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The numerical investigation of unsteady magnetohydrodynamic (MHD) stagnation point 
flow of Al2O3-Cu/H2O hybrid nanofluid past a convectively heated permeable 
stretching/shrinking sheet with suction/injection effect is underlined. The characteristic 
of MHD and boundary condition with suction/injection has received a lot of consideration 
due to its across-the-board application in mechanical and chemical engineering. The 
governing continuity, momentum and energy equations are transformed into a system 
of nonlinear ordinary differential equations using similarity transformation, which is then 
solved using the bvp4c routine. Numerical results are obtained for the skin friction 
coefficient, local Nusselt number as well as the velocity and temperature profiles for 
certain values of the governing parameters, namely suction/injection parameter, copper 
nanoparticle volume fraction parameter and MHD parameter. Results showed that both 
velocity profile and temperature increase as the suction/injection parameter 𝛾 increases 
for the first solution and decreases for the second solution. Similarly, when increase the 
value of MHD parameter M, the velocity and temperature profiles are decreases for both 
solutions. The magnitude of the reduced skin friction coefficient and the local Nusselt 
number are notably increased for the first solution with increasing values of the 
suction/injection and MHD parameters. Finding also revealed that the skin friction 
coefficient is intensified in conjunction with the local Nussel number by adding up the 
copper nanoparticle volume fraction. In general, dual solutions are found to exist to a 
particular extent of the stretching/shrinking sheet. 
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1. Introduction 
 

Stagnation points flow is a fundamental phenomenon since it features are linked to all contacts 
between the flowing fluid and the solid structures. Specifically, such flow is mainly formed by the 
fluid flows near the stagnating flow of a solid surface in the fluid substance or by fluid dynamics. From 
the perspective of technical application, it is particularly crucial to determine the rate of variation of 
physical parameters around the flow environment. The largest heat transfer and highest pressure 
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combined with a velocity decrease occurs in the stagnation point flow around the flow environment. 
The selection of the working fluid or the form of the solid structure can therefore have a substantial 
impact on fluid flow and heat transmission. The phenomenon and heat transmission involving 
stagnation point flow can be observed in many areas such as electronic, hydrodynamic, and 
aerodynamic. Due to its wide variety of applications, stagnation point flow has been examined by 
many experts. For instance, Mahapatra and Gupta [1] studied the impact of stretching surface on 
stagnation point flow. Stretching sheet has numerous essential industrial usages, such as paper 
manufacturing, polymer sheets, condensed liquid film, and matt fiber [2]. On the other hand, 
Miklavčič and Wang [3] examined the shrinking surface in which the velocity of the fluid flows on the 
boundary to a fixed point. They found that such a flow depends on mass suction imposed externally. 
Afterwards, Wang [4] extended the work of Miklavčič and Wang [3] to the case of stagnation-point 
flow. He discovered that solutions do not occur for bigger shrinking rates and may be non-unique in 
the two-dimensional situation. The flow structure is complicated by the non-alignment of the 
stagnation point flow and the shrinking sheet. Since then, numerous writers have explored 
extensively the flow caused by stretching/shrinking areas with different geometric structures [5]. 

Another heat transfer fluid that is thought to have greater heat features than nanofluid and the 
typical base fluid is hybrid nanofluid. Hybrid nanofluid is a mixture of two different kinds of 
nanoparticles into a base fluid. Nanoparticles that are commonly employed during the preparation 
of nanofluid and hybrid nanofluid are metals (i.e., copper (Cu), silver (Ag), nickel (Ni), and gold (Au)), 
metal oxides (i.e., alumina (Al2O3), hematite (Fe2O3), and tenorite (CuO)), metal carbides, metal 
nitrides and carbon materials (i.e., carbon nanotubes (CNTs), muti-walled carbon nanotubes 
(MWCNTs), graphite’s, and diamonds.). Ahmed et al., [6] studied the metal oxide and ethylene glycol 
based well stable nanofluids for mass flow in closed conduit. For the stability of nanofluids, Sajid and 
Ali [7] determined that the correct selection of the nanoparticles was essential. They also examined 
the development of hybrid nanofluids and their thermal conductivity. In comparison with the 
increased heat conduction of single and hybrid nano-additives, while Sarkar et al., [8] addressed 
about the meaning of the hybridization process. They demonstrated that appropriate hybridization 
may make hybrid nanofluids extremely attractive for heat transfer improvement. Suresh et al., [9] 
evaluated the impact on the heat transfer performance of the combined hybrid (Al2O3/H2O) 
nanofluid. According to the findings of this study, the thermal conductivity and viscosity of the 
produced hybrid nanofluids increased with the nanoparticles volume concentration. The 
experimental impact of temperatures and the concentration of particles on hydrid nanofluid dynamic 
viscosity have been examined by Soltani and Akbari [10]. They used hybrid magnesium oxide (MgO) 
– MWCNT/ethylene glycol nanofluid. Chamkha et al., [11] and Mehryan et al., [12] examined many 
elements of fluid flow and heat transfer with Cu- Al2O3/H2O hybrid nanofluid. They discovered that 
the basic Al2O3/H2O nanofluid had a higher natural convection heat transfer rate than the Cu- 
Al2O3/H2O hybrid nanofluid. The importance of hybrid nanofluid has also examined by Sidik et al., 
[13], Akilu et al., [14], Babu et al., [15], Sundar et al., [16], Leong et al., [17] and Huminic and Huminic 
[18]. 

