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The Homotopy Analysis Method is employed in this research study to analyse the two-
dimensional electrical conduction of a magnetohydrodynamic (MHD) Jeffrey fluid flow 
over a stretched sheet under various conditions. The governing partial differential 
equation is transformed into terms of nonlinear coupled ordinary differential equations 
via a similarity transformation. A system of ordinary differential equations is solved and 
the effect of various numerical values on velocity, concentration, and temperature is 
investigated and shown in tables and graphs. It is observed that the Deborah number 
(𝛽) and the ratio of relaxation and retardation times parameter (𝜆2) have diametrically 
opposed impacts on the skin friction coefficient. Consequently, the effects of Pr and 𝛽 
on the Nusselt number profiles are comparable. Therefore, the current findings 
correlate with those obtained for a viscous fluid. Calculations for the Homotopy 
Analysis Method were performed on the PARAM Shavak high-performance computing 
(HPC) computer using the BVPh2.0 Mathematica tool. 
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1. Introduction 
 

Recently, owing to its numerous uses in manufacturing and industry, the study of boundary layer 
flow over a stretched sheet has captured the attention of magneto-hydrodynamics experts. This 
assortment of different manufacturing processes includes a process for drawing copper wire, an 
infinitely long metal plate in a cooling bath, the polymer extrusion process, and plastic film stretch 
production. The surface condition or roughness is essential to determine the heat transfer rate when 
the cooling of hot metals can control the mechanical and physical properties of the final product. The 
introduction of the concept of continuous solid surface boundary layer flow was given by Sakiadis 
[1]. Crane [2] supplied the standard solution of a sheet that moves with a linear change in velocity 
and distance from a fixed point in a viscous fluid's boundary layer flow. Merkin et al., [3] investigated 
the boundary layer flow issue in unsteady magneto-hydrodynamics (MHD). When Sheikholeslami et 
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al., [4] performed their study, they utilized the Homotopy Analysis Method to estimate heat transfer 
flow and magneto-hydrodynamics inside a rotating system. Ashorynejad et al., [5] examined the 
effect of magnetic fields on nano-fluid heat transfer and flowed inside a stretched cylinder. Cortell 
[6] examined the effects of heat radiation on flow as affected by a non-linearly stretched sheet. Akbar 
et al., [7] investigated a theoretically computed stagnant point flow effect in the presence of a 
shrinking plate for the Prandtl flow model with a magnetic field. Nourazar et al., [8] investigated the 
flow of nano-fluid in the permeable cylinder employed in MHD. Nagendramma et al., [9] discovered 
the doubly stratified magneto-hydrodynamics incompressible tangent hyperbolic nano-fluid caused 
by a stretched cylinder. Khan et al., [10] explored Maxwell fluid upper convected flow over a 
stretched linear sheet as viscosity, temperature, solar radiation, and viscous despair. Waqas et al., 
[11] investigated Jeffrey nano-material mixed convection flow, heat generation, and thermal 
radiation to simulate energy expression. Dawar et al., [12] used homotopy analysis to study how 
Lorentz forces affect the flow of Jeffrey nano-fluids over a flat surface.  

The non-Newtonian fluid analysis is significant because of several applications in engineering and 
industrial because of the flexibility of fluid properties in nature [13–23]. There are many applications, 
such as crystal growing, drilling mud, cosmetic products, electronics chips, food processing, and dilute 
polymer solutions. The non-Newtonian fluids have different rheological properties. There is no single 
connection between strain rate and stress that can be used to assess non-Newtonian fluids. The 
Jeffrey model is a simple non-Newtonian viscoelastic fluid model that is very simple to control for 
rheological effects. The magnetohydrodynamics nonlinear heat transfer and fluid flow over 
stretching sheet explored by Cortell, [24]. Bhatti et al., [25] studied heat transmission by analysing 
solid particle motion in a dusty Jeffery fluid with varying viscosity. Ramesh, [26] examined how joule 
heating and viscosity dissipation affect the Jeffrey fluid. Kahshan et al., [27] studied Jeffrey fluid flow's 
heat and mass transfer through a porous walled channel by using perturbation methods. Khan et al., 
[28] studied the MHD flow and heat transfer of double stratified micropolar fluid over a vertical 
permeable shrinking/stretching sheet with chemical reaction and heat source. 

Chemical reactions have practically befitted many engineering and science disciplines for heat 
and mass transmission, such as evaporation of water from the skin, freezing damage to crops, 
chemical engineering processes, and a wet cooling tower that transmits thermal energy. Shehzad et 
al., [29] explored the nonlinear thermal radiation nonlinear nano-fluid flow of Jeffrey in three 
dimensions. The effects of radiation-absorbing and chemical processes on the MHD free convection 
heat transfer flow of a nano-fluid confined by a semi-infinite flat plate by Venkateswarlu et al., [30]. 
Irfan et al., [31] studied the unsteady flow of Carreau due to porous shrinking or stretching sheets. 
In addition, they investigated the effect of the binary chemical reaction and activation energy on dual 
nature research. Patel et al., [32] studied fluid flow behaviour in two-sided square lid driven cavity 
by applying finite volume method. Finally, magnetite nano-fluid Muhammad et al., [33] studied MHD 
Carreau nano-fluid flows, including motile bacteria and under slip circumstances. Hamrelaine et al., 
[34] explored the MHD Jeffery Hamel flow and analysed stable mixed convection in two-dimensional 
stagnation flows of a micropolar fluid around a vertical decreasing sheet, comparing the findings and 
the numerical solution. Patel et al., [35] examined flow analysis of four-sided square lid driven cavity 
and conventional numerical solutions show that the unique solutions exist for all Reynolds numbers 
for both the geometries.  Ismail et al., [36] examined the second-grade fluid of free convection flow 
with mass transfer and transpiration effects. They observed the impact of the relevant parameters, 
including the second-grade parameter, suction/injection parameter, and modified Grashof 
parameter, on the velocity and concentration profiles. Roja et al., [37] studied the MHD fluid flow of 
micropolar liquid through a porous medium with the effects of thermal radiation and 
thermophoresis. 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 95, Issue 1 (2022) 121-144 

