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Stack temperature and airflow rate are vital control problems for Proton Exchange 
Membrane fuel cell (PEMFC). Two separate Model Predictive Controllers (MPC) have 
been employed to regulate these problems. The controllers utilized Laguerre and 
exponential weight functions to reduce its numerical instability and computational time. 
The temperature MPC considered delayed and constrained coolant pump voltage as 
manipulated input and stack temperature as the desired output. While airflow MPC 
manipulated compressor motor voltage to maintain the desired level of oxygen excess 
ratio subjected to starvation, surge, and choke constraints. Results showed that both 
controllers worked well together. The desired temperature and oxygen excess ratio were 
maintained subjected to all the constraints, even with the presence of external 
disturbances. This study highlights that MPC manages to handle both control problems 
without any conflict. Yet, it also proves that MPC can handle a large time delay process. 
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1. Introduction 
 

With the growth of energy concerns, there is a high demand for green vehicle technology such as 
Proton Exchange Membrane Fuel Cell (PEMFC). This system converts the chemical energy of 
hydrogen and oxygen into electricity while producing heat and water as reactant products without 
any harmful gases. Although PEMFC offers many benefits, several problems need to be improved, 
namely its airflow rate and stack temperature control issues [1]. 

Lack of air induction to the system will lead to starvation, damaging the stack and reducing cell 
life. Yet, if it is too high, the net power produced is insufficient to operate the vehicle [2]. Besides, a 
lot of heat is generated during the electrochemical reaction process. This scenario will initiate the 
rise of stack temperature, leading to hydration and thermal stress in the membrane, which again can 
reduce cell life [3]. 

Many research papers have reported successful applications in controlling the air flow rate of 
PEMFC by using various control methods ranging from classical controllers such as PID and Fuzzy logic 
[4]. Optimal controllers such as Linear Quadratic Regulator and Model Predictive Control [5-7]. Data-
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driven control such as Adaptive controller and Artificial intelligence-based controller [8,9]. Similarly, 
a lot of research works regarding the development of PEMFC for stack temperature are published. 
This includes the modelling process and control applications [10-13]. 

Based on the review, it is noted that each of these control methods has its advantages and 
disadvantages. Classical controllers are well established, yet it has poor performance when the 
system is highly nonlinear [1]. The data-driven controller seems promising; however, there is a lack 
of guaranteed properties in terms of stability and feasibility. Conversely, an optimal controller such 
as MPC is also well established in theoretical development, yet one of the main issues is the 
computation burden [7]. Another critical issue is the integration between the two systems. Most of 
the works have been only focused on each specific control problem and assumed other issues are 
well controlled or regulated. 

In this work, the integration of two separate MPC based controllers is developed to control both 
air flow rate and temperature rise of PEMFC. The controllers are separated due to their significant 
dynamics difference. The main reason for proposing MPC is its ability to handle multivariable 
systems, time-delay systems, and constraints systems [12,14]. All the operational constraints of 
PEMFC are considered. Both MPC controllers are formulated with Laguerre and exponential weight 
functions to reduce the computational time and numerical instability as proposed by Wang [15]. With 
this modification, the computed solution can provide a large horizon effect by using a small number 
of parameters. 

This paper is organized such that Section 2 presents the MPC formulation for both control 
problems. Section 3 discusses the results and findings. Section 4 concludes the work. 
 
2. Methodology  
2.1 PEMFC Stack Temperature Model 
 

In the previous study, the Pukrushpan’s [17] mathematical model that is based on a 75 kW Ballard 
Mark 700 fuel cell is used to control the airflow rate of PEMFC [7,16]. This control-oriented model 
has been validated and accepted as a benchmark automotive fuel cell model by the control 
community [5,11,14]. For simplicity, it assumes that the temperature and humidity are well 
controlled. To include the temperature effect, an extension model developed by Na and Gou [10] 
was added to the existing model to represent the stack temperature rise. We selected this model 
due to its compatibility with the airflow model. A detailed mathematical model is given as: 
 