In addition, numerous investigators have carried out the examination of stretching and shrinking 
flows with Cu- Al2O3/H2O hybrid nanofluid. Devi and Devi [19] have presented a special type of 
thermophysical characteristics for hybrid nanofluid. According to the findings of this study, the heat 
transfer rate of the abovementioned hybrid nanofluid is greater than that of Cu/H2O nanofluid in a 
magnetic field system. Devi and Devi [20] have addressed the three-dimensional stretching Cu- 
Al2O3/H2O hybrid nanofluid flow with magnetic field and convective conditions. They discovered that 
even in the presence of a magnetic field, the heat transfer rate of the said hybrid nanofluid is faster 
than that of Cu/H2O nanofluid. The required heat transfer rate may be obtained by using varied and 
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suitable nanoparticle proportions in hybrid nanofluid. Hayat and Nadeem [21] have analyzed a three-
dimensional Ag-CuO/H2O hybrid nanofluid flow across a stretching layer using thermal radiation, 
chemical reaction, and heat generation. They found that the heat transfer rate of hybrid nanofluid is 
greater than that of simple nanofluid due to radiation, heat generation, and chemical reaction. 
Nadeem et al., [22] has investigated the stagnation point flow of Cu- Al2O3/H2O hybrid nanofluid 
across cylindrical surfaces while Yousefi et al., [23] have examined the stagnation point flow to a 
wavy cylindrical with TiO2-Cu/H2O hybrid nanofluid. They noticed that hybrid nanofluid had a higher 
heat transfer rate than nanofluid. Waini et al., [24] and Khashi'ie et al., [25] subsequently studied the 
characteristics of the dual solutions of Cu- Al2O3/H2O hybrid nanofluid across linear, exponential, and 
radially permeable shrinking sheet. The examination of stability was performed, and the first solution 
was the real solution. 

The velocity slip is one of the physical characteristics in boundary layer flow. In some boundary 
layer flow problems, the use of no-slip condition is unworkable. The slip flow applies in comparison 
to the zero-slip flow, for the micro and nano-scale system. The boundary layer flow with slip condition 
to permeable blocks has experimentally examined by Beavers and Joseph [26]. A simple idea is 
presented and demonstrated to be in fair accord with experimental data by replacing the influence 
of the boundary layer with a slip velocity proportionate to the external velocity gradient. Andersson 
[27] and Wang [28] examined the viscous slip-velocity flow along a stretching surface. They 
discovered an exact similarity solution of the Navier–Stokes equations that may be used to model 
stretching flow with partial slip. Mahabaleshwar et al., [30] completed recent investigations on 
boundary layer flow with slip effect using Newtonian fluid. They discovered that Navier’s slip 
condition can cause a non-essential increase in boundary layer thickness as well as a drop in axial and 
transverse velocities. Rusdi et al., [29] has been examined the thermal radiation in nanofluid 
penetrable flow bounded with partial slip impact. Ebaid et al., [32] found that the temperature of 
Cu/H2O and TiO2/H2O nanofluids has increased along with the enhancement of the slip parameter. 
Stagnation point flow of Williamson nanofluid towards a permeable stretching/shrinking sheet with 
partial slip effect has been examined by Khan et al., [31]. The velocity profile has also improved by 
raising the velocity slip parameter as discussed by Bhattacharya et al., [33] and Aziz et al., [34]. 

In aerodynamics and space physics, it has been stated that suction and injection played significant 
role in controlling the flux on the supersonic aircraft surface [35]. Suction and injection of a fluid by 
the joining layer will affect the flow field dramatically. Suction generally increases the skin friction, 
while injection works in the opposite manner. Suction and injection have performed a vital role in 
engineering such as high-temperature analysis, electrical stainless steel, and the petrochemical 
industry. Many researchers such as Bachok et al., [36], Rehman et al., [37] and Li et al., [38] have 
recently studied the effects of suction and injection on various forms of fluid flows over an 
exponential shrinking sheet with stability analysis. Suction delayed the boundary layer separation, 
whereas injection enhances it, according to their findings. Anuar et al., [39] evaluated the effect of 
suction and injection on stagnation point flow of hybrid nanofluid. They showed that the suction 
variable has a greater influence on skin friction and heat transmission than the injection variable. 
Recently, an unsteady MHD stagnation point flow over an exponential permeable stretching and 
shrinking sheet of hybrid nanofluid, was explored by Zainal et al., [40]. In this research, they observed 
that both local Nusselt number and skin friction coefficient has improved along with the 
suction/injection parameter. Since the heat transfer and fluid flow problems are very comprehensive 
in manufacturing processes where suction and injection results are included, the current study may 
have a significant influence on the heat transfer mechanism. 