 

123 
 

Recent research [38–46] has raised significant concerns about thermal radiation, nanofluid, 
micro-polar fluid, viscous dissipation, chemical reaction, and other features in various flow fields. We 
explore the MHD Jeffrey fluid model along with other parameters in this research effort since it has 
been shown that it is instrumental in the sciences and engineering sectors for practical 
determination. It is demonstrated in several domains, such as electrochemistry, finance, 
electromagnetism, biochemistry, and signal processing. The electrical conducting fluid flow is a 
critical application of the magnetic field; the MHD effect is employed to deal with the dynamics of 
electrically conducted fluids. Furthermore, the MHD stream issue has played a significant role in its 
many applications in medical and technical disciplines. However, the attendant heat transfer 
problems of power-law fluids through a stretched surface in the presence of a magnetic field has 
received relatively less attention. The flow and heat transfer of an electrically conducting, non-
Newtonian power-law Jeffery fluid across a constantly stretched sheet under the effect of a 
transverse magnetic field are investigated in this paper. This research paper is an attempt to provide 
the insight into the Homotopy Analysis Method for the MHD flow of Jeffrey fluid with chemical 
reaction and thermal radiation. 

This study aims to simulate and investigate the effects of magnetohydrodynamics Jeffrey fluid, 
electrical conduction of heat source and chemical processes across a stretched continuous sheet with 
concentration and temperature distributions. Furthermore, essential quantities of practical 
significance, such as the skin friction coefficient and Nusselt number, are estimated and analysed 
because the skin friction coefficient is a crucial dimensionless parameter in boundary-layer flows. It 
specifies the fraction of the local dynamic pressure felt as shear stress on the surface. The Nusselt 
number is a Reynolds and Prandtl number function and an important parameter that can contribute 
to a better heat exchange rate. The current research examines the combined consequences of both 
heat and mass transport over a continuous starching sheet and thermal radiation and chemical 
reaction. The coupled partial differential equations governing the flow field are transformed into a 
nonlinear ordinary differential equations system by applying appropriate transformations. The 
Homotopy Analysis Method (HAM) was implemented to solve governing equations. The findings are 
displayed graphically and discussed accordingly. 
 
2. Model Assumptions and Mathematical Formulation  
 

In this two-dimensional flow of viscous conductive Jeffrey fluid on a stretch surface were 
considering the heat transfer, chemical reaction, and the factors of thermal radiation. A stretching 
sheet is considered through the x-axis with variable velocity 𝑢 = 𝑈𝑤 (𝑥)  =  𝑐𝑥, and the 𝑦 − axis is 
perpendicular to it, as shown in Figure 1. A uniform strength magnetic field 𝐵0 is created by the linear 
stretching of the sheet and the simultaneous action of two equal and opposing forces along the 𝑥 − 
axis towards the direction of flow. It's indeed stable due to the magnetic field's influence on the 
boundary layer fluid flow. Electrical conduction generates a negligible magnetic field. 
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Fig. 1. The physical representation of the flow configuration and 
coordinate system 

 
The Jeffrey fluid model requires an equation to be written as follows [47] 
 

τ =  pI +  ε 
 

𝜀 =
𝜇

(𝜆2 + 2)
[𝑅𝑒 + 𝜆1 (

𝜕𝑅𝑒

𝜕𝑡
+ 𝑉 ⋅ ∇) 𝑅𝑒] 

 
where 𝜀 denotes the extra stress tensor, 𝜏 denotes the Cauchy stress tensor, 𝜇 denotes the dynamic-

viscosity, 𝜆1 and 𝜆2 denote the material properties of Jeffrey fluid, 𝑅𝑒 denotes the Rivlin–Ericksen 
tensor defined by  
 
𝑅𝑒 = (∇𝑉)′ + (∇𝑉) 
 

The following expressions are governed by the governing boundary layer equations, such as the 
continuity equation, momentum equation, energy with internal heat generation, thermal radiation, 
and concentration of species diffusion in the laminar boundary layer approximation, using the 
assumptions stated above as well as using standard boundary-layer approximations 
 
𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
= 0                                                                                                                                                        (1) 

 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

𝜈

(𝜆2+1)
[

𝜕2𝑢

𝜕𝑦2 + 𝜆1 (𝑢
𝜕3𝑢

𝜕𝑥𝜕𝑦2 + 𝑣
𝜕3𝑢

𝜕𝑦3 +
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑥𝜕𝑦
−

𝜕𝑢

𝜕𝑥

𝜕2𝑢

𝜕𝑦2)] −
𝜎𝐵0

2

𝜌
          (2) 

 

𝜌𝑐𝑝 (𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘

𝜕2𝑇

𝜕𝑦2
−

𝜕𝑞𝑟

𝜕𝑦
− 𝑄0(𝑇 − 𝑇∞)                                                                                          (3) 

 

𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷

𝜕2𝐶

𝜕𝑦2
− 𝐾𝑟∗(𝐶 − 𝐶∞)                                                                                                              (4) 
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where (𝑢, 𝑣) represent the velocity components along the (𝑥, 𝑦) axis, 𝜌 represent the fluid’s density, 

The kinematic velocity is represented by 𝜈 (=
𝜇

𝜌
). 𝜇 is the dynamic viscosity, 𝐵0 represent the 

strength of the magnetic field, 𝜎 represent the conductivity of electricity, The ratio of relaxation and 
retardation time is represented by 𝜆2, and the relaxation time is represented by 𝜆1. The thermal 
conductivity represents by 𝑘, 𝑐𝑝 represent the constant pressure specific heat, 𝑇 represent the 

temperature,𝑇∞ represent the temperature constant far away from the sheet. 𝑄0 represent the 
coefficient of heat absorption/generation, The diffusion coefficient is represented by 𝐷. 𝐾𝑟 ∗ 
represent the chemical reaction parameter, 𝐶𝑤 represent the species concentration at the wall, and 
𝐶∞ represent the species concentrations far away from the wall. 
 