𝑄̇𝑠𝑡𝑎𝑐𝑘 = 𝐶𝑡
𝑑𝑇𝑠𝑡

𝑑𝑡
= 𝑃𝑡𝑜𝑡𝑎𝑙 − 𝑃𝑒𝑙𝑒𝑐 − 𝑄̇𝑐𝑜𝑜𝑙 − 𝑄̇𝑙𝑜𝑠𝑠         (1) 

 
where 
 

𝑄̇𝑠𝑡𝑎𝑐𝑘: Rate of heat absorption by the stack ( Js−1) 
𝐶𝑡 : Thermal capacitance (J°C−1) 
𝑇𝑠𝑡 : Stack temperature (°C) 
𝑃𝑡𝑜𝑡𝑎𝑙  : Power released by chemical equation (𝑊) 
𝑃𝑒𝑙𝑒𝑐 : Power consumed by the load (W) 

𝑄̇𝑐𝑜𝑜𝑙 : Heat flow rate of cooling system 

𝑄̇𝑙𝑜𝑠𝑠 : Heat flow rate through the stack surface 
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The total energy is expressed by the rate of hydrogen consumption as: 
 

𝑃𝑡𝑜𝑡𝑎𝑙 = 𝑚̇𝐻2_𝑢𝑠𝑒𝑑∆𝐻 =
𝑁𝑓𝑐𝐼𝑠𝑡

2𝐹
∆𝐻           (2) 

 
where 
 
∆𝐻 : Hydrogen enthalpy change (28.5 kJmols−1) 
𝑚̇𝐻2_𝑢𝑠𝑒𝑑 : Hydrogen consumption rate  

𝑁𝑓𝑐 : Number of fuel cell stack (381) 

𝐼𝑠𝑡  : Stack current  
𝐹 : Faraday constant 
 
The electrical power output is: 

 
𝑃𝑒𝑙𝑒𝑐 = 𝑉𝑠𝑡𝐼𝑠𝑡              (3) 
 
The rate of heat removal by cooling water is: 
 

𝑄̇𝑐𝑜𝑜𝑙 = 𝑚̇𝑐𝑜𝑜𝑙_𝑤𝑎𝑡𝑒𝑟𝐶𝑝∆𝑇𝑠𝑡            (4) 

 
The specific heat coefficient of water 𝐶𝑝 is given as 4182 J/kg K, and the allowable temperature 

rise ∆𝑇𝑠𝑡 = 10 𝐾. The water pump flow 𝑚̇𝑐𝑜𝑜𝑙_𝑤𝑎𝑡𝑒𝑟 (Kg/sec) is: 
 

𝑚̇𝑐𝑜𝑜𝑙_𝑤𝑎𝑡𝑒𝑟 =
𝑘𝑐

1+𝜏𝑐𝑠
𝑢𝑐𝑙            (5) 

 
where 𝜏𝑐 is the time delay constant, 70 sec, 𝑘𝑐 is the conversion factor, 0.365, which means that for 
ucl range of 0 V to 10 V, 𝑚̇𝑐𝑜𝑜𝑙_𝑤𝑎𝑡𝑒𝑟 range is 0 to 3.65 (Kg/s) with 70 second delay. 

The heat loss by the surface of the stack is:  
 

𝑄̇𝑙𝑜𝑠𝑠 = ℎ𝐴𝑠𝑡(𝑇𝑠𝑡 − 𝑇𝑎𝑚𝑏)            (6) 
 
where the stack heat transfer ℎ𝐴𝑠𝑡 is 17 WK-1 and the ambient temperature 𝑇𝑎𝑚𝑏 is 298 K. The 
thermal capacitance Ct for this problem is 35 (kJK-1). The continuous state space matrix coefficients 
were formed as: 
 

𝐴 = [
−4.86𝐸 − 4 −1.1949

0 −0.0143
]

𝐵 = [
0.0161 −2.86𝐸 − 5 4.86𝐸 − 4 0
0 0 0 0.0052

]

𝐶 = [1 0]

𝐷 = [0 0 0 0]

         (7) 
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Figure 1 shows the open-loop structure of thermal behaviour. A continuous linear state space 
temperature model was constructed as: 
 
𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢̅𝑘
𝑦𝑘 = 𝐶𝑥𝑘 + 𝐷𝑢̅𝑘

             (8) 

 

 
Fig. 1. PEMFC open-loop structure 

 
The states (x), output (y), and input (𝑢̅) are selected as: 
 
𝑥 = [𝑇𝑠𝑡 𝜏𝑐]

𝑇

𝑦 = 𝑇𝑠𝑡
𝑢̅ =  [𝑢𝑐𝑙  | 𝑃𝑠𝑡 𝐼𝑡𝑠 𝑇𝑎𝑚𝑏]  = [𝑢 | 𝑤]

           (9) 

 
Noted that the system input (𝑢̅) was partitioned into controlled input (u) and disturbance input 

(w). 
 