The study of the phenomenon of magnetohydrodynamics (MHD) flow has received significant 
attention due to its practical usage in fusion reactors, fibre optic filters, crystal growth, metal casting, 
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and optical greasing, to name a few [41]. The existence of MHD in conduction fluid causes motion 
resistance of the fluid particles and this can be defined as Lorentz force. Lorentz force greatly 
increases with the density and fluid temperature, hence delays the boundary layer separation [42]. 
In consideration of the effects from thermophoresis and Brownian motion, Tian et al., [43] provided 
numerical research on a MHD and convective stagnation-point nanofluid flow. They examined the 
impact of the magnetic field, Prandtl number, viscous dissipation, Lewis number, heat source/sink 
with suction/injection, Brownian motion parameter and thermophoresis parameters on the thermal 
boundary layer and flow field, along with Nusselt number, skin friction coefficient, and Sherwood 
number. In another study, Dhanai et al., [44] examined a MHD boundary layer nanofluid flow with 
viscous dissipation passes through a power-law permeable sheet, where they found out the presence 
of dual solutions with respect various stretching/shrinking parameter. The study of slip, chemical 
reaction, and Joule heating effects on magnetohydrodynamic nanofluid and hybrid nanofluid has 
been conducted by Khan et al., [45,46], Ashgar and Ying [47] and Akaje and Olajuwon [48]. The 
examination on an unsteady MHD flow at the forward stagnation-point was first prompted by Katagiri 
[49], Pavlov [50] and Takhar et al., [51]. They inspected the stability of the solution and reported that 
their work was extended by an investigation into the electrically conducting fluid of the MHD 
boundary layer with a transversal magnetic field due to the stretching surface. Since then, a huge 
proportion of research have been published in several aspects including MHD on the 
stretching/shrinking surface and heat transfer, notably from the works of Zainal et al., [52], Jamaludin 
et al., [53] and Mallick and Misra [54]. They demonstrated that the presence of a magnetic field and 
suction would slow down the fluid’s velocity due to the synchronization of the magnetic and electric 
fields caused by the creation of the Lorentz force. 

As far as the investigators’ knowledge, existing literature did not take into consideration the 
unsteady stagnation points flow of hybrid nanofluid with the inclusion of suction/injection and 
magnetic field into the physical model. Thus, this research gap motivated the investigators to conduct 
a heat transfer analysis on an unsteady stagnation point flow which passes through a heated 
stretching/shrinking sheet involving alumina–copper/water (Al2O3-Cu/H2O) with the influence of 
MHD and suction/injection. In many engineering challenges including start-up and regular fluid 
motion, unsteady boundary layer flow plays a significant role. The behavior of unsteady boundary 
layer flow is different from its steady counterpart because it has additional time-dependent element 
which affect the fluid motion pattern and the separation of the boundary layer [55]. The hybrid 
nanofluid is prepared by dispersal of the Al2O3 nanoparticles into H2O, accompanied with Cu with 
different volume fractions. The thermophysical properties of the hybrid nanofluid are adopted from 
Takabi and Salehi [56] and Ghalambaz et al., [57]. The pre-built bvp4c numerical algorithm which runs 
on MATLAB is used for the numerical computations. Discussion on the findings of reduced skin 
friction coefficient, local Nusselt number, velocity profile, and temperature profile in terms of 
suction/injection, MHD and nanoparticles volume fraction are carried out. Particular cases of the 
present study are compared with those of Zainal et al., [58]. All results obtained in this study are 
original and new. 
 
2. Mathematical Model 
 

In this study, as shown in Figure 1, we consider the unsteady two-dimensional MHD stagnation-
point flow for Al2O3-Cu/H2O hybrid nanofluid over a convectively heated stretching/shrining sheet 
with suction/injection [59]. The stretching/shrinking velocity is denoted by 𝑢𝑤(𝑥, 𝑡) = 𝑏𝑥/(1 − 𝑐𝑡), 
where 𝑏 denotes a constant corresponds to stretching (𝑏 > 0) and shrinking (𝑏 < 0) cases while 𝑐 
signifies the unsteady flow and 𝑢𝑒(𝑥, 𝑡) = 𝑎𝑥/(1 − 𝑐𝑡) is the velocity of the free stream where 𝑎 >
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0 represents the strength of the stagnation flow. The ambient temperature and the reference 
temperature are 𝑇∞ and 𝑇0, respectively. Now, we let the bottom of the sheet be heated by 

convection from a hot fluid at a specific temperature 𝑇𝑓(𝑥, 𝑡) =  𝑇∞ +  𝑇0
𝑎𝑥

2𝑣
(1 − 𝑐𝑡)−3/2. From all 

of the assumptions above, the governing boundary layer equations can be given as follows 
 

 
Fig. 1. The schematic of problem flow [52] 
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𝜕2𝑇
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where 𝑇 is the temperature, as well as 𝑢 and 𝑣 being the velocity components along the 𝑥-axis and 
𝑦-axis, respectively. Furthermore, 𝜇ℎ𝑛𝑓 is the dynamic viscosity, 𝜌ℎ𝑛𝑓 is the density, 𝑘ℎ𝑛𝑓 is the 

thermal conductivity, and (𝜌𝐶𝑝)ℎ𝑛𝑓 is the heat capacity of Al2O3-Cu/H2O hybrid nanofluid. The 

boundary conditions with the partial slip and suction/injection are set to be 
 

𝑢 = 𝑢𝑤(𝑥, 𝑡) +  𝐻1𝑣
𝜕𝑢

𝜕𝑦
, 𝑣 = 𝑣𝑤 , −𝑘ℎ𝑛𝑓

𝜕𝑇

𝜕𝑦
=  ℎ𝑓 + (𝑇𝑓 − 𝑇) 𝑎𝑡 𝑦 = 0

𝑢 ⟶ 𝑢𝑒(𝑥, 𝑡), 𝑇 ⟶ 𝑇∞, as 𝑦 ⟶ ∞
      (4) 