2.1 Boundary Conditions 

 
The boundary conditions that result from the previously stated assumptions are as follows 
 

𝑢 = 𝑈𝑤(𝑥) = 𝑐𝑥;   𝑣 = 0;   𝑇 = 𝑇∞ + 𝐴1 (
𝑥

𝑙
)

𝑛

= 𝑇𝑤;   𝐶 = 𝐶∞ + 𝐴2 (
𝑥

𝑙
)

𝑛

= 𝐶𝑤 𝑎𝑡 𝑦 = 0                     (5) 

 
𝑢 → 0;  𝑢′ → 0;   𝑇 → 𝑇∞;   𝐶 → 𝐶∞ 𝑎𝑠 𝑦 → ∞                                                                                                (6)                    

 
The Rosseland approximation can be used to describe the radiative heat flux 𝑞𝑟 [48, 49] 
 

𝑞𝑟 = −
4𝜎∗ 

3𝑘∗  
𝜕𝑇4

𝜕𝑦
                                                                                                                                                   (7) 

 
The Stefan-Boltzman constant and the Rosseland mean absorption coefficient are represented 

by 𝑘∗ and 𝜎∗, respectively. By assuming 𝑇4 expansion of the Taylor series and omitting higher-order 
terms, we get  

 
𝑇4 ≈ 4𝑇∞

3 𝑇 − 3𝑇∞
4                                                                                                                                              (8) 

 
Putting Eq. (7) in Eq. (8), we have 
 

𝑞𝑟 = −
4𝜎∗ 

3𝑘∗  
𝜕

𝜕𝑦
(4𝑇∞

3 𝑇 − 3𝑇∞
4 )                        

(9) 

𝑞𝑟 = −
16𝜎∗ 

3𝑘∗  𝑇∞
3 𝜕𝑇

𝜕𝑦
                                                                               

 
Eq. (9) differentiate with respect to 𝑦, we have  
 

 
𝜕𝑞𝑟

𝜕𝑦
= −

16𝜎∗ 

3𝑘∗  𝑇∞
3 𝜕2𝑇

𝜕𝑦2                                                                                                                                       (10) 

 
Substituting Eq. (10) in Eq. (3),      
 

𝜌𝑐𝑝 (𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘

𝜕2𝑇

𝜕𝑦2 +
16𝜎∗ 

3𝑘∗  𝑇∞
3 𝜕2𝑇

𝜕𝑦2 − 𝑄0(𝑇 − 𝑇∞)                                                                        (11) 
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2.2 Similarity Transformation 
 

𝑢 = 𝑐𝑥𝑓′(𝜉),      𝜉 =  √
𝑐

𝜈
𝑦,     𝑣 = −√𝑐𝜈 𝑓(𝜉),   𝜃(𝜉) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
,   𝜙(𝜉) =

𝐶−𝐶∞

𝐶𝑤−𝐶∞
                                (12)  

 
The similarity variable, dimensionless stream function, dimensionless temperature, and 

dimensionless concentration are represented by 𝜉, 𝑓(𝜉), 𝜃(𝜉) and 𝜙(𝜉), respectively. 𝜓 is a stream 

function that is defined as 𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = −

𝜕𝜓

𝜕𝑥
.    

 
2.3 Transformed problems 
 

Therefore, after substitution of Eq. (5), (6) and (12) into Eq. (2) - (4), the governing equations in 
dimensionless form given by 
 

𝛽((𝑓′′)2 − 𝑓 𝑓′𝑣) + 𝑓′′′ + (1 + 𝜆2)(𝑓𝑓′′ − 𝑓′2
− 𝑀𝑓′) = 0                                                         (13)  

 

(
3+4𝑅

3
) 𝜃′′ + Pr (𝑓𝜃′ − 𝑚𝑓′𝜃 + 𝛾𝜃 = 0                                                                                          (14) 

  
𝜙′′ + 𝑆𝑐 (𝑓 𝜙′ − 𝑚𝑓′𝜙 − 𝐾𝑟𝜙) = 0                                                                                (15)  
 
Subject to  
                                   
𝑓(𝜉) = 0,  𝑓′(𝜉) = 1, 𝜃(𝜉) = 1, 𝜙(𝜉) = 1  at 𝜉 = 0                                                                       (16)  
 
𝑓′(𝜉) = 0, 𝑓′′(𝜉) = 0, 𝜃(𝜉) = 0, 𝜙(𝜉) = 0 as 𝜉 → ∞                                                               (17)  
 

In the above equations, the Deborah number 𝛽 = 𝜆1𝑐, the magnetic field parameter 𝑀 =
𝜎𝐵0

2

𝜌𝑐
 , 

the radiation parameter 𝑅 =
16𝜎∗𝑇∞

3

𝑘∗𝑘 
 , the Prandtl number 𝑃𝑟 =

𝜌𝑐𝑝

𝑘
 , the heat sink/source 

parameter 𝛾 =  
𝑄𝜈

𝜌𝑐𝑝
, the Schmidt number 𝑆𝑐 =  

𝜈

𝐷
, and the chemical reaction parameter 𝐾𝑟 =

 
𝐾𝑟∗𝛿2

𝜈
. 