2.2 MPC Formulation 
 

Since the temperature dynamics is very slow compared to the oxygen excess ratio, we separated 
it from each other. According to Pukrushpan [17], the ideal operating temperature is 80°C. The 
control objective is to track the temperature to its ideal level even with the presence of various 
disturbances. For MPC formulation, the disturbance inputs, w were not included and assumed as 
external disturbances. MATLAB® c2d function was exploited to convert the model in Eq. (8) into 
discrete form as: 
 
𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘
𝑦𝑘 = 𝐶𝑥𝑘 + 𝐷𝑢𝑘

                       (10) 

 
where (k) is the sampling time index. The model in different form is: 
 
∆𝑥𝑘+1 = 𝐴 ∆𝑥𝑘 + 𝐵𝑢 ∆𝑢𝑘
𝑦𝑘+1 = 𝐶 ∆𝑥𝑘+1 + 𝑦𝑘

                      (11) 

 
The coefficient 𝐵𝑢 is the first column of the matrix 𝐵, ∆𝑥𝑘 = 𝑥𝑘 − 𝑥𝑘−1, and ∆𝑢𝑘 = 𝑢𝑘 − 𝑢𝑘−1. 

The matrix 𝐷 was absent due to the principle of receding horizon control. It assumes the input 𝑢𝑘 
cannot affect the output 𝑦𝑘 at the same time [15]. Eq. (11) was augmented to embed an integrator 
as: 
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[
∆𝑥𝑘+1
𝑦𝑘+1

]
⏞    
𝕩𝑘+1

= [ 𝐴 𝑂𝑇

𝐶𝐴 1
]

⏞      
𝔸

[
∆𝑥𝑘
𝑦𝑘
]

⏞  
𝕩𝑘

+ [
𝐵𝑢
𝐶𝐵𝑢

]
⏞  
𝔹

∆𝑢𝑘

𝑦𝑘 = [𝑂 1]⏞    
ℂ

[
∆𝑥𝑘
𝑦𝑘
]

                    (12) 

 
where  𝕩𝑘 = [∆𝑥𝑘 𝑦𝑘]

𝑇 is the new state variables vector, the triplet symbols (𝔸, 𝔹, ℂ) is the new 
augmented parameters, and 𝑂 = [0 0…0]𝑇takes the size of the state. 

The Laguerre function allows the usage of a large control horizon with a smaller number of 
parameters based on the identification concept. The Z-transform of the Laguerre function is 
expressed as: 
 

Г𝑁,𝑘(𝑧, 𝑎) =
√1−𝑎

1−𝑎𝑧−1
(
𝑧−1−𝑎

1−𝑎𝑧−1
)
𝑁−1

                     (13) 

 
where a denotes Laguerre pole location and N is the number of Laguerre functions. Eq. (13) in a 
vector form is 𝐿𝑘 = [𝑙1,𝑘 𝑙2,𝑘… 𝑙𝑁,𝑘]. This function modifies the control input into: 
 

∆𝑢𝑘+𝑖 = ∑ 𝑐𝑛𝑘𝑙𝑛𝑖
𝑁
𝑛=1 = 𝐿𝑖

𝑇𝜂                      (14) 

 
with i as the future sampling instant, 𝐿𝑖  as the vector of Laguerre functions and vector 𝜂 comprises N 
Laguerre coefficients (𝑐1, 𝑐2, … , 𝑐𝑁) in functions of k. This will substitute the usage of control horizon 
NC in traditional MPC with parameters a and N. To ensure the convergence of the functions; we 
selected the pole within 0 ≤ a ≤ 1. Selecting a = 0 and N = NC will recover the traditional MPC. The 
prediction of future augmented states is: 
 

𝕩𝑘+𝑚|𝑘 = 𝔸
𝑚𝕩𝑘 + ∑ 𝔸𝑚+𝑖−1𝔹 𝐿𝑖

𝑇 𝜂𝑚−1
𝑖=0                     (15) 

 
where 𝕩𝑘+𝑚|𝑘 represents prediction of the states at sampling instant m at k horizon window. The 

cost function of MPC was formulated based on the DLQR principle to gain a similar analysis, tuning 
and design as shown below: 
 