 

where 𝐻1 = 𝐻(1 − 𝑐𝑡)1/2 is the velocity slip factor, in which 𝐻 refers to the initial value of the 
velocity slip factor. The physical properties of copper (Cu), alumina (Al2O3) and water (H2O) are 
provided in Table 1. In the meantime, Table 2 showed the thermophysical properties of Al2O3-Cu/H2O 
hybrid nanofluid. The nanoparticles solid volume fraction is represented by 𝜙, 𝜌𝑓 indicates the 

density of base fluid (H2O), 𝜌𝑠 is the density of the hybrid nanoparticle, 𝐶𝑝 is the heat capacity at 

constant pressure, while 𝑘𝑓 denotes the thermal conductivity of base fluid (H2O) and 𝑘𝑠 is the hybrid 

nanoparticle thermal conductivity. Supplies coefficient of heat transfer is expressed by ℎ𝑓. 
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Table 1 

Thermophysical properties of Cu, Al2O3 and H2O [64] 
Properties k (W/mK) 𝜌 (kg/𝑚3) 𝐶𝑝(J/kgK) 𝛽 × 10−5(mK) 

Cu 400 8933 385 1.67 
Al2O3 40 3970 765 0.85 
H2O 0.613 997.1 4179 21 

 
Table 2 
Thermophysical properties of hybrid nanofluid [56,57] 
Properties Hybrid Nanofluid 

Dynamic viscosity 
𝜇ℎ𝑛𝑓 =  

1

(1 −  𝜙ℎ𝑛𝑓)2.5
 

Density 𝜌ℎ𝑛𝑓 = (1 −  𝜙ℎ𝑛𝑓)𝜌𝑓 +  𝜙1𝜌𝑠1
+ 𝜙2𝜌𝑠2

 

Thermal capacity (𝜌𝐶𝑝)ℎ𝑛𝑓 = (1 −  𝜙ℎ𝑛𝑓)(𝜌𝐶𝑝)
𝑓

+ 𝜙1(𝜌𝐶𝑝)𝑠1 +  𝜙2(𝜌𝐶𝑝)𝑠2 

Thermal conductivity 
𝑘ℎ𝑛𝑓

𝑘𝑓
 = [

(
𝜙1𝑘𝑠1+ 𝜙2𝑘𝑠2

𝜙ℎ𝑛𝑓
) + 2𝑘𝑓 + 2(𝜙1𝑘𝑠1+ 𝜙2𝑘𝑠2) −2𝜙ℎ𝑛𝑓𝑘𝑓

(
𝜙1𝑘𝑠1+ 𝜙2𝑘𝑠2

𝜙ℎ𝑛𝑓
)+2𝑘𝑓 − (𝜙1𝑘𝑠1+ 𝜙2𝑘𝑠2) + 𝜙ℎ𝑛𝑓𝑘𝑓

] 

 
In order to express the governing Eq. (1) to Eq. (3) and boundary conditions (4) in a much simpler 

form, the subsequent similarity transformations are considered [60] 
 

𝜓 =  (
𝑎𝑣

1−𝑐𝑡
)

1

2
𝑥𝑓(𝜂), 𝜃(𝜂) =  

𝑇− 𝑇∞

𝑇𝑓− 𝑇∞
, 𝜂 =  (

𝑎

𝑣(1−𝑐𝑡)
)1/2𝑦        (5) 

 
where 𝜓 is the stream function which can be specified as 𝑢 =  𝜕𝜓/𝜕𝑦 and 𝑣 =  −𝜕𝜓/𝜕𝑥, while 𝜂 is 
the similarity variable. Thus, we attain 
 

𝑢 =
𝑎𝑥

(1−𝑐𝑡)
𝑓′(𝜂) and 𝑣 = (

𝑎𝑣

1−𝑐𝑡
)

1

2
𝑓(𝜂).          (6) 

 
By employing the similarity variables (5) and (6), the governing Eq. (2) and Eq. (3) can be reduced 

to the following system of nonlinear ordinary differential equations (ODEs) 
 
𝜇ℎ𝑛𝑓/𝜇𝑓

𝜌ℎ𝑛𝑓/𝜌𝑓
𝑓′′′ + 𝑓𝑓′′ −  𝑓′2

+ 1 −  휀 (𝑓′ +  
1

2
𝜂𝑓′′ −  1) − 

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑀𝑓′ =  0      (7) 

 
1

𝑃𝑟

𝑘ℎ𝑛𝑓/𝑘𝑓

(𝜌𝐶𝑝)ℎ𝑛𝑓/(𝜌𝐶𝑝)𝑓
𝜃′′ + 𝑓𝜃′ − 2𝑓′𝜃 + 

𝜀

2
(𝜂𝜃′ + 3𝜃) = 0        (8) 

 

Here, 𝜆 measures the unsteadiness parameter with 𝜆 = 𝑐/𝑎, and 𝑃𝑟 = (𝜇𝑐𝑝)
𝑓

𝑘𝑓⁄  represents 

the Prandtl number. Next, the boundary conditions (4) can now be transformed into 
 

𝑓(0) =  𝛾, 𝑓′(0) = 휀 +  𝛿𝑓′′(0), −
𝑘ℎ𝑛𝑓

𝑘𝑓
𝜃′(0) =  𝐵𝑖[1 −  𝜃(0)],

𝑓′(𝜂)  ⟶ 1, 𝜃(𝜂) ⟶ 0 as 𝜂 ⟶  ∞.
       (9) 

 
From Eq. (9), 휀 symbolized the ratio of velocity parameter, 𝑀 is the MHD parameter, as well as 𝜎, 

