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ARTICLE INFO ABSTRACT
Article history: In this study, we examine how heat radiation and absorption affect the flow of Jeffrey
Received 23 August 2023 fluid across an infinite vertical plate in an unsteady magnetohydrodynamic (MHD) free

Received in revised form 9 November 2023 ¢onyection flow. We use alumina (Al,05) and copper (Cu) nanoparticles in water
Accepted 20 November 2023 assuming it as a base fluid. The problem is solved, and exact solutions are obtained using
Available online 15 December 2023 the Laplace transform method. For embedded parameters like radiation parameter, heat
absorption parameter, Hartmann number, Grashof number, material parameter of
Jeffrey fluid, volume fraction of hybrid nanofluid, time, and Prandtl number, results of
velocity and temperature distributions are visually displayed. It is clear from the results
that while raising the heat absorption parameter and Prandtl number causes a decrease
in the velocity and temperature profiles whereas increasing radiation parameter and
Grashof Number increases the hybrid nanofluid velocity. The resulting analytical solution
is then verified by comparing it to the results of the earlier investigation and is determined

Keywords: to be in excellent accord. This outcome may be used in a number of nanofluid cooling
Unsteady Jeffrey hybrid nanofluid; systems. This research might serve as a reference for other numerical and experimental
magnetic field; radiation; heat studies as well as a manual for several industries because the answers are established in
absorption; Laplace transform an analytical form.

1. Introduction

Due to the limited capabilities of conventional base fluids like ethylene glycol, engine oil, and
water, are not sufficient to address today’s needs, thus, an advanced form of high-potential heat
transport fluid namely nanofluid is introduced and launched in the industrial area. Nanofluid is
formed by adding some nanoparticles whose size of less than 100 nm in conventional base fluids [1].
Nanofluid shows better performance in heat transfer than regular fluids. Many investigations on
nanofluid flow with various physical situations have been done by several authors; Hanif [2], Hanif
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and Shafie [3,4], Saeed et al., [5], Sharma et al., [6,7], and Mishra et al., [8]. A major requirement for
today’s industry is the existence of systems or applications that allow heat transfer to occur more
quickly. A lot of articles report that new hybrid nanoparticles may enhance the heat transfer rate
compared to regular nanofluid [9]. The special behaviors of the hybrid nanofluid are its thermal
conductivity and viscosity increase with increasing particle concentration in the base fluids. In recent
years, hybrid nanofluids gained great importance in several industrial and technological processes
such as electronic cooling, transportation, solar energy, automobiles, smart computers, catalysis,
microfluidics, and biomedicine [10-13]. Driven by these important applications, many studies have
been performed to analyze the boundary layer flow of a hybrid nanofluid. Salleh et al., [14] examined
the stability of the dual solutions obtained for the hybrid nanofluid flow past a moving thin needle.
Hussain et al., [15] performed the flow of a hybrid nanofluid in the presence of the convective
condition using an exponentially stretchable rotating surface. The influence of Friedrich shear stress,
hybrid nanoparticles, and Cattaneo heat flux on the characteristic of the flow and heat transfer of
Maxwell hybrid nanofluid is studied by Hanif and Shafie [16]. Later, Dinarvand et al., [17] carried out
an analysis of mixed convection flow over a shrinking and porous surface of thermomicropolar silver
and graphene nanoparticles using the mass-based hybrid nanofluid model. A considerable amount
of previous research on hybrid nanofluid under various situations has been successfully reported [18-
24].

The main concern in the study of non-Newtonian fluids in the last few years is due to their
practical usage in industry and technology. Several examples of non-Newtonian fluids are blood,
dilute polymer solution, honey, gel, and many others. The main aspect of non-Newtonian fluid’s
importance is that it possesses nonlinear rheological properties [25-27]. Since many applications
(geophysics, bioscience, cosmetics, drying of paper, food processing, chemical plastic production, and
petroleum industries) involved rheological problems, many flow models have been proposed to
interpret non-Newtonian fluids’ behaviour [28,29]. The best solution to interpret that behaviour is
by using the Jeffrey fluid model due to its simplicity. Among the non-Newtonian fluid models, the
Jeffrey fluid model is often used because its constitutive equations can be reduced to the Newtonian
model as a special case. Jeffrey fluid can describe the stress relaxation properties and relaxation time
of non-Newtonian fluids, which normal fluids cannot describe. In recent years, many authors have
investigated several studies of the Jeffrey fluid under different conditions. For instance, Sharma et
al., [30] analyzed the electromagnetohydrodynamic Jeffrey fluid flow past a vertical nonlinear
stretching surface of variable thickness. In their study, they analyzed the effects of heat and mass
transfer by using several source terms namely, thermophoresis, Brownian motion, Ohmic heating,
viscous dissipation, exponential heat source, thermal heat source, and activation energy. Awais et
al., [31] investigated the impact of Hall current on magnetohydrodynamic flow with Jeffrey fluid
adjacent to a nonlinear stretching plate with variable thickness. Hussain et al., [32] carried out an
investigation to analyse the Cattaneo—Christov heat flux in Jeffrey fluid flow in the presence of a heat
source past a stretchable cylinder. They conclude that higher values of Deborah number in terms of
relaxation time and ratio parameter diminishes the magnitude of the drag coefficient, while the
opposite effect is noticed for larger Deborah number in terms of retardation time and curvature
parameter. Recently, Kumar et al., [33] analyzed the effects of Joule heating, viscous dissipation,
exponential heat source, and Arrhenius activation energy on an electromagnetohydrodynamic Cu-
polyvinyl alcohol/water Jeffrey nanofluid flow. It is found that the heat transfer rate augments with
an increase in the thermophoresis diffusion and electric field parameters, while it diminishes with an
increase in an exponential heat source parameter. More articles on Jeffrey fluid flow are available in
the recent literature [34-36].
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The consideration of the magnetic field in the flow plays a significant role in various fields such as
medical, chemical, biological, and mechanical. For example, magnetohydrodynamics (MHD) power
generators, MHD flow meters, loudspeaker fabrication, sink-float separation, magnetic resonance
image, device sterilization, sealing of materials, and granular insulation. In the area of medicine,
magnets are used to create three-dimensional images of diagnostic and anatomical importance from
nuclear magnetic resonance signals. Due to these important applications, a lot of research has been
done by many authors. Krishna et al., [37] studied the peristaltic magnetohydrodynamic flow of a
Jeffrey fluid past a porous medium in a vertical echelon by considering the impact of uniform
transverse magnetic field as well as Hall current. A year later, Krishna et al., [