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The effectiveness of the heat transfer fluid in the cooling or heating process determines 
the optimal performance of the nuclear reactor, microelectronic devices, and chip 
production. Since thermal conductivity improved in hybrid nanofluids, the current 
study sought to investigate the unsteady free convection hybrid nanofluid flow near a 
stagnation point as influenced by g-jitter. A hybrid nanofluid consisted of copper (Cu) 
and alumina (Al2O3) nanoparticles, which were added into water to form Cu-
Al2O3/water was considered. Next, relevant variables transformed the governing 
equation into dimensionless equations before being solved numerically using a 
centered implicit finite difference method. The fluid field and heat transfer were 
discussed concerning the stagnation point curvature ratio. The results showed that the 
g-jitter effect caused fluctuation in all profiles and physical quantities. The frequency 
and amplitude of the g-jitter reduced the velocity profile while improving the 
temperature distribution. The heat transfer rate increased by 10.77% when the hybrid 
nanoparticles volume fractions rose from 0.1 to 0.2. However, the presence of hybrid 
nanoparticles had reduced the thickness of the momentum boundary layer due to an 
increase in the local skin friction.  
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1. Introduction 
 

The flow problem in heat transfer has recently received much attention, either experimentally or 
theoretically. Water, oil, and ethylene glycol are conventional heat transferring fluids with poor 
thermal physical properties. Due to technological advancements, a better cooling system was 
designed to meet demand. In 1995, Choi and Eastman [1] added a small number of copper 
nanoparticles to a conventional fluid. They found out that the fluid's conductivity had improved. 
Studies on boundary layer flow also had a significant impact on this discovery, where several 
mathematical models were introduced to describe the properties of nanofluids. Based on their study, 
the Brownian motion and thermophorosis effect were factored in the Buongiorno nanofluid model 
[2]. The Tiwari and Das nanofluid model, on the other hand, was focused on the effect of the types 
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and volume fraction of the nanoparticles used [3]. Many theoretical studies on Newtonian nanofluid 
boundary layer flow have been conducted, considering various factors [4–8]. Other exciting studies 
were also conducted using multiple nanoparticles to evaluate their performance on heat transfer 
enhancement [9–12].  

Subsequently, a nanofluid known as 'hybrid nanofluid' was designed to improve the 
thermophysical properties of regular nanofluid. Due to synergistic effects, hybrid nanofluid contains 
two or more nanoparticles with new thermophysical and chemical properties, enhancing the heat 
transfer rate. Several experimental studies in hybrid nanofluid flow were carried out, with the 
researchers introducing some new correlations [13–16]. Among these, some have demonstrated that 
using a hybrid nanofluid could result in a better fluid system in heat transfer advancement [17, 18] 
Moghadassi et al., [17] investigated the flow and convective heat transfer properties of water-based 
Al2O3 and Cu–Al2O3 hybrid nanofluids with 0.1% volume concentration. When compared to the 
classical nanofluid, the hybrid had a higher convective heat transfer coefficient.   

On the other hand, Kashyap and Dass [19] performed a theoretical analysis on hybrid nanofluids 
with three different boundary conditions. The higher heat transfer rate was observed at a lower 
Richardson number because of the significant aiding effect of shear force on the buoyancy force. 
Wahid et al., [20] recently investigated the effect of a shrinking sheet with suction and thermal 
radiation on a hybrid nanofluid. Their finding showed that the presence of the hybrid nanoparticle 
could reduce boundary layer separation. Meanwhile, Khashi'ie et al., [21] investigated the unsteady 
hybrid Cu-Al2O3/water nanofluid over a stretched/shrunk disc with convective boundary conditions.  