𝛾, and Bi being the dimensionless partial slip, suction/injection, and Biot number parameters, as 
shown below 
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휀 =  
𝑏

𝑎
, 𝑀 =

𝐵0
2𝑎𝑥

1−𝑐𝑡
, 𝑣𝑤 = − (

𝑎𝑣

1−𝑐𝑡
)

1 2⁄

𝑆, 𝜎 = 𝐻(𝑎𝑣)1/2, Bi =  
ℎ𝑓

𝑘𝑓
√

𝑣(1−𝑐𝑡)

𝑎
.                (10) 

 
Next, the skin friction coefficient 𝐶𝑓 and the local Nusselt number 𝑁𝑢𝑥  are defined as follows 

 

𝐶𝑓 =  
𝜏𝑤

𝜌𝑓𝑢𝑒
2 , 𝑁𝑢𝑥 =  

𝑥𝑞𝑤

𝑘𝑓(𝑇𝑓− 𝑇∞)
 .                     (11) 

 
The shear stress is expressed by 𝜏𝑤 along the 𝑥-axis when 𝑞𝑤 signifies the surface heat flux that 

accentuated by 
 

𝜏𝑤 =  𝜇ℎ𝑛𝑓(
𝜕𝑢

𝜕𝑦
)𝑦=0, 𝑞𝑤 =  −𝑘ℎ𝑛𝑓(

𝜕𝑇

𝜕𝑦
)𝑦=0.                    (12) 

 
By applying Eq. (5) and Eq. (12) into Eq. (11), we acquired 
 

√𝑅𝑒𝑥𝐶𝑓 =  
𝜇ℎ𝑛𝑓

𝜇𝑓
𝑓′′(0), 

1

√𝑅𝑒𝑥𝑁𝑢𝑥
=  −

𝑘ℎ𝑛𝑓

𝑘𝑓
𝜃′(0)                   (13) 

 

provided that 𝑅𝑒𝑥 =
𝜇𝑒𝑥

𝜈𝑓
 is the local Reynolds number along 𝑥- axis. 

 
3. Numerical Method: Bvp4c Solver 
 

The unsteady MHD stagnation point flow of hybrid nanofluid past a convectively heated 
permeable stretching/shrinking sheet with suction/injection effect is investigated using appropriate 
governing equations given by Eq. (2) and Eq. (3). The governing equations in Eq. (2) and Eq. (3) are 
partial differential equations (PDEs) that need to be reduced to a system of nonlinear ODEs in Eq. (7) 
and Eq. (8) by non-dimensional similarity transformation and solved using bvp4c solver in MATLAB. 
The reduction to system of ODEs is to make it less intricate in finding numerical solution. Shampine 
et al., [61] presented this MATLAB solver bvp4c routine which involves finite-difference code that 
executes the three-stage fourth order Lobatto IIIA formula. The detail execution of the bvp4c for the 
current problem is presented as follows. 
 
STEP 1: Introduce the following new variables for the system of higher order nonlinear ODES in Eq. 
(7) and Eq. (8) 
 
𝑦(1) = 𝑓, 𝑦(2) = 𝑓′, 𝑦(3) = 𝑓′′, 𝑦(4) = 𝜃, 𝑦5 = 𝜃′.                  (14) 
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STEP 2: Transform the system of higher order nonlinear ODEs (7) – (8) to a system of first order ODEs 
 
𝑓′ = 𝑦(2)

𝑓′′ = 𝑦(3)

𝑓′′′ = (𝑦(2)2  −  𝑦(1)𝑦(3) − 1 +  휀 (𝑦(2) + 
1

2
𝜂𝑦(3) − 1) −

𝜎ℎ𝑛𝑓
𝜎𝑓

⁄

𝜌ℎ𝑛𝑓
𝜌𝑓

⁄
𝑀𝑦(2))

𝜌ℎ𝑛𝑓
𝜌𝑓

⁄

𝜇ℎ𝑛𝑓
𝜇𝑓

⁄

𝜃′ = 𝑦(5)

𝜃′′ = (2𝑦(2)𝑦(4) − 𝑦(1)𝑦(5) −  
𝜀

2
(𝜂𝑦(5) + 3𝑦(4)))

𝑃𝑟
(𝜌𝐶𝑝)

ℎ𝑛𝑓 (𝜌𝐶𝑝)𝑓⁄

𝑘ℎ𝑛𝑓
𝑘𝑓

⁄
 

              (15) 

 
STEP 3: Transform the boundary conditions (9) using according to new variables introduced in Eq. 
(14). 
 

𝑌𝑎(1) = 𝛾, 𝑌𝑎(2) = 𝜆 + 𝛿𝑓′′(0), −
𝑘ℎ𝑛𝑓

𝑘𝑓
𝑌𝑎(5) = 𝐵𝑖[1 − 𝑌𝑎(4)], 𝑌𝑏(2) = 1, 𝑌𝑏(4) = 0.              (16) 

 

Here, the subscript 𝑎 represents the position on the sheet at 0 = and subscript 𝑏 represents the 
position far from the sheet for a particular value of 𝜂. In this study, it is sufficient to acquire the 
correct numerical solution by setting 𝜂 = 8. 
 
STEP 4: Write the system of first order ODEs (15) with boundary conditions (16) in MATLAB software 
using bvp4c solver to obtain dual solutions. The dual solutions were obtained by setting different 
initial guesses for 𝑓′′(0) and 𝜃′(0), where all profiles satisfy the far-field boundary conditions (9) 
asymptotically. Convergence of the first solution is usually guaranteed even for poor initial guesses 
but this is contrary to the initial guesses for the second solution. 
 