 
3. Method of Solution 
 

In this study, to solve Eq. (13) - (15) subject to conditions Eq. (16) - (17), For the solution of the 
coupled nonlinear ordinary differential equation with boundary conditions, the Homotopy Analysis 
Method has been used to achieve an analytic approximation. It was first developed as HAM in 1992 
and then modified HAM in 2004 by Liao [50]. A few authors apply the Homotopy analysis method to 
solve nonlinear equations in their research findings, and that shows the efficiency of HAM. The recent 
development shows the successful implementation of the HAM to get convergent approximate 
analytic solution for the non-Newtonian fluid flow analysis by Hayat et al., [51], Qayyum et al., [52] 
and Waqas et al., [53]. To compute all the necessary solutions, we preferred to apply the Homotopy 
Analysis Method based on the BVPh2.0 Mathematica Package introduced by Liao [54]. The HAM is a 
more general method to validate strongly and weekly nonlinear problems because the HAM is 
independent of small or large parameters. It’s also applicable throughout the problem domain and 
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isn’t affected by rounding errors. With the idea of homotopy in topology, HAM offers us great 
freedom and independence to evaluate a superior solution from a family of alternatives. 
 We consider a collection of basis functions of the form: to explore this study of the Homotopy 
Analysis Method. 
 

 {𝐶𝑚,𝑛𝜉𝑛𝑒𝑚𝑛 ∶ 𝑚, 𝑛 ≥ 0}                                                                                                    (18) 

 
where 𝐶𝑚,𝑛 coefficients to be determined. 
 

The linear auxiliary operators 𝐿𝑓 , 𝐿𝜃 and 𝐿𝜙 are selected in such a manner that all homogeneous 

equation solutions may be produced as linear combinations, as in Eq. (19). 
 

𝐿𝑓[𝑓(𝜉)] = 0,  𝐿𝜃[𝜃(𝜉)] = 0,   𝐿𝜙[𝜙(𝜉)] = 0                                                                              (19)  

 
As a result, we build all auxiliary linear operators systematically by examining higher order terms 

of the appropriate linear operator, as detailed in [55]. The auxiliary linear operator may be chosen in 
a following way: 
 

𝐿𝑓 =
𝑑3𝑓

𝑑𝜉3 −
𝑑𝑓

𝑑𝜉
                                                                                                                   (20) 

 

𝐿𝜃 =
𝑑2𝜃

𝑑𝜉2 − 𝜃                                                                                                                   (21)  

 

𝐿𝜙 =  
𝑑2𝜙

𝑑𝜉2 − 𝜙                                                                                                            (22) 

 
Satisfying 
 

𝐿𝑓[𝐶1 + 𝐶2𝑒𝜉 + 𝐶3𝑒−𝜉] = 0                                                                                             (23) 

 

𝐿𝜃[𝐶4𝑒𝜉 + 𝐶5𝑒−𝜉] = 0                                                                                                    (24) 

 

𝐿𝜙[𝐶6𝑒𝜉 + 𝐶7𝑒−𝜉] = 0                                                                                                    (25) 

 
where 𝐶1, 𝐶2, … , 𝐶7 are the arbitrary constants to be determined from boundary conditions. 
  

The initial estimates 𝑓0(𝜉), 𝜃0(𝜉) and 𝜙0(𝜉) are chosen to meet the criteria Eq. (16) - (17), and 
the co-efficient is calculated as follows 

 

𝑓0(𝜉) = 1 − 𝑒−𝜉 ,   𝜃0(𝜉) = 𝑒−𝜉 ,    𝜙0(𝜉) = 𝑒−𝜉                                                                             (26)  
 
3.1 The Skin Friction, The Nusselt Number and The Sherwood Number 
  

The skin friction coefficient, the local Nusselt number, and the Sherwood number are the physical 
parameters. Defined as follows 
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𝑅𝑒𝑥
1/2

𝐶𝑓  = − (
1

1+𝜆2
) (𝑓′′(0) + 𝛽𝑓′′(0))                                                                                         (27)  

 

𝑁𝑢𝑥𝑅𝑒𝑥
−1/2

=  − (
3+4𝑅

3
) 𝜃′(0)                                                                                                    (28) 

 

𝑆ℎ𝑅𝑒𝑥
−1/2

= −𝜙′(0)                                                                                                     (29)  
  
4. Convergence Analysis 
 

The convergence of the Homotopy Analysis Method is carried out on the solution to the proper 
selection of convergence-control parameters using the HAM-based Mathematica package BVPh2.0. 
Considering default values in built functions 𝛽 = 1.0, 𝜆2 = 0.1, 𝑀 = 6.0, 𝑅 = 0.1, 𝑃𝑟 =
 0.75, 𝑚 =  2.0, 𝛾 =  0.1, 𝑆𝑐 =  0.6, and 𝐾𝑟 =  0.2. The Homotopy analysis method convergence 
considers up to 40th order approximations throughout the study unless otherwise mentioned.  

We can select convergence control parameters ℏ𝑓 , ℏ𝜃, ℏ𝜙 as per our own choice despite linear 

operators, auxiliary functions, and initial guesses. Hence, these parameters are properly selected to 
have an accurate convergent series solution. Convergence control parameters associated with ℏ-
curves are shown in Figure 2 and in the acceptable ranges for the auxiliary parameters, ℏ curves are 
horizontal. The need of the HAM convergent solution for any value of the parameters from the 
following intervals provided in Eq. (30). 