Stagnation point flow has substantial properties in the fluid flow where the highest local pressure 
is located [22]. Three-dimensional cases were used to conduct theoretical research on stagnation 
point nanofluid flow [23–25]. Sulochana and Sandeep [26] studied the Cu-water nanofluid's 
stagnation point flow and heat transfer behavior against a horizontal and exponentially permeable 
stretching/shrinking cylindrical body. On the other hand, Rehman et al., [25], conducted a theoretical 
investigation into a water-based nanofluid three-dimensional magnetohydrodynamic (MHD) 
stagnation-point flow with heat and mass transport over an exponentially stretched surface. The 
unsteady MHD Al2O3-Cu/H2O hybrid nanofluid near a stagnation point with heat source/sink 
influence was also investigated by Zainal et al., [28]. Consequently, the advancement of nanofluid on 
stagnation point flow was broadened by inducing hybrid nanofluid, with most of the study was 
conducted either for Newtonian and non-Newtonian types of fluid [29–32].  

Nadeem et al., [29] investigated a three-dimensional stagnation point flow of a hybrid nanofluid 
past a circular cylinder with and without thermal slip effects. As per findings, a positive value of the 
thermal slip parameter was inversely proportional to the temperature profile of either the nanofluid 
or the hybrid nanofluid. Khashiie et al., [31] examined the flow and heat transfer of a non-
axisymmetric hybrid Cu-Al2O3/water nanofluid over a stretching/shrinking flat plate near a Homann 
stagnation point. They concluded that an increase in the ambient fluid strain rate ratio to the plate 
strain rate would prolong and hasten the separation of the boundary layer from the sample.  

Gravitational force is one of the forces that affect transportation matter as part of the body 
forces. Outer space is assumed as an area where gravity forces do not affect the phenomena. 
Interestingly, a fluctuating microgravity effect, a nonsexist effect on Earth, was discovered during the 
experiment on outer space. The fluctuating gravitational field is later referred to as the g-jitter effect, 
and it is discovered to have a significant impact on the experimental results obtained in outer space 
[20]. Hamdan et al., [33], investigated the influence of the g-jitter and heat generation on a three-
dimensional free convection stagnation point of a boundary layer flow. They also analyzed the effect 
of the geometry of the stagnation point on flow behavior. Other researchers also reported the impact 
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of g-jitter on boundary layer nanofluid flow in determining different types of nanoparticles and other 
nanoparticle properties [34–37].  

Meanwhile, Rawi et al., [38] analyzed an uncontrolled mixed convection flow of second-grade 
fluid over an inclined stretching plate influenced by nanoparticles of various shapes, using 
carboxymethyl cellulose as the base fluid. The g-jitter effect on the stagnation point of a boundary 
layer flow was numerically or analytically studied [39–41]. Subsequently, a nanofluid was also 
implemented to evaluate its effect on the g-jitter [42, 43]. Their study observed that the thermal 
properties of the fluid system were enhanced when the gravitational field fluctuated. 

Theoretical studies combining the hybrid nanofluid, stagnation point, and g-jitter effects are 
scarce. Based on the above-discussed literature, research on nanofluid, hybrid nanofluid, stagnation 
point, and g-jitter effects have been combined separately or partially with the boundary layer flow 
with various fluid system configurations and boundary conditions. Thus, a numerical study of a hybrid 
nanofluid flow induced by gravity modulation near a three-dimensional stagnation point was 
conducted. Cu and Al2O3 composite hybrid nanoparticles were used to characterize a water-based 
hybrid nanofluid. The mathematical modeling of a fluid system subjected to no-slip boundary 
conditions was solved using the Maple solver "pdsolve," which implemented the implicit centered 
finite difference method. Existing hybrid nanoparticles and g-jitter on fluid behavior and thermal 
properties were graphically depicted and discussed. 
 
