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In this paper, the application of Caputo fractional derivative on unsteady boundary layer 
Casson fluid flow in a microchannel is studied. The partial differential equations which 
governed the problem are considered with the presence of thermal radiation. The 
fractional partial differential equations are transformed into dimensionless governing 
equations using appropriate dimensionless variables. It is then solved analytically using 
the Laplace transform technique which transforms the equations into linear ordinary 
differential equations. These transformed equations are then solved using the 
appropriate method, and the inverse Laplace transform technique is applied to obtain 
the solution in form of velocity and temperature profiles. Graphical illustrations are 
acquired using Mathcad software and the influence of important physical parameters on 
velocity and temperature profiles are analyzed. Results show that thermal radiation and 
fractional parameter have enhanced the velocity and temperature profiles. 
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1. Introduction  
 

Generally, most of the motion in nature such as fluid flow, heat transfer, the wave of sound, and 
others can be mathematically described by using the partial differential equation (PDE). Natural 
phenomena including velocity and acceleration are normally described in derivatives [1]. Besides, 
PDEs are often used by scientists and engineers to explore a wide range of physical phenomena 
including fluid dynamics, electricity, and thermal transfer. 

In 2007, Jumarie [2] has investigated PDE using fractional derivative and solve using modified 
Riemann-Liouville derivative. Based on Khalil et al., [3], the fractional derivative has been existed a 
long time ago, even as old as calculus. The application of fractional derivatives has provided more 
general and accurate models of a system compared to the traditional calculus since it is concerned 
with the real or complex order generalization of integrals and derivatives. Due to order 
differentiation features, systems described with fractional calculus are non-linear and may exhibit a 
significantly richer dynamical behavior. Moreover, the most real-world problem is modeled by a 
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fractional derivative equation. Ray et al., [4] has mentioned the vast range of fields on the usage of 
fractional derivatives in science as well as engineering fields. 

The most popular and frequently used definition of the fractional derivative is the Caputo 
definition. The kernel of the Caputo fractional derivative is singular. The development of Caputo is a 
great help in solving problems with the unusual initial condition without physical meaning and tough 
to operate. By modifying the fractional parameter of Caputo, the result obtained is more realistic 
since it can be compared to experimental data for an excellent agreement. Caputo fractional 
derivative operator has been investigated by many previous researchers [5-11]. 

In fluid flow problems, non-Newtonian fluid is a fluid that does not obey Newton’s vicious law. 
The most common type of non-Newtonian fluid used by previous researchers is Casson fluid. 
Mukhopadhyay et al., [12] explains that Casson fluid behaved as a shear-thinning liquid. The 
characteristics of Casson fluid are, firstly, at zero rates of shear, it is simulated to have an infinite 
viscosity. Secondly, yield stress below which there is no flow. Lastly, it has a zero viscosity at an 
infinite rate of shear. Hussanan et al., [13] mentioned that non-Newtonian fluids were used in 
cosmetics, pharmaceutical, and food industries. Also supported by Khalid et al., [14], applications of 
non-Newtonian fluids are broad including in geophysics and petroleum industries. Ali et al., [6], 
Ahmad et al., (2021) [8], Imran et al., [15], Awan et al., [16], Ullah et al., [17], and Jamil et al., [18] 
are some researchers who researched Casson fluid. Examples of Casson fluid that can be seen in real 
life such as ketchup, honey, and human blood. 

The application of fluid problems in microdevices is currently in attention by many researchers 
due to its importance in real-life problems. Khan et al., [19] agreed since its practical uses in space 
technology, engineering, and material processing operation as well as in high power density 
processors in supercomputers and many other devices. In an engineering context, microfluidics is the 
flows of fluid and gases in single or multiple phases through microdevices fabricated by Micro Electro 
Mechanical Systems (MEMS) technology [20]. As stated by Gad-el-Hak [21], MEMS devices that 
involve fluid flows are such as micro ducts, micropumps, microturbines, and microvalves. Some 
studies in microchannels also discussed in the studies by Cao et al., [22], Ahmad et al., [23], and Phu 
et al., [24]. 

Bearing in mind the importance of fractional derivatives, very few studies have been reported on 
non-Newtonian fluid flowing in a microchannel with Caputo fractional derivative approach. Thus, this 
study is focused on solving the fractional-order time equation of motion in a microchannel. Thermal 
radiation is also considered to improve the understanding of thermal radiation on Casson fluid 
convective flow. The equations are then solved analytically using Laplace transform and inverse 
Laplace transform is used to solve velocity and temperature profiles. Mathcad is used to generate 
graphical findings for differential values of the fractional parameter as well as several crucial physical 
parameters such as the Casson parameter. 
 