𝐽 = ∑ 𝕩𝑘+𝑚|𝑘
𝑇  𝑄 𝕩𝑘+𝑚|𝑘 + 𝜂

𝑇𝑅 𝜂𝑁𝑝
𝑚=1                      (16) 

 

with 𝑄 = ℂ𝑇ℂ, R is the input weight diagonal matrix (𝑁 × 𝑁),  𝕩𝑘+𝑚|𝑘 = [𝛥𝕩𝑘+𝑚|𝑘 (𝑦𝑘+𝑚|𝑘 −

𝑟𝑠,𝑘)]
𝑇, and rs,k is the desired output at time instant k. The inclusion of desired output in the 

augmented states will not change the prediction equations since it is always constant. Substituting 
Eq. (15) to Eq. (16), we obtained: 
 

𝐽 = 2𝜂𝑇  𝛹 𝕩𝑘 + 𝜂
𝑇Ω 𝜂 + ∑ 𝕩𝑘

𝑇(𝔸𝑇)𝑚 𝑄 𝔸𝑚 𝕩𝑘
𝑁𝑝
𝑚=1                    (17) 

 
where: 
 

𝛹 = ∑ Ф𝑚 𝑄 𝔸
𝑚𝑁𝑝

𝑚=1

Ω = ∑ Ф𝑚 𝑄 Ф𝑚
𝑇 + 𝑅𝑁𝑝

𝑚=1

Ф𝑚 = ∑ 𝔸𝑚+𝑖−1 𝔹 𝐿𝑖
𝑇𝑚−1

𝑖=0

                      (18) 
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In traditional MPC, a large selection of Np will result in an ill-conditioned numerical problem. The 
exponential weights function overcomes this by setting more emphasis on the current time and less 
emphasis on future time in the optimization process. The exponential weight factor 𝛼 was inserted 
in the cost function Eq. (17). This leads to a simple modification of matrices 𝔸 ,𝔹 , 𝑄 and 𝑅 in the 
previous formulation as: 
 
𝔸 = 𝛼−1𝔸
𝔹 =  𝛼−1𝔹
𝑄 = 𝛼−2𝑄 + (1 − 𝛼−2)𝑃∞
𝑅 = 𝑎−2𝑅

                      (19) 

 
where 𝑃∞ is the solution of the algebraic Riccati equation. The value of 𝛼 needs to be slightly larger 
than 1 to ensure closed-loop stability [15]. If 𝛼 equal to 1, the traditional MPC is recovered. Finally, 
the cost function was solved to find the optimum solution for η, which satisfy the set point 𝑅𝑠 = 80°C 
as: 
 
∆𝑢𝑘 = 𝐿0

𝑇(−Ω−1 𝛹 𝕩𝑘)                      (20) 
 

Here, the receding horizon principle is used to find the input at the current sampling time, k 
subjected to the input constraints: 
 
0 𝑉 ≤  𝑢𝑐𝑙  ≤  10 𝑉                       (21) 
 
2.3 MPC Formulation for Air Flow Control 
 

For air flow rate, the performance variable is the oxygen excess ratio (𝜆𝑂2). It is defined as the 

ratio between supplied oxygen to stoichiometric oxygen. Starvation occurs when oxygen provided is 
less than the stoichiometric value (𝜆𝑂2 = 1), which is the required value for complete combustion of 

hydrogen. Operating above this value prevents starvation, but the net power delivered is not 
optimum if it is too high. For this specific fuel cell, the maximum efficiency point (maximum net 
power) is approximately corresponding to 𝜆𝑂2 = 2 [17]. This simplifies the controller design to track 

the desired set point. 
Since PEMFC uses a compressor to control the airflow rate, phenomena such as surge and choke 

may occur [14,16]. Choke occurs at maximum flow rate during step-up in compressor command, 
while choking triggers during step down at low mass flow rates. Both events can lead to deficiency 
and devastation of the compressor. It is always desirable to protect the compressor against those 
conditions. Thus, a constrained MPC was employed subjected to the output constraints as bellow 
[14]: 
 