4. Results and Discussion 
 

A bvp4c approach is a remarkable and thoroughly developed instrument to address the boundary 
value problems. Early calculation of the primary mesh points and the varying step dimensions are 
essential to ensure the required results. It is essential to confirm that the diffusion of distinct 
nanoparticles Al2O3 and Cu is adequate of establishing Al2O3-Cu/H2O hybrid nanofluid and Cu/H2O 
nanofluid. Aside from that, the Prandtl number (𝑃𝑟) is set to be fixed at 𝑃𝑟 = 6.2 which coincide to 
water as the reference base fluid, while as for the Al2O3-Cu/H2O hybrid nanofluid, the size of the 
nanoparticles is assumed to be regulated, and the thermophysical properties impact of nanoparticles 
is ignored. The following values of the leading parameters were used for this numerical analysis: 
Prandtl number (𝑃𝑟 = 6.2), suction/injection parameter (𝛾 =  −0.1, 0, 0.1), alumina volume 
fraction (𝜙1 = 0.02), unsteadiness parameter (𝜆 = 0.1), MHD parameter (𝑀 = 0, 0.01, 0.02), Biot 
number (𝐵𝑖 = 0.2), velocity slip parameter (𝜎 = 0.2) and copper volume fraction (𝜙2 =
0.02, 0.05, 0.08). The emphases were focused on the impact of the suction/injection parameter, 
MHD parameter, and copper volume fraction on the velocity and heat transfer of the fluid flow, and 
the skin friction and local Nusselt number, as depicted in Figure 2 to Figure 13. 

Figure 2 showed the existence of dual velocity profiles (𝑓′(𝜂)) with respect to different values of 
suction/injection parameter (𝛾). The first solution increases in proportion to the rise in 𝛾, while the 
second solution shows contradictory effects from the first solution, presumably due to the 
improvement in unsteady flow. Similar trend of the solution found in Figure 2 was also reflected in 
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the temperature distribution 𝜃(𝜂) as depicted in Figure 3. Obviously, the rate of heat transfer in the 
first solution is ascending, while the second solution allows a top-down direction when 
suction/injection is enlarged. 
 

 
Fig. 2. The velocity profiles 𝑓′(𝜂) for different values of 𝛾 when 𝑃𝑟 =
6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝑀 = 0.01, 𝜙1 =  𝜙2 = 0.02 , 𝜎 = 0.2 and 휀 =
 −1.4 (shrinking case) 

 

 
Fig. 3. The temperature profiles 𝜃(𝜂) for different values of 𝛾 when 𝑃𝑟 = 6.2, 
𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝑀 = 0.01, 𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 휀 =
 −1.4 (shrinking case) 

 
Figure 4 and Figure 5 demonstrated that the distribution of disburse suction/injection parameter 

in the current study is able to form the dual similarity solutions in both skin friction and Nusselt 
number. Based on these two figures, dual solutions occurred when 휀𝑐 ≤ 휀, while no solution was 
found for 휀 < 휀𝑐. Figure 4 also highlighted as the sheet is stretching at the rate of 휀 = 1, the value of 
skin friction 𝑓′′(0) = 0 which characterized as no frictional drag being expanded at the convectively 
heated stretching/shrinking sheet. It can also be noticed that as the suction/injection impact 
becomes higher, the range of solutions becomes wider. It is clearly illustrated in Figure 4 that an 
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increment of 𝛾 would increase the value of skin friction (𝑓′(𝜂)) in the first solution but opposite 
behaviour is noticed in the second solution. 
 

 
Fig. 4. Variation of skin friction 𝑓′′(0) for different values of 𝛾 when 𝑃𝑟 =
6.2, 𝐵𝑖 = 0.2 , 𝜆 = 0.1 , 𝜙1 =  𝜙2 = 0.02 , 𝜎 = 0.2 and 𝑀 = 0.01 

 

 
Fig. 5. Variation of local Nusselt number −𝜃′(0) for different values of 𝛾 when 
𝑃𝑟 = 6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1,  𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 𝑀 = 0.01 

 
Figure 5 exposed an upward trend in Nusselt number (−𝜃′(0)) when the suction/injection 

parameter rises on the convectively heated stretching/shrinking sheet, which is proportionate to the 
heat transfer rate. These results are consistent with Zainal et al., [58]. Obviously, the heat transfer 
rate for the first solution presents an increasing upward trend, while the second solution allows a 
top-down trend as the range of suction/injection parameter is widened. Thus, the suction/injection 
greatly improved the heat transfer rate. The critical values at 𝛾 = −0.1,0,0.1 are 휀𝑐 =
−1.4316, −1.4953. −1.5650, respectively. Note that there is no solution for 휀 <  휀𝑐.  