2. Modeling of the Problem 
 

In this study, the fluid is considered flowing in a microchannel that is made up of two vertical 
parallel plates at a distance d apart. The movement of the fluid is in the x-axis direction and the y-
axis is perpendicular to the movement of the fluid flow. The schematic diagram of the microchannel 
is shown in Figure 1. 
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Fig. 1. Schematic diagram of the 
microchannel 

 

The fluid is stationary at the time, 0t =  and the temperature of the plate 0y =  is at oT . As t  

increasing, the temperature of the plate at ,y d=  the plate starts to oscillate at 

( ) ( ), cos .ou y t U H t t= Here oU  is the amplitude,   is the frequency of oscillation and ( )H t  is the 

Heaviside unit step function. For an unsteady Casson fluid flow, the shear stress is defined as follows: 
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where   represent the shear stress,   is the dynamic viscosity, ije  is the ( ),i j th  component for 

deformation rate that is represented by .ij ije e =  The yield stress of Casson fluid is shown by .yp  c  

depicts the critical value of the product whereas B  is the plastic dynamics viscosity. 

The presence of thermal radiation in this study is optically thick fluid in one space coordinate with 
.y It is expressed as follows [19], 
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where   is the Stefan-Boltzmann constant 
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 and 1k  is the mean absorption 

coefficient. By using the Taylor series, 4T  is linearized about oT  and the other higher-order terms are 

abandoned since it has only a small difference between T  to .oT  By neglecting the higher-order 

terms, 4T  can be simplified to a simpler form which is 
 

4 3 44 3o oT TT T= −              (2) 
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Based on all assumptions above, the governing equation consists of momentum and energy 
equations can be written as 
 

( )
2

2

1
1 T o

u u
g T T

t y
 



  
= + + − 

  
             (3) 

 
2

2

r
p

qT T
C k

t y y


 
= −

  
              (4) 

 
subject to initial and boundary conditions 
 
𝑢(𝑦, 0) = 0

𝑢(0, 𝑡) = 0
𝑢(𝑑, 𝑡) = 𝐻(𝑡)𝑈 𝑐𝑜𝑠 𝜔 𝑡

    

𝑇(𝑦, 0) = 𝑇𝑜

𝑇(0, 𝑡) = 𝑇𝑜

𝑇(𝑑, 𝑡) = 𝑇𝑤

          (5) 

 

Here, ( ),u y t  is the fluid velocity, ( ),T y t  is fluid temperature,   is the kinematic viscosity,   is 

the Casson fluid parameter, g  is the gravitational acceleration, T  is the coefficient of thermal 

expansion,   is the density of the fluid, pc  is the specific heat at constant pressure, k  is the thermal 

conductivity, rq  is the thermal radiation, T  is the ambient temperature and wT  is the wall 

temperature. The velocity and temperature depend on space variables y  and time .t  

Combining the Eq. (1) and Eq. (2) into Eq. (4), the energy equation becomes 
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By substituting the following dimensionless variables [18], 
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into Eq. (3) and Eq. (6), the dimensionless equations are obtained as 
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subject to 
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Here, o  is the dimensionless Casson fluid parameter, Gr  is the thermal Grashof number, Pr is 

the Prandtl number, 𝑅 is the radiation parameter, and Preff  is the effective Prandtl number, 

respectively. Also, the condition (5) in the form of dimensionless initial and boundary conditions are 
given as 
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where
2
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the transformed Eq. (8) and Eq. (9) in the form of fractional equations are obtained as 
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where the fractional parameter is denoted by  . 
 
3. Solution of the Problem 
 

The obtained fractional dimensionless equations are then solved analytically using the Laplace 
transform method. The technique will reduce the equations into a set of linear ordinary differential 
equations. Later, the solutions are acquired by applying the inverse Laplace technique. 
 
3.1 Solution of the Energy Equation 
 

The Laplace transform for energy Eq. (13) when applying the boundary conditions (10), we obtain 
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Since, it is shown to be a homogenous equation, the method of solving a homogenous equation, 

the characteristic technique is used. The solution of Eq. (14) is determined as 
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3.2 Solution of the Momentum Equation 
 

Similarly, the Laplace transform for momentum Eq. (12) when applying the subjected boundary 
conditions (10), we have 
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Eq. (16) is a non-homogenous equation. By choosing the method of undetermined coefficient, 

the velocity profile is obtained as 
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3.3 Inverse Laplace Transform 
 

The temperature and velocity functions are given in Eq. (15) and Eq. (17). In practice, explicit 
functions cannot be used to calculate the inverse Laplace transform. As a result, using Zakian’s explicit 
formula approach, the inverse Laplace transform is computed numerically. The weighted function is 
used to approximate the time domain function. Zakian’s algorithm-based technique is described by 
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where jK  and j  are constants that can be either real or complex conjugate pairs. Whereas N  

indicates the number of terms utilized in the summation where ( ) ( )f t f t→  when N  is 

approaching infinity. The fact that the truncated error is ignorable for 5N =  is well-known as 
suggested by Halsted and Brown [25]. The values of jK  and j  are seen as listed in the studies by 

Halsted and Brown [25], Wang and Zhan [26], and Zakian and Littlewood [27]. 
 