 

 
Fig. 2. h-curves 

 
−0.4 <   ℏ𝑓 < −0.1, −1.5 <  ℏ𝜃 < −1.2, −1.6 <  ℏ𝜙 < −1.2                                                          (30)    
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The better values of the parameters can be found by comparing the convergent control 
parameters, but this is technically not effective. As a result, the optimum values of all parameters are 
determined by minimising squared-residual errors, which are specified and denoted by 
 

𝜀𝑛
𝑗

≈
1

𝑁+1
∑ {ℵ𝑗[∑ 𝜑𝑘

𝑗(𝜉)𝜉=𝑖Δ𝜉
𝑛
𝑘=0 ]}𝑁

𝑖=0

2
                                                                                      (31)       

       
The Mathematica package BVPh2.0 used to get the convergence control parameter optimal 

values and the values are 
 

ℏ𝑓 ≈ −0.23, ℏ𝜃 ≈ −1.34, ℏ𝜙 ≈ −1.36 

 
  The evaluated boundary derivatives −𝑓′′(0), −𝜃′(0) and  − 𝜙′(0) and the required square 
residual error 𝜀𝑓 , 𝜀𝜃  and 𝜀𝜙 are shown in Table 1. The boundary derivatives −𝑓′′(0) value convergent 

at 35𝑡ℎ, −𝜃′(0) convergent at 10𝑡ℎ  and − 𝜙′(0) convergent at 40𝑡ℎ  order of approximation with an 
error tolerance of less than 0.00001. Thus, it is required to take the 40𝑡ℎ  order of Homotopy Analysis 
Method approximation for evaluating the necessary results of the study and the individual square 
residual errors is decreasing as shown in Table 1. The total square residual error verses some order 
of HAM is shown in Figure 3 and since the order of the HAM approximation rises, the total average 
squared residual error reduces. 

 

 
Fig. 3. Total squared residual errors against the order of approximation 

 
  Table 1 
  Convergence of solution with squared residual error for the Homotopy Analysis Method 

Order −𝑓′′(0)  −𝜃′(0) 𝜙′(0) 𝜀𝑓 𝜀𝜃 𝜀𝜙 

05 1.944546 0.765700 0.282797 7.14508 ⋅  10−3 3.63876 ⋅ 10−4 2.06982 ⋅ 10−5 
10 1.961233 0.705828 0.866260 5.65714 ⋅ 10−6 6.80690 ⋅ 10−5 2.44041 ⋅ 10−7 
15 1.962121 0.679724 0.865158 1.75228 ⋅ 10−7 3.28037 ⋅ 10−5 1.65791 ⋅ 10−8 
20 1.962138 0.659440 0.864854 2.51233 ⋅ 10−9 1.99295 ⋅ 10−5 4.96564 ⋅ 10−10 
25 1.962142 0.641616 0.864798 2.27079 ⋅ 10−10 1.56129 ⋅ 10−5 5.02727 ⋅ 10−11 
30 1.962142 0.641674 0.864797 7.75201 ⋅ 10−12 1.41153 ⋅ 10−5 2.09297 ⋅ 10−12 
35 1.962142 0.607311 0.864797 1.20446 ⋅ 10−12 1.34849 ⋅ 10−5 2.52015 ⋅ 10−13 
40 1.962142 0.589227 0.864774 7.10432 ⋅ 10−14 1.47251 ⋅ 10−5 1.23493 ⋅ 10−14 
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5. Numerical Results and Discussion 
 

This section illustrates the results of the electrical conduction magnetohydrodynamics Jeffrey 
Fluid across a Stretching Sheet of heat and mass transfer in a boundary layer flow in the presence of 
power-law concentration and temperature distributions and the effects of thermal radiation and 
chemical reaction with the heat source. The influence of the appropriate parameters on the 
distribution of velocity profile 𝑓′(𝜂), temperature profile 𝜃(𝜂), and nanoparticle concentration 
profile 𝜙(𝜂) are assessed using Jeffrey fluid depth analysis. Additionally, the coefficient of surface 
friction, Nusselt number, and Sherwood number maintain the stability of other parameters. We 
compared our findings for the rate of heat transfer with various values of m and 𝑃𝑟 with that of Chen 
[56] to validate the accuracy of the current model. Table 2 shows that the comparisons are in 
excellent agreement. Increases in 𝑃𝑟 and 𝑚 have also been shown to enhance the local Nusselt 
number. Table 3 compares the local skin friction coefficient to Andersson et al., [57] and Chen [58] 
for various magnetic parameter values. It is observed that when 𝑀 increases, the skin friction 
coefficient decreases. Table 3 also shows that the comparisons are in excellent agreement. 

The Mathematica package BVPh2.0 is applied to get solutions pictorially and numerically. The 
consequences of different physical parameters on fluid flow are observed From Figure 4 to Figure 20, 
the influence of various physical factors on fluid flow is shown.  

