in 
the whole liquid region. Further, an improvement in the mixed convection quantity enhances 
concentration results rapidly, asymptotically satisfies the free stream conditions (10). 
 

 

 

 
Fig. 2. Impact of 𝜉 on 𝑓′(𝜂)  Fig. 3. Impact of 𝜉 on 𝜃(𝜂) 

 

 
Fig. 4. Impact of 𝜉 on 𝜙(𝜂) 

 
Figure 5 to Figure 7 discloses the consequences of solute buoyancy parameter 𝑁𝑟, on the liquid 

velocity, temperature, and concentration constituents. In Figure 5, by increasing 𝑁𝑟, the buoyancy 
force increases which enhance the velocity field. As a result, the temperature field is decreased (see 
Figure 6). Higher values of solute buoyancy parameter 𝑁𝑟 correspond to the decrease in temperature 
and thermal boundary layer thickness. The velocity improved by an increase in solutal buoyancy 
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parameter 𝑁𝑟, all over the liquid section. Generally, concentration buoyancy parameter appears in 
the momentum equation, the thermal Grashof quantity 𝐺𝑟, implies qualified outcome of the heat 
buoyancies strength for the glutinous hydrodynamic vigor during the edge stratum, near the same 
time, as the mass Grashof’s quantity 𝐺𝑚, established the ratio for the concentration buoyancies 
strength to the glutinous hydrodynamic vigor. As accepted the nano liquid rapidly increases by asset 
of the intensification of solutal buoyancy’s service. The rapidity delivery increases speedily next to 
the thin needle afterward, those in turn downs effortlessly for the gratuitous stream number. Hence, 
frontier layers width enlarges through boost up in solutal buoyancy parameter. i.e., the improvement 
𝑁𝑟 prepared the liquid movement upsurges for temperature. Therefore, the resulting temperature 
was enhanced by an augment in the concentration buoyancy parameter. Further, an improvement 
in the concentration buoyancy parameter reduces the concentration result rapidly. 
 

 

 

 
Fig. 5. Impact of Nr on 𝑓′(𝜂)  Fig. 6. Impact of Nr on 𝜃(𝜂) 

 

 
Fig. 7. Impact of Nr on 𝜙(𝜂) 

 
Figure 8 to Figure 10 visualize the response in radial velocity, temperature and concentration 

distributions with power law constant 𝑃. 𝑃 = 0 corresponds to uniform surface temperature, 𝑃 =
1/3 corresponds uniform surface heat flux and 𝑃 = 1 corresponds isothermal surface. As seen, radial 
flow rate profiles diminish due to rising power law constant that resulted in rising nanofluid bonding 
strength. As power law constant appeared in boundary condition (5) depending on indexing, which 
diminishes the viscous force due to radial flow. However, an opposite in the heat distribution 
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responses is noticed due to strong resistance to the heat generated. A more significant increment is 
computed throughout the concentration liquid region with a rise in power law constant. 
 

 

 
Fig. 10. Impact of P on 𝜙(𝜂) 

 
Figure 11 to Figure 13 illustrates the distributions in velocity, temperature, and concentration 

with Eckert number, 𝐸𝑐. Eckert number expresses the relative contribution of kinetic energy in the 
nanopolymer flow to the boundary layer enthalpy difference. It features in the viscous (mechanical) 
heating equation. Even relatively small values of 𝐸𝑐 exert a significant influence on thermal field. 
Also, Eckert number acts an appreciated part in the description of continuum mechanics. Notable 
enhancement is induced in radial flow rate. From this Figure 12, it can be highlighted that an increase 
in the Eckert number Ec results the enhancement in temperature profile 𝜃(𝜂) and thermal boundary 
layer thickness. This phenomenon of temperature enhancement occurs as heat energy is stored in 
the fluid due to frictional heating. In precise, an increase in Eckert number is observed to strongly 
elevate temperatures throughout the boundary layer regime, irrespective of the nanoparticle 
considered. There is an increasing conversion of kinetic energy in the boundary layer flow to thermal 
energy owing to internal friction with higher Eckert numbers. Hence, thermal boundary layer 
thickness is therefore also enhanced with the dissipation effect. However, a strong depletion in 
nanoparticle concentration magnitudes is observed with a rise in Eckert number. Asymptotically 
smooth solutions are achieved in the free stream confirming the prescription of an adequately large 
infinity boundary condition in the MAPLE quadrature code.  