In Figure 6 and Figure 7, the velocity profile (𝑓′(𝜂)) and temperature profile (𝜃(𝜂)) with varying 
values of 𝑀 = 0, 0.01 and 0.02 are seen. As shown in Figure 6, the fluid velocity decreases in both 
first and second solutions and the transportation rate decrease significantly with increasing value of 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-1.5

-1

-0.5

0

0.5

1

1.5

2

f'
' 

(0
)


 

 

First  solut ion Second solut ion


c 3

 = -1.5650


c 2

 = -1.4953


c 1

 = -1.4316

  = -0.1, 0, 0.1

-1.6 -1.55 -1.5 -1.45 -1.4

0.165

0.17

0.175

0.18

0.185



-
' 

(0
)

 

 

First  solut ion Second solut ion


c 1

 = -1.4316


c 2
 = -1.4953


c 3

 = -1.5650

  = -0.1, 0, 0.1



 Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 96, Issue 1 (2022) 96-114 

106 
 

𝑀. Consequently, the temperature profile decreases as the magnetohydrodynamic number increases 
(see Figure 7). This is due to the fact that Lorentz force from the magnetic field induced further 
transport resistance, thus reduces the shear stress on the floor [62]. 
 

 
Fig. 6. The velocity profiles 𝑓′(𝜂) for different values of 𝑀 when 𝑃𝑟 =
6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝛾 = 0.1, 𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 휀 =
 −1.4 (shrinking case) 

 

 
Fig. 7. The temperature profiles 𝜃(𝜂) for different values of 𝑀 when 𝑃𝑟 =
6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝛾 = 0.1, 𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 휀 =
 −1.4 (shrinking case) 

 
The effect of 𝑀 on the variations of skin friction (𝑓′′(0)) and Nusselt number (−𝜃′(0)) with 

respect to 휀when 𝑃𝑟 = 6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 𝛾 = 0.1 are presented 
in Figure 8 and Figure 9, respectively. It is found that that the presence of M causes the partition of 
the boundary layer, where the critical values of 휀𝑐 slightly moved to the left. This was when the Lorenz 
force prevented the rotational velocity of the sheet within the boundary layer. In addition, the values 
of skin friction (𝑓′′(0)) and Nusselt number (−𝜃′(0)) increases as the values 𝑀 for the first solution 
is enhanced but an opposite pattern is observed in the second solution The dual solutions are 
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achieved for 휀 > 휀𝑐, where the critical values at different stages of 𝑀 = 0, 0.01, 0.02 are 휀𝑐 =
−1.5620, −1.5651, −1.5657, respectively. No solution exists when 휀 < 휀𝑐. 
 

 
Fig. 8. Variation of skin friction 𝑓′′(0) for different values of 𝑀 when 𝑃𝑟 =
6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1 , 𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 𝛾 = 0.1 

 

 
Fig. 9. Variation of local Nusselt number −𝜃′(0) for different values of 𝑀 
when 𝑃𝑟 = 6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 𝛾 = 0.1 

 
The viscosity of Al2O3-Cu/H2O hybrid nanofluid rises when 𝜙2 increases, which eventually 

improves the fluid velocity over the convectively heated shrinking sheet, as shown in Figure 10. The 
velocity profile in Figure. 10 clarifies that the momentum boundary layer thickness has diminished in 
response to the rise of 𝜙2, thereby raising the velocity of the fluid and boosting the gradient of 
velocity. The temperature profile in Figure 11 shows the temperature variations where both first and 
second solutions increases when the value of 𝜙2 is rises. The results obtained in Figure 10 and Figure 
11 are consistent with Zainal et al., [40] whereby adding the concentrations of hybrid nanoparticles 
may contribute to the improvement of the heat transfer rate. 
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Fig. 10. The velocity profiles 𝑓′(𝜂) for different values of 𝜙2 when 𝑃𝑟 =
6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝑀 = 0.01,  𝜙1 = 0.02, 𝜎 = 0.2, 𝛾 = 0.1 and 휀 =
 −1.4 (shrinking case) 

 

 
Fig. 11. The temperature profiles 𝜃(𝜂) for different values of 𝜙2 when 𝑃𝑟 =
6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝛾 = 0.1, 𝜙1 = 0.02, 𝜎 = 0.2, 𝑀 = 0.01 and 휀 =
 −1.4 (shrinking case) 

 
Figure 12 and Figure 13 showed the influence of the nanoparticle volume fraction of alumina (𝜙1) 

and copper (𝜙2) on the skin friction (𝑓′′(0)) and Nusselt number (−𝜃′(0)), when 𝜙1 is set to 0.02 
and 𝜙2 varies in several values (𝜙2 = 0.02,0.05,0.08). It is obvious from Figure 12 that for an 
increasing 𝜙2, the deviations from the skin friction (𝑓′′(0)) to 휀 for the first solution has increased 
but found reduced for the second solution. On the other hand, Nusselt number (−𝜃′(0)) has 
decreased for both first and second solutions, as shown in Figure 13. This finding is consistent with 
the fact that by including hybrid nanoparticles, the heat transfer rate increases due to the synergistic 
effects described by Sarkar et al., [63]. Based on our computations, the critical values of 휀 = 휀𝑐 for 
𝜙2 =  0.02, 0.05 and 0.08 are 휀𝑐 = −1.5651, −1.5776 and −1.5899, respectively. Note that no 
solution exists when 휀 < 휀𝑐. 
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Fig. 12. Variation of skin friction 𝑓′′(0) for different values of 𝜙2 when 𝑃𝑟 =
6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝜙1 = 0.02, 𝜎 = 0.2, 𝑀 = 0.01 and 𝛾 = 0.1 

 

 
Fig. 13. Variation of local Nusselt number −𝜃′(0) for different values of 𝜙2 
when 𝑃𝑟 = 6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝜙1 = 0.02, 𝜎 = 0.2, 𝑀 = 0.01 and 𝛾 =
0.1 