2. Mathematical Formulation  
 

The flow of a free convection hybrid nanofluid induced by a g-jitter near a three-dimensional 
stagnation point was studied. The water-based hybrid nanofluid was assumed to be an 
incompressible, unsteady viscous fluid. In this study, Cu and Al2O3 were chosen as nanoparticles, and 
the experiment was conducted under a no-slip boundary condition. The body's surface had a 

constant temperature, Tw, while T denotes the ambient fluid's temperature in the free stream. At 
the body's surface, there is a point where its located the local velocity equals zero, where high 
pressure existed at the point. It is known as the stagnation point, particularly the nodal point, N. In 
this study, N was chosen to represent the stagnation point flow, which was then denoted in a 

Cartesian orthogonal system ( ), ,x y z , where N was located at the origin (Figure 1). The stagnation 

point flow characteristics were defined in terms of parameters a  and b  (see Eq. (2) and (3)), whereby 

a b , with 0a   and c b a= . The stagnation point is at a cylinder and spherical surface if 0c = and

1c = , respectively. The x−  and y − coordinates were measured parallel to the body surface, while 

the z −coordinate was measured normal. 
 

 
Fig. 1. Physical model representation in the 
Cartesian coordinate system 
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When the g-jitter effect was considered, the gravitational field is mathematically defined as: 
 

( )0( ) 1 cosg t g t = +    
           (1) 

 
where 

0g  is the gravitational acceleration mean,   is the scaling parameter representing the 

amplitude of the gravity modulation,   is the frequency of oscillation for the flow induced by the g-
jitter, and t  is the dimensional time parameter. The mathematical model was then simplified by using 
Prandtl's assumption [44]. Therefore, the equation system for the unsteady hybrid nanofluid 
boundary layer flow at three-dimensional stagnation point with g-jitter effect after boundary layer 
and Boussinesq approximation is as follows [43, 45]: 
 

( ) ( )
2

2
( ) ,nf hnf hnf

u u u u u
u v w g t ax T T

t x y z z
   

     
+ + + = + − 

     
           (2) 

 

( ) ( )
2

2
( ) ,nf hnf hnf

v v v v v
u v w g t by T T

t x y z z
   

     
+ + + = + − 

     
            (3) 

 
2

2
,hnf

T T T T T
u v w

t x y z z


    
+ + + =

    
                   (4) 

 
subject to 
 

0 : 0,  for any ,  and ,

0 : 0,  on 0, 0, 0,

         0,         on 0, 0, 0,

         0,         on 0, 0, 0,

         0,         as , 0, 0.

w

t u v w T T x y z

t u v w T T z x y

u v T T x y z

u v T T y x y

u v T T z x y









= = = = =

 = = = = =  

= = = =  

= = = =  

= = = →  

                 (5) 

 
The velocity component along the direction ,x ,y  and z  axes is represented by ,u ,v  and w  

respectively, and T  is the hybrid nanofluid's dimensional temperature parameter. The 
thermophysical properties of the hybrid nanofluid were carried out by subscribing with the term .hnf  

Notation , , ,  and   denote the density, dynamic viscosity, thermal expansion, and thermal 

diffusion, respectively. As suggested by [46], we employed the equations to evaluate the 
thermophysical properties of the hybrid nanofluid as given: 
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             (6) 

 

Here,  is defined as the nanoparticle volume fraction, which is the nanoparticle concentration 
that is added into the fluid. k  and pc  are defined as the thermal conductivity and specific heat 

capacity, respectively. The subscript Cu, Al2O3, and f  represent the copper, alumina, and fluid 

components in the hybrid nanofluid mixture. The thermophysical properties are shown in Table 1 
[45, 46]. 
 

Table 1  
Thermophysical properties at a temperature of 20 °C in the atmosphere 
Physical Properties Al2O3 Cu Water 

Density 𝜌, (kgm−3) 3970 8933 997.1 
Specific heat capacity 𝑐𝑝, (Jkg−1𝐾−1) 765 385 4179 

Thermal conductivity 𝑘, (Wm−1𝐾−1) 40 400 0.613 
Thermal expansion 𝛽 × 10−5, (𝐾−1) 0.85 1.67 21 

 
The semi-similar transformation technique was then used to reduce the problem's complexity. 