 
Table 2  
Validate the −𝜃′(0) for different values of 𝑃𝑟, 𝑚 when 𝑅 = 0, 𝜆 =  0, 𝛽 =  0, 𝑀 = 0,   𝐾𝑟 =  0 
                           Chen [52] Present Study 

Pr 𝑚 = −2 𝑚 = 0 𝑚 = 2 𝑚 = −2 𝑚 = 0 𝑚 = 2 
0.72 −0.72000 0.46315 1.08853 0.719999 0.463145 1.088524 
1 −1.00003 0.58199 1.33334 −1.00003 −0.581977 −1.333333 
10 −10.0047 2.30796 4.79686 10.0047 2.30796 4.796859 

 
Table 3  
Validate the −𝑓′′(0) for different values of M with 𝜆 = 0, 𝛽 = 0,   𝑀 = 0 
M Andersson et al., [53] Chen [54] Present 

0.0 1.0000 1.00000 1.000000 
0.5 1.2250 1.22425 1.224745 
1.0 1.4140 1.41421 1.414214 
1.5 1.5810 1.58114 1.581139 
2.0 1.7320 1.73205 1.732051 

 
The magnetic field parameter 𝑀 has a significant impact on the velocity profile 𝑓′(𝜂), as seen in 

Figure 4 for 𝜆2 = 0.0 as well as 𝜆2 = 1.0 and observe that when the velocity profile decreases, the 
magnetic field parameter increases because of the effect of Lorentz force and the resulting slowdown 
of the velocity profile. We also discovered that a rise in 𝜆2 induces a decrease in fluid boundary layer 
velocity. 𝜆2 is inversely related to non-Newtonian fluid retardant time. The fluid retardation time 
reduces as 𝜆2 rises, and the rushing of the fluid motion stops. 
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 Fig. 4. The significant effect of different value of 𝑀 on 𝑓′(𝜉) at  𝛽 = 1.0, 𝐾𝑟 = 0.2, 𝑆𝑐 = 0.6, 𝑅 = 0.1,
𝛾 = 0.1, 𝑚 = 2.0, 𝑃𝑟 = 0.75 

 
Figure 5 to 7 depicts the consequences of Deborah number 𝛽 on the fluid velocity, temperature, 

and concentration profiles. The fluid's velocity profile increases when the 𝛽 values increase, as seen 
in Figure 5. Based on empirical data, the Deborah number 𝛽 is proportionally related to the rate of 
stretching of the sheet 𝛽 =  𝜆1 𝑐, with more significant fluid motion towards the surface of the sheet 
caused by the increased 𝛽. As fluid motion increases, the hydrodynamic boundary layer thickness 
rises. When β is growing, as in Figure 6, the temperature profile decreases, and the concentration 
profile likewise reduces. The number β is related to the time needed to halt motion, and this occurs 
anytime β rises, resulting in increasing retardation time. With a more extended retardation period, 
lower temperatures and thinner thermal boundary layer thicknesses are seen in Figure 7. 
 

 
Fig. 5. The significant effect of different value of Deborah No. 𝛽 on the 𝑓′(𝜉) at 
𝐾𝑟 = 0.2, 𝑀 = 1, 𝑆𝑐 = 0.7, 𝑅 = 0.1, 𝜆2 = 1.0, 𝛾 = 0.1, 𝑚 = 2.0, 𝑃𝑟 = 0.70 
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Fig. 6. The significant effect of different value of Deborah No. 𝛽 on the 𝜃(𝜉) at 𝑃 𝑟 =  1.0,
𝑆𝑐 =  0.3, 𝑅 =  0.1, 𝜆2  =  1.0, 𝛾 = 0.1, 𝑚 =  2.0, 𝑀 =  0.6, 𝐾𝑟 =  0.2 

 

 
Fig. 7. The significant effect of different value of Deborah No. 𝛽 on the 𝜙(𝜉) at 𝑃 𝑟 = 0.70,
𝑆𝑐 = 0.6, 𝑅 = 0.2, 𝜆2 = 1.0, 𝛾 = 0.1, 𝑚 = 2.0, 𝑀 = 2.0, 𝐾𝑟 = 0.2 

 
As seen in Figure 8, the Deborah numbers 𝛽, 𝜆2, and 𝑅 have a significant effect on the 

temperature profile. This is because the temperature distribution becomes greater as 𝑅 rises. 
Thermal radiation rises with increasing thermal boundary layer thickness. Consequently, the cooling 
process proceeds as quickly as feasible to reduce radiation. As a result of bulky fluid movements that 
affect the thickness of the thermal boundary layer, the temperature profile increases somewhat as 
the Deborah number 𝛽 increases towards the sheet surface. As a result of this, the temperature 
profile has no effect on the 𝛽 or the 𝜆2 values within a short distance of the sheet surface (𝜂 =  0). 
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Fig. 8. The significant effect of different values of 𝑅, 𝜆2 and 𝛽 on 𝜃(𝜉) at 𝑃𝑟 = 1.0, 𝑆𝑐 = 0.6, 𝑀 =
5.0, 𝛾 = 0.1, 𝑚 = 2.0, 𝐾𝑟 = 0.2 

 
The impacts of magnetic field settings on these data points are demonstrated in Figure 9 by 

looking at the temperature profiles. The temperature profile grows as the value of 𝑀 increases. The 
temperature profile rises as the magnetic field approaches the retardant velocity field. The flow 
properties may be influenced by using a magnetic field. 
 

 
Fig. 9. The significant effect of different values of 𝑀 on 𝜃(𝜉) at 𝑃𝑟 = 0.9, 𝑆𝑐 = 0.6, 𝜆2 = 0.5, 𝛽 =
1.9, 𝑅 = 0.2, 𝑚 = 0.9, 𝛾 = 0.3, 𝐾𝑟 = 0.1 
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The results are shown in Figure 10, which shows the impact of the Prandtl number 𝑃𝑟 on the 
temperature profile. The temperature profile falls as the Prandtl number 𝑃𝑟 rises. Because of 𝑃𝑟 on 
thermal diffusivity, the temperature profile tends to be retarding. The higher Prandtl number, 
measured using Prandtl numbers, correlates with reduced thermal diffusivity, reducing temperatures 
and thins the thermal boundary layer. 
 