 
Table 3 has validated those current numerical results is consistent with previously reported 

results by Zainal et al., [58] on the values of skin friction and local Nusselt number for normal fluid 
(𝜙1 = 𝜙2 = 0) when 𝑀 = 𝐵𝑖 = 𝜎 = 𝛾 = 𝜆 = 0. Additionally, the numerical values of skin friction 
(𝑓′′(0)) and local Nusselt number (−𝜃′(0)) for different values of 𝑀 and 𝛾 were presented in Table 
4 and Table 5. The smallest eigenvalues 𝜔1 for particular values of 휀 when 𝑃𝑟 = 6.2, 𝐵𝑖 = 0.2, 𝜆 =
0.1, 𝑀 = 0.01, 𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 with 𝛾 = −0.1, 0, 0.1 are tabulated in Table 6. The values 
of 𝜔1 in the first are seen to be close to zero for 휀 ⟶ 휀𝑐 in chosen cases of 𝛾 and the values of second 
solution are increases. 
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Table 3 
Evaluation of 𝑓′′(0) when 𝛾 =  𝜎 = 𝐵𝑖 = 𝑀 =  𝜆 = 0 by certain values of 휀 
휀 Present Result Zainal et al., [58] 

First solution Second solution First solution Second solution 

-0.25 1.402241 - 1.402241 - 
-0.60 1.507024 - - - 
-0.85 1.448944 - - - 
-1.00 1.328817 0.000000 1.328817 0.000000 
-1.15 1.082231 0.116702 1.082231 0.116702 
-1.24 0.706605 0.435672 - - 
-1.243 0.670429 0.470135 - - 
-1.246 0.609826 0.529035 0.609826 0.529035 
-1.2465 0.584282 0.554296 - - 
-1.25 0.580437 0.583055 - - 

 
Table 4 
Results of skin friction coefficient (𝑓′′(0)) and local Nusselt number (−𝜃′(0)) for different 
values of 𝛾 when 𝑃𝑟 = 6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝑀 = 0.01,  𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 휀 =
 −1.4 (shrinking case) 
𝛾 𝑓′′(0) −𝜃′(0) 
-0.1 1.138083143(0.547584054) 0.178307707(0.171404345) 
0 1.421749593(0.403945853) 0.180029465(0.162283537) 
0.1 1.645073314(0.316328235) 0.181945448(0.118217285) 

Note: () Second solution 
 

Table 5 
Results of skin friction coefficient (𝑓′′(0)) and local Nusselt number (−𝜃′(0)) for different 
values of 𝑀 when 𝑃𝑟 = 6.2, 𝐵𝑖 = 0.2, 𝜆 = 0.1, 𝛾 = 0.1,  𝜙1 =  𝜙2 = 0.02, 𝜎 = 0.2 and 휀 =
 −1.4 (shrinking case) 
𝛾 𝑓′′(0) −𝜃′(0) 
-0.1 1.644042983(0.181959638) 0.322093272(0.123449074) 
0 1.645073314(0.316328235) 0.181945448(0.118217285) 
0.1 1.646137351(0.310556166) 0.181931763(0.11917141) 

Note: () Second solution 
 

Table 6 
Smallest eigenvalues 𝜔1 for some values of 휀 when 𝛾 = −0.1, 0, 0.1 
𝛾 휀 𝜔1 

First solution Second solution 

-0.1 -1.40 1.138083142 0.547584054 

-1.431 0.888644807 0.8243699211 

-1.4316 0.8463051 0.882158694 
0 -1.45 1.295960157 0.577330963 

-1.487 1.10571056 0.805348201 
-1.4953 0.9929989971 0.992103733 

0.1 -1.50 1.469789467 0.595870263 

-1.559 1.183102723 0.9511303 

-1.5650 1.07132899 1.07370097 
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5. Conclusion 
 

In this study, an unsteady stagnation point flow involving Al2O3-Cu/H2O hybrid nanofluid was 
investigated over a convectively heated stretching/shrinking sheet with the effects of 
suction/injection and MHD. The numerical results were generated using the bvp4c routine being 
operated on MATLAB. The effects of various control parameters such as nanoparticle volume 
fraction, suction/injection and MHD on the behaviour of the boundary layer flow and heat transfer 
were examined. We also observed the existence of first and second solutions for certain sets of 
control parameters in the velocity and temperature profiles, skin friction coefficient and local Nusselt 
number. 

Increment in the copper nanoparticles volume fraction has increased the skin friction coefficient 
and the local Nusselt number of the said hybrid nanofluid. This showed that when the usual 
Al2O3/H2O nanofluid is converted into Al2O3-Cu/H2O hybrid nanofluid, the heat transfer rate would 
increase. The addition of suction/injection parameter 𝛾 at the boundary condition had stimulated an 
increase in the velocity profile (𝑓′(𝜂)) and skin friction coefficient (𝑓′′(0)). However, there is a 
considerable rate of heat transfer. The temperature profile increased as the magnitude of 
suction/injection rises, which can prohibit the exchange of total heat in the hybrid nanofluid. An 
increase in the magnetohydrodynamic parameter consequently increases the rate of heat transfer 
since the MHD parameter (𝑀) is directly related to the coefficient of the heat transfer rate. A 
decrease in the thermal boundary layer thickness at the top of the sheet is thus detected. For a 
certain number of shrinking cases, it is found that dual solutions occur (휀 < 0). According to this 
research, adding a small scale of suction and magnetic field effect to the heat transfer operation in 
the cooling/heating industries can improve the heat transfer operation. 
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