The variables are as follows [40]: 
 

( )

( )

( )

( )

1 4 2 1 2 *

2 1 2 2 1 2 1 4

0

2 1 2 3 2

,   ,   ,

',   ',   ,

,   ,   ,
w
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T T g T T
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  




 

 



= =  =

= = = − +

− −
 = = =

−

 
           (7) 

 
where   is the fluid's kinematic viscosity, and Gr  is the thermal Grashof number. The prime notation 
at the top of the function f  and h  indicate the differentiation concerning  . Here,   and   are 

dimensionless variables for temperature and oscillation frequency, respectively. Using semi-similar 
variables in (7), the x− direction momentum, y − direction momentum, and energy in Eq. (2), (3), 

and (4), respectively, were transformed into dimensionless governing equations that depending on 
two dependent variables, such that, 
 

( )2

1 2 2 3 2

'
''' ( ) '' ' 1 cos ,

f
C f C f h f C f C C  




+ + − + + =    

             (8) 
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( )4

5

'' ' ,
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C
f h

C


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


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                    (10) 

 
whereby Pr is the Prandtl number, and the hybrid nanofluid properties are given by: 
 

( )

( )

( )

( )

( )

( )
( )

( )

( )

( )

2 3

2 3

2 3 2 3

2 3 2 3

2 3 2 3

2 3 2 3

1 22.5

3 5

4

1
,   1 ,

1

1 ,   1 ,

2 2 2

Al OCu
hnf

f f
Cu Al O

ppAl O Al OCu Cu
hnf hnf

p pf f f f

Cu Cu Al O Al O

f Cu Cu Al O Al O f hnf

hnf

Cu Cu Al O Al O

hnf

C C

cc
C C

c c

k k
k k k k

C
k k




  

     
 

   

 
  



 



= = − + +
− −

= − + + = − + +

+
+ + + −

=
+

+ ( )
2 3 2 3

.

2 f Cu Cu Al O Al O f hnfk k k k  − + −

 

(11) 

 
subjected to the dimensionless boundary condition 
 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
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,0 0,   0, 1,
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          (12) 

 
The skin friction, ,fC  and Nusselt number, ,Nu  were the primary physical quantities of interest 

in this study. Both physical quantities can be mathematically defined as follows: 
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The physical quantities were subjected to the same dimensionless procedure, 
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The governing Eq. (8)-(10) subjected to conditions (12) were solved using the Maple solver 
"pdsolve," which employs the finite difference method's centered implicit scheme. Dimensionless 
independent variables are denoted as follows:  
 

0 1

0 1

0, , 1,2,..., ,

0, , 1,1,..., ,

n n

n

j j j

k n N

h j J

  

  

−

−

= = + =

= = + =
                  (15) 

 
where   is the   spacing and   is the   spacing. The sequence numbers   and   indicate the coordinate 
location. The differential equations were then discretized using the centered different formula, 
implemented by the "pdsolve" solver. The Maple code for computing the numerical result is 
illustrated in Appendix A. 
 

( ) ( )
( )

( )1 1

1 1

,1 1
, , ,

2 2

j n n n

j n j j

j n

f
f f f f f

h k

 
 



+ −

+ −


  −  −


           (16) 

 
3. Results and Discussion 
 

The dimensionless system of equations in (7) – (9), as well as with the no-slip boundary conditions 
(11), was solved numerically. Based on the results of this analysis, this section critically discusses the 
fluid behavior characteristic and heat transfer properties via profiles and physical quantities. The 

effect of parameters, such as c, , , and  on the temperature and velocity distributions were 

analyzed and graphically presented. In terms of computation, the grid is set to be uniform for both   

and , where 0.04 =  and  0.1 =  , respectively. The solution was then converged when the 

absolute maximum difference between iterations was attained. For the following analysis, the 
influence of the pertinent parameters was taken in these ranges: 0 1c  , 0 1 , 0 1  , and 
0.1 0.2hnf   for 0 10   and 0 3.   