 
Fig. 10. The significant effect of different values of Prandtl number 𝑃𝑟 on 𝜃(𝜉) at 𝜆2 = 2.0, 𝑆𝑐 = 0.8,
𝛽 = 2.0, 𝑀 = 0.7, 𝑅 = 0.4, 𝑚 = 3.0, 𝛾 = 0.2, 𝐾𝑟 = 0.3 

 
A chemically reacted parameter 𝐾𝑟 impacts the concentration profile and ratio of relation and 

retard times, as shown in Figure 11. The concentration profile is similarly affected by 𝜆2 = 0.1 and 
1.1. 𝜙(𝜂) drops as 𝐾𝑟 and 𝜆2 increase. As chemical reaction parameters rise, the species 
concentration and border layer physically decrease. Figure 12 shows the effect of heat sink and heat 
source parameters 𝛾 >  0 and 𝛾 <  0 on temperature profiles. As a result of the heat source, the fluid 
temperature is rising. The boundary layer produces energy because the heat-source increases, which 
raises the temperature of the fluid and causes the fluid to become hotter. Still, since the fluid loses 
heat to the heat sink, its temperature is also dropping. The fluid temperature drops because heat 
sinking in the boundary layer absorbs heat. Another piece of information requires the observer that 
the heat sink is essential for the efficiency of the cooling of starched sheets. 
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Fig. 11. The significant effect of different values of 𝐾𝑟 with 𝜆2 = 0.1 and 1.1 on 𝜙(𝜉) at 𝑆𝑐 = 0.80,
𝑀 = 2.1, 𝑚 = 2.1, 𝑃𝑟 = 0.80, 𝛾 = 0.2, 𝑅 = 0.2, 𝛽 = 1.1 

 

 
Fig. 12. The significant influence of various values of heat source or sink parameter 𝛾 on 𝜃(𝜉) at  𝜆2 =
0.3, 𝑆𝑐 = 0.4, 𝛽 = 2.0, 𝑀 = 0.5, 𝑅 = 0.3, 𝑚 = 3.0, 𝑃𝑟 = 1.0, 𝐾𝑟 = 0.3 

 
Figure 13 indicates the impact of Schmidt No. (𝑆𝑐) on concentration profiles. The molecular 

diffusion is decreasing as Schmidt No. Sc increases. Thus, when the Schmidt No. (𝑆𝑐) is small, the 
concentration profile is higher. Similarly, the concentration profile is lower for larger Schmidt No. 
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(𝑆𝑐). So, the concentration profile decreases as Schmidt No. (𝑆𝑐) increases and retardants in the 
fluid velocity. 
 

 
Fig. 13. The significant effect of different values of 𝑆𝑐 on 𝜙(𝜉) at 𝑃𝑟 = 0.80, 𝛾 = 0.2, 𝜆2 = 1.1, 𝛽 =
1.1, 𝑅 = 0.2, 𝑚 = 2.1, 𝐾𝑟 = 0.3, 𝑀 = 1.1 

 
In Figure 14, one can see how the surface temperature parameter (𝑚) influences the 

temperature distribution. When the value of m rises, the temperature profile decreases because the 
sheet stretches as the free stream temperature is lower than the sheet’s temperature. More 
specifically, 𝑇∞   <  𝑇𝑤. Because temperature distribution is falling and the boundary layer thickness 
is decreasing, 𝜉 rises. The concentration profiles decrease as the wall concentration parameter m 
rises shown in Figure 15. 
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Fig. 14. The significant effect of different values of surface temperature parameter 𝑚 on 𝜃(𝜉) at 𝜆2 =
1.1, 𝑆𝑐 = 0.8, 𝛽 = 1.1, 𝑀 = 0.7, 𝑅 = 0.3, 𝛾 = 0.2, 𝑃𝑟 = 1.1, 𝐾𝑟 = 0.3 

 

 
Fig. 15. The significant influence of various values of surface temperature parameter 𝑚 on 𝜙(𝜉) at 
𝑃𝑟 = 1.20, 𝛾 = 0.6, 𝜆2 = 1.5, 𝛽 = 1.5, 𝑅 = 0.5, 𝑆𝑐 = 1.2, 𝐾𝑟 = 0.7, 𝑀 = 1.5 

 
In Figure 16 and Figure 17 shows considerable change in the skin-friction coefficient and the 

Nusselt number with 𝜆2 for different values of 𝛽. It has been noticed that when 𝛽 increases, the skin-
friction coefficient reduces. This is because increasing 𝛽 causes more fluid particles to move into the 
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boundary layer, particularly near the sheet surface. Consequently, the velocity boundary layer 
thickness decreases, resulting in reduced skin-friction coefficient values. In comparison, when 𝜆2 
grows, so does the skin friction coefficient. Physically, when 𝜆2 is increasing then the non-Newtonian 
character of the fluid increases and so, At the sheet surface velocity of the fluid reduces. As a result, 
the thickness of the hydrodynamic boundary layer rises, causing the local skin friction coefficient to 

rise. It’s also worth noting that the fluctuation of Nusselt number with and is precisely opposite 
that of skin friction. This is because increasing contributes to the thickness of the thermal boundary 
layer, causing the Nusselt number to decrease. 
 