−0.0506𝛿𝑊𝑐𝑝 + 𝛿𝑝𝑠𝑚 ≤ 0.4

0.0203𝛿𝑊𝑐𝑝 − 𝛿𝑝𝑠𝑚 ≤ 0.85

1.9 ≤  𝜆𝑂2  ≤  2.1
                      (22) 

 
The coefficient 𝑊𝑐𝑝 is the compressor flow rate and 𝑝𝑠𝑚 is the supply manifold pressure. A 

detailed MPC formulation and construction for airflow control is presented in the studies by Abdullah 
and Idres [7,16]. 
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3. Results  
 

Figure 2 shows the open-loop fuel cell performance for the thermal behaviour where the input 
disturbance (Figure 2(a)), input motor (Figure 2(b)) and input coolant (Figure 2(c)) are randomly 
generated. The temperature settling time was larger than the airflow problem (refer to the studies 
by Abdullah and Idres [7,16]) due to the significant coolant pump delay of 70 s. The temperature took 
about 250 s to reach a steady-state, while airflow needs only 0.5 s to settle down [7,16]. Since the 
temperature was uncontrolled, it reached a high, unrealistic value of 130°C. The disparity in length 
scale necessitates a scaling of the sampling time. The temperature system sampling time was set to 
5 s. Table 1 lists the control parameters that were used for this case. 
 

 
(a) 

 
(b) 

 
(c) 
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(d) 

Fig. 2. Uncontrolled fuel cell temperature behaviour; (a) disturbance 
input stack current, (b) Input compressor motor voltage, (c) input 
coolant motor voltage, and (d) output stack temperature 

 
Table 1 
MPC parameters for temperature controller 
Parameter Value 

NP 100 
N 20 
a 0.9 

 1.2 
TS 5 s 
R 1 

 
Figure 3 shows the performance of constrained MPC for temperature control. For this case, the 

input disturbance stack current (Figure 3(a)) is randomly generated, while both input motor voltage 
(Figure 3(b)) and input coolant voltage (Figure 3(c)) are controlled. The initial temperature was set to 
25°C and the setpoint was 80°C (refer to Figure 3(d)). When the input was not constrained, the 
temperature had a minimum overshoot during the transient period. However, a large coolant motor 
voltage was needed to obtain this behaviour since the system considered has a large input delay. If 
this event occurred frequently, it could cause physical damage to the coolant motor due to high over 
actuation demand. To overcome this issue, the controlled input was constrained to 10 V. As a 
tradeoff, the temperature produces a higher overshoot during the transient period compared to the 
unconstrained case, yet within an acceptable range with ±10 degree Celsius. 
 

 
(a) 
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(b) 

 
(c) 

 
(d) 

Fig. 3. Controlled fuel cell temperature behaviour; (a) disturbance 
input stack current, (b) input compressor motor voltage, (c) input 
coolant motor voltage, and (d) Output stack temperature 

 
Figure 4 presents the controlled airflow performance with constrained outputs in the range of ± 

0.1 for the oxygen excess ratio (Figure 4(a)). This behaviour indicated that the airflow controller 
worked well with the temperature controller. The level of oxygen excess ratio was maintained at the 
optimum value of 2 without violating the maximum and minimum limits. As for the compressor 
behaviour (Figure 4(b)), the compressor map respects the surge and choke limit lines. Hence it can 
be observed that all the constraints on oxygen excess ratio, surge, and choke were satisfied. 
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(a) 

 
(b) 

Fig. 4. Constrained PEMFC airflow behaviour; (a) output oxygen excess 
ratio, and (b) compressor map 

 
4. Conclusions 
 

A linear MPC was developed with Laguerre and exponential weigh functions to track the stack 
temperature and airflow rate of PEMFC. Both controllers were separated due to their large difference 
in time scale. Coolant pump delay was considered in the design. Results confirmed that the controller 
was able to maintain the desired temperature level for multiple-step input current disturbance with 
an overshoot in the output response due to the coolant pump delay. It is proved that the airflow 
controller works well with the temperature controller. The level of oxygen excess ratio was 
maintained at optimum value, and the constraints on oxygen excess ratio, surge, and choke were 
satisfied. For future work, a modification of MPC to improve the handling of systems with time delay 
is highly recommendable. The result also needs to be validated via some experimental work. 
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