 Throughout the study, the effects were analyzed in terms of profiles and physical quantities. The 
velocity and temperature profiles in Figure 3 – 5 demonstrated natural convection. The velocity 
profile began at zero at the wall and increased as   increased, but it approached zero as it went to 

the free stream. As for the temperature profile, the behavior exhibited natural convection as the 
temperature approached zero as it went to the free stream. Figure 2 shows velocity profiles for 
various values of the curvature ratio, c , where c  represents the geometrical shape of the boundary 
body at the nodal point of attachment. From the figure, there were no changes in the velocity profile 
in the y − direction at 0.c =  This type of flow is known as plane stagnation point, and it occurs at a 

cylindrical body. At 1,c =  the amplitude for velocity profile in the x−  and y −  direction is found to 

be the same. The curvature ratio of 1c =  represents a spherical body shape, and the flow case is 
known as an axisymmetric type of stagnation point flow.  
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(a) 

 
(b) 

Fig. 2. The velocity profiles in (a) x−  and (b) y − direction due to 

various values of the geometry ratio c  at the stagnation point 

 
Figure 3 and 4 analyzed the g-jitter effect on the velocity and temperature profiles as represented 

by  and . When  is increased, the velocity profile fluctuates in both directions while the 
temperature profile decreases. The fluctuation behavior is caused by the g-jitter properties, which 

generate a modulated type of gravitational field. On the other hand,  size reduced with the velocity 

curve in both directions and the temperature profile. Furthermore, as the  parameters increased, 

the boundary layer thickness for both the velocity profiles decreased. As  improved, the fluctuation 
behavior was also observed in physical quantities, as shown in Table 2. The fluctuation behavior was 
caused by the presence of the g-jitter effect on the fluid system. It is also worth noting that the most 

significant value of  resulted in the highest amplitude of skin friction coefficient on the velocity 
profile in both directions, and the Nusselt number.  
 

 
(a) 
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(b) 

Fig. 3. The velocity profiles in (a) x−  and (b) y − direction for various 

values of ε and Ω 

 

 
Fig. 4. The temperature profiles for various values of ε and Ω 

 
  Table 2  
  Physical quantities of the flow field for various values of ε with 0.2 =  


  

𝑓′′(𝜂, 0) ℎ′′(𝜂, 0) −𝜃′(𝜂, 0) 
0 0.5 1 0 0.5 1 0 0.5 1 

0.5 0.60398 0.63206 0.65690 0.30729 0.32299 0.33712 1.27601 1.30000 1.32245 

1.0 0.68418 0.39151 0.06746 0.35488 0.20303 0.03718 0.51993 0.47082 0.41907 

1.5 0.68692 0.67337 0.65023 0.35792 0.34824 0.33212 0.85191 0.77755 0.66589 

2.0 0.68558 0.95928 1.22489 0.35752 0.50146 0.64337 0.67631 0.71917 0.75307 

2.5 0.71005 0.69756 0.71005 0.35767 0.36559 0.37348 0.77851 0.83087 0.87073 

3.0 0.68544 0.39164 0.06829 0.35756 0.20489 0.03924 0.71792 0.67026 0.61923 

 
The velocity and temperature distribution are shown in Figure 5 and 6 with the increment of hnf  

parameters. The figure shows that the increase of hnf  decreases the velocity profile in both of the 

directions but increases the temperature curve. The result of the temperature profile hs indicated 
that the presence of hybrid nanoparticles has enhanced the thermal conductivity of the fluid. This is 
because the nanoparticles have higher thermal conductivity as compared with the base fluid. The 
Nusselt number that is defined as the rate of heat transfer at the body surface has also shown an 
incline behavior for hnf  as seen in Table 3. Besides that, hnf  has also increased the skin friction 

coefficient in both directions as depicted in Table 3. An additional force is produced at the surface of 
the boundary since there is additional friction that is contributed by the nanoparticles. 
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A comparison study is conducted by comparing present results with a published work to measure 

the accuracy of the method and algorithm applied in solving the system of equations. Table 4 and 5 
shows the comparison between the solutions of Hamdan et al., [33] and the results obtained in the 
present study with various value of .c  By limiting the flow case with 

1 2 3 4 1,C C C C= = = = Pr 0.72,=

0.3, = 2, =  and 0.2= , the comparison results of physical quantities was conducted. ''f  and ''h  

are the skin friction coefficient subjected to x−  and y − direction while '  is the Nusselt number. 