 
Fig. 16. Variation of skin friction coefficient versus 𝜆2 has a considerable influence for various values 
of 𝛽 at 𝑃𝑟 = 0.72, 𝛾 = 0.1, 𝑅 = 0.2, 𝑆𝑐 = 0.69, 𝐾𝑟 = 0.2, 𝑀 = 0.5, 𝑚 = 2.0 
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Fig. 17. Variation of the Nusselt number versus 𝜆2 has a considerable influence for various values of 
𝛽 at 𝑃 𝑟 = 0.40, 𝛾 = 3.0, 𝑅 = 0.70, 𝑆𝑐 = 0.71, 𝑀 = 0.5, 𝑚 = 2.0, 𝐾𝑟 = 0.1 

 
In Figure 18 and Figure 19 shows the considerable change in the local Nusselt and Sherwood 

numbers, as well as the Prandtl number 𝑃𝑟, for different values of 𝑅 and 𝛽. Note that the Nusselt 
and Sherwood numbers are growing with rising values of 𝑅, 𝑃𝑟 and 𝛽. 
 

 
Fig. 18. Variations of the Sherwood number versus Kr has a considerable influence for various values 
of 𝛽 at 𝑃 𝑟 = 0.40, 𝜆2  =  0.1, 𝛾 =  3.0, 𝑅 =  0.70, 𝑆𝑐 =  0.71, 𝑀 =  0.5, 𝑚 =  2.0 
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Fig. 19. Variations of Nusselt number versus 𝑃𝑟 has a considerable influence for various values of 𝑅 
at 𝛽 = 0.2, 𝛾 = 3.5, 𝜆2 = 0.70, 𝑆𝑐 = 0.750, 𝑀 = 0.6, 𝑚 = 1.5, 𝐾𝑟 = 0.2 

  
It is observed from Figure 20, When parameter 𝛽 raises, then the local skin friction co-efficient 

𝑓′′(0) dropping. Increasing 𝛽 means a reduction in the yield stress of the Jeffrey fluid and a rise in 
the value of plastic dynamic viscosity, Physically, which generates resistance in fluid flow. 
 

 
Fig. 20. Variations of Nusselt number versus 𝑃𝑟 has a considerable influence for various values of 𝑅 
at 𝛽 = 0.2, 𝛾 = 3.5, 𝜆2 = 0.70, 𝑆𝑐 = 0.750, 𝑀 = 0.6, 𝑚 = 1.5, 𝐾𝑟 = 0.2 
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From Table 4, Skin friction, Nusselt number and Sherwood number decrease with an increase in 
𝜆2 and 𝛾, whereas they increase with the rise in 𝛽 and 𝐾𝑟. Skin friction decreases with an increase in 
𝑅 and 𝑚, whereas it increases with 𝑀. Nusselt number increases with 𝑅 and 𝑚. The Sherwood 
number decreases with an increase in 𝑀 and 𝑅, rising with an 𝑚 increase. 
 

Table 4 
Data of Skin friction Coefficient, Nusselt Number and Sherwood Number at 𝑆𝑐 =  0.6 & 𝑃 𝑟 =
0.75 
𝜆2 𝛽 𝑀 𝑅 𝑚 𝛾 𝐾𝑟 

− (
1 + 𝛽

1 + 𝜆2

) 𝑓′′(0) − (
3 + 4𝑅

3
) 𝜃′(0) 

−𝜙′(0) 

0.1 1.0 6.0 0.1 2.0 0.1 0.2 3.53553872  0.86779287 0.88279750 
0.2       3.37095674 0.85182385 0.87220164 
0.3       3.22483390 0.83757187 0.86269696 
 2.0      4.00596187 0.91270248 0.91266392 
 3.0      4.63816606 0.96871467 0.94971020 
  7.0     4.95428167 0.94261434 0.93246624 
  8.0     5.24767912 0.91971431 0.91730732 
   0.2    5.24763505 0.94965825 0.91730615 
   0.3    5.24736016 0.96983025 0.91729920 
    3.0   5.24738760 1.25526117 1.10131831 
    4.0   5.24718780 1.50194359 1.27103524 
     0.2  5.24701994 1.44290846 1.27102429 
     0.3  5.24683224 1.37893207 1.27101237 
      0.3 5.24686299 1.37893781 1.30399390 
      0.4 5.24688653 1.37894223 1.33531839 

 

6. Conclusion 

 
The present work deals with two-dimensional boundary layer magneto-hydrodynamic (MHD) 

flow and heat transfer of a Jeffrey fluid over a stretching sheet with thermal radiation and chemical 
reaction power-law form of temperature and concentration are numerically discussed in this article. 
Numerical results are tabulated for the skin-friction coefficient and the local Nusselt number to reveal 
the tendency of the solutions. Representative temperature profiles and the heat transfer parameter 
are observed for various controlling parameters. It can be drawn from the present results that the 
magnetic field increases the fluid temperature, raises the sheet surface temperature, and thickens 
the thermal boundary layer. The important points of present analysis are 

 
i. As Deborah number 𝛽 rises, the rate of heat transmission increases, and skin friction 

decreases. 
ii. The temperature increases in the thermal boundary layer as the effect of the thermal 

radiation but notice that the opposite effect on temperature is observed when Prandtl 
number (𝑃𝑟) increases. 

iii. The velocity of the fluid is increasing within the boundary layer when Deborah number 𝛽 
increases, whereas the velocity of the fluid is decreasing when ratio of relaxation and 
retardation time 𝜆2 increases. 

iv. When chemical reaction parameters increase, the concentration profile is decreasing. 
v. The impact of magnetic field is to slowdown the velocity of flow field to a significant 

amount throughout the boundary layer. 
vi. According to the current findings, Choosing Deborah number 𝛽 = 0, one can be recovered 

the case of Newtonian fluid. Additional current work may be extended to significant 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 95, Issue 1 (2022) 121-144 

 

142 
 

subtopics of non-Newtonian fluids likes of Oldroyd-B fluid, Maxwell fluid, and Eyring-
Powell fluid. 
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