4. Graphical Results  
 

This section shows the result obtained for the velocity and temperature profiles which have been 

displayed in a graphical form for the various values of parameters ,  ,o  ,Gr  Pr,  and R . 

The numerical findings have been compared with a study by Khan et al., [19] those obtained using 
the same fluid with thermal radiation (Figure 2 and Figure 3). In the current work, we present the 
application of Caputo to the convective flow of Casson fluid flowing through an oscillating 
microchannel whereas Khan et al., [19] considered the fluid flowing with the application of the 
Caputo-Fabrizio fractional derivative approach. Hence, for comparison purposes, the limiting case of 

the present study is considered where 𝑃𝑟 = 10, 𝜏 = 1, 𝛽𝑜 = 1.5, 𝐺𝑟 = 5,  𝜏 =
𝜋

2
 and 𝑅 = 1.5 are 

used. As shown in Figure 2 and Figure 3, the results of the present study are in very good agreement 
with the outputs provided in a study by Khan et al., [19]. 
 

 
Fig. 2. Comparison of the temperature profile 

 

0 0.5 1
0

0.5

1

Current study

[18]

ξ

θ
(ξ

,τ
)



 Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 93, Issue 1 (2022) 50-63 

57 
 

 
Fig. 3. Comparison of the velocity profile 

 
4.1 Temperature Results 
 

The influence of three parameters ,  Pr,  and R  on the temperature profiles is explored in this 

section. 

Figure 4 depicts the effects of   on the fluid temperature. It shows the influence of   at ( ),    

when Pr 12,=  1.5,R =  and 𝜏 = 1. As   increases, the fluid temperature increases, and maximum 

curves obtained at 1. =  This result shows that the properties of classical Casson fluid have a higher 
temperature compared to the fractional Casson fluid model. Physically, it is true since a larger value 
of   will helps in strengthening the buoyancy forces, which then will increase the thermal boundary 
layer, and then increases the temperature profile. 
 

 
Fig. 4. Temperature profiles with different values of α 
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Figure 5 and Figure 6 describe the temperature profiles with various values of Pr  and R  

respectively. Figure 5 displays the profiles of ( ),    when 0.5, =  1.5,R =  and 𝜏 = 1 while Figure 

6 illustrates the distributions of ( ),    when 0.5, =  Pr 10,=  and 𝜏 = 1. By analyzing the graph 

below, increasing in Pr  has caused the temperature profile to decrease. Whereas increasing in R  
shows a contradicting effect on temperature profiles where it shows an increasing behavior. 
 

 
Fig. 5. Temperature profiles with different values of Pr  

 

 
Fig. 6. Temperature profiles with different values of R  
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4.2 Velocity Results 
 

In this section, the effect of ,  ,o  Pr,  ,Gr  and R  on the velocity profile is analyzed. The 

influence of   on the fluid velocity is plotted and shown in Figure 7. As   increases, the velocity 
distribution increases. Since the thickness of the momentum boundary layer is smaller than the 
thermal boundary layer at 1, =  it is said that the classical velocity is at its maximum velocity 

distribution. Figure 8 shows the influence of o  while other parameters are kept constant. Figure 8 

shows that larger values of ,o  tending to decrease the velocity of the fluid. This is due to the physical 

effect of ,o  where the higher value of o  will enhance the viscous forces compared to the thermal 

forces. Hence, the fluid velocity will tend to decrease. The influence of Pr  on the velocity profile is 
depicted in Figure 9. The increment values of Pr have decreased the fluid velocity. Pr  gives a great 
impact on the velocity of fluid since it measures the ratio of vicious and thermal forces. Consequently, 
as Pr  increases, the velocity of fluid decreases. 
 

 
Fig. 7. Velocity profiles with different values of   
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Fig. 8. Velocity profiles with different values of o  

 

 
Fig. 9. Velocity profiles with different values of Pr  

 

Figure 10 shows, as Gr  increases, the velocity profiles increase. The value of Gr  gives a positive 
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velocity profile. 
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Fig. 10. Velocity profiles with different values of Gr  

 

 
Fig. 11. Velocity profiles with different values of R  
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physical parameters including the thermal radiation parameter, Casson parameter, and fractional 
parameter have been studied graphically. Hence, several major key points that can be extracted from 
this study are 

i. The temperature and velocity profiles increase for a larger value of .   
ii. Greater values of Pr  have enhanced the viscous force and consequently decreases the 

temperature and velocity profile. 
iii. As R  increase, the flow of the temperature and velocity profiles also increase. 

iv. Increasing of o has caused the velocity profile to show a decreasing behavior.  

v. The velocity profile increase for a larger value of .Gr   
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