The results of the present study are in a very good agreement with the outputs provided in the 
literature as shown below: 
 

 
(a) 

 
(b) 

Fig. 5. The velocity profiles in (a) x−  and (b) y − direction for various 

values of the volume fraction   of the hybrid nanoparticles 

 

 
Fig. 6. The temperature profiles for various values of the volume 
fraction   of the hybrid nanoparticles 
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Table 3 
   Physical quantities of the flow field for various values of the volume fraction ϕ 
𝜙ℎ𝑛𝑓 𝐶𝑓𝑥 𝐶𝑓𝑦 𝑁𝑢 

0.10 0.683940 0.354682 0.821983 

0.15 0.947592 0.493263 0.871759 

0.20 1.291783 0.673720 0.910540 

 

Table 4 
Comparison of local skin frictions and Nusselt number with Hamdan et al., [33] for 

1 2 3 4 1,C C C C= = = =  1.5 =    and various values of c 

c  
Hamdan et al., [33] Present 

𝑓 ′(0, 𝜏) ℎ′(0, 𝜏) 𝑓 ′(0, 𝜏) ℎ′(0, 𝜏) 
0 0.8235 0 0.8310 0 
0.5 0.7669 0.4108 0.7817 0.4153 
1.0 0.7328 0.7328 0.7507 0.7507 

 
Table 5 
Comparison of local skin frictions and Nusselt number with Hamdan et al., [33] for 

1 2 3 4 1,C C C C= = = =  Pr = 0.72, 0.3 = , 2 = , 0.2=  and various value of c 

c 𝜂 
Hamdan et al., [33] Present 

𝑓 ′(𝜂, 𝜏) ℎ′(𝜂, 𝜏) 𝜃(𝜂, 𝜏) 𝑓 ′(𝜂, 𝜏) ℎ′(𝜂, 𝜏) 𝜃(𝜂, 𝜏) 

0.5 
1.0  0.4450 0.2500 0.5690 0.4454 0.2493 0.5638 
2.0 0.3200 0.1770 0.2450 0.3197 0.1798 0.2451 
3.0 0.1500 0.0840 0.0890 0.1491 0.0820 0.0895 

1.0 
1.0 0.4030 0.4050 0.5120 0.4048 0.4047 0.5309 
2.0 0.2700 0.2670 0.1900 0.2603 0.2678 0.2089 
3.0 0.1030 0.1090 0.0680 0.1067 0.1067 0.0683 

 
4. Conclusion 
 

The theoretical study of boundary layer hybrid nanofluid flow near a three-dimensional 
stagnation point was numerically investigated. The flow system consisted of Cu-Al2O3 water-based 
hybrid nanofluid with no-slip boundary conditions. The g-jitter effect was considered in the 
microgravity environment. The fluid system was mathematically formulated into an equation system 
that was subjected to the concerning impact. Based on the analysis, we can conclude that: 

i. Increasing the volume fraction of hybrid nanoparticles increased the temperature 
profile, skin friction coefficients, and Nusselt number  

ii. A 10.77% increment in heat transfer rate occurred when the hybrid nanoparticles 
volume fractions, hnf  were increased from 0.1 to 0.2. 

iii. The amplitude of the gravity modulation provided a fluctuating behavior on the fluid 
system.  

iv. The amplitude,   of the gravity modulation increased the velocity profiles and the local 
skin friction. Consequently, the velocity profile in both directions decreased as the 
frequency of the gravity modulation,   increased. 

v. The curvature ratio, ,c  of the stagnation point could determine the geometry and 

significantly impact the fluid characteristic.  
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