 

 

 
Fig. 8. Impact of P on 𝑓′(𝜂)  Fig. 9. Impact of P on 𝜃(𝜂) 
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Fig. 12. Impact of Ec on 𝜃(𝜂)  Fig. 11. Impact of Ec on 𝑓′(𝜂) 

 

 
Fig. 13. Impact of Ec on 𝜙(𝜂) 

 
Figure 14 to Figure 16 shows the evolution in 𝑓′(𝜂), 𝜃(𝜂), 𝜙(𝜂) profiles for different nanoparticles 

with transverse coordinate to a modification in nanoparticle volume fraction 𝜙2. It is evident that a 
strong declination in the flow is generated with a higher fractional volume of nanoparticles i.e., the 
thickness of the hydrodynamic boundary layer reduces. It is apparent from Figure 15 that a strong 
accentuation in temperature is mobilized with higher nanoparticle volume fractions i.e., greater 
doping percentage of the base fluid. Therefore, thickness of thermal boundary layer increases. The 
flow distribution indeed confirms the non-trivial effect of nanoparticle doping as a strong mechanism 
for elevating both convection and conduction coefficients. Hence, nanofluids are effective for 
energizing base fluids without the clogging effects encountered with micro-scaled particles. They 
increase the thermal efficiency of the process and these are beneficial n coating dynamics since the 
extra mechanism is available for regulating heat transfer effects and more precisely manipulating 
finishing characteristics. However, a strong depletion in nanoparticle concentration magnitudes is 
observed with a rise in volume fraction. 
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Fig. 14. Impact of 𝜑2 on 𝑓′(𝜂)  Fig. 15. Impact of 𝜑2 on 𝜃(𝜂) 

 

 
Fig. 16. Impact of 𝜑2 on 𝜙(𝜂) 

 
Table 4 show that with enhancing 𝜙2, 𝜉, 𝑃, 𝑁𝑟 and 𝐸𝑐 trends are as follows; with increasing 

volume fraction 𝜙2, skin friction, 𝑓′′(𝜂) and Sherwood number, 𝜙′(𝜂) are reduced whereas Nusselt 
number 𝜃′(𝜂) is elevated. With greater mixed convection parameter 𝜉, skin friction and Nusselt 
number are elevated and Sherwood number is reduced. With greater power law constant 𝑃, skin 
friction and Sherwood number are reduced whereas Nusselt number is elevated. With an increase in 
solutal buoyancy parameter 𝑁𝑟, skin friction and Nusselt number are strongly elevated but reduces 
the Sherwood number. Finally, Grater 𝐸𝑐 values decrease Sherwood number but increase skin 
friction and Nusselt number. 
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Table 4 
Skin friction coefficient, Nusselt number, and Sherwood numbers and the values of another parameter 
is Pr = 6.2, Ga =1.25, Sc = 0.5, 𝜑1= 0.1, a = 6, Re = 1, c=0.1, 𝜀 = −1, Nb = 0.5, Nt = 0.5 
𝜑2 ξ P Nr Ec 𝑓′′(𝜂) 𝜃′(𝜂) 𝜙′(𝜂) 

0.4 
0.6 
0.8 

0.5 1 0.01 0.1 2.5138 
2.4228 
2.2778 

1.6685 
3.1664 
9.8917 

-1.6685 
-3.1664 
-9.8917 

0.1 0.5 
1 
1.5 

1 0.01 0.1 2.5873 
3.1042 
3.5493 

1.7697 
1.8691 
2.1000 

-1.7697 
-1.8691 
-2.1000 

0.1 0.5 0 
1

3
 

1 

0.01 0.1 2.7248 
2.6391 
2.6110 

1.2201 
1.2649 
1.7691 

-1.2201 
-1.2649 
-1.7691 

0.1 0.5 1 0.3 
0.6 
0.9 

0.1 2.8474 
3.1304 
3.3867 

1.7204 
1.8035 
1.9206 

-1.7204 
-1.8035 
-1.9206 

0.1 0.5 1 0.01 0.1 
0.2 
0.3 

2.5344 
2.6866 
2.8353 

1.6994 
4.4117 
7.4979 

-1.6994 
-4.4117 
-7.4979 

 
4. Conclusions 
 

MAPLE software scheme numerical solutions have been derived for incompressible mixed 
convection non-isothermal hybrid nanofluid transport through moving thin needle with the impacts 
of solar thermal radiation and viscous dissipation. Two different waters based nanofluids have been 
examined, of relevance to smart functional nano-polymers. Graphical results for velocity, 
temperature, and nanoparticle concentration distributions have been presented for different 
parametric cases. Skin friction, Nusselt number and Sherwood number distributions have also been 
computed. Key observation of the outcomes reveals that enhancement in 𝜉, 𝑁𝑟 accelerates the 
boundary layer flow (thinner momentum boundary layer) whereas elevation in Eckert number 
induces a deceleration (thicker momentum boundary layer). Increasing Eckert number elevates 
temperature strongly but suppresses the nanoparticle concentration magnitudes. Higher mixed 
convection parameter, solute buoyancy parameter and Eckert numbers significantly elevate skin 
friction, and Nusselt number but weekly reduces for Sherwood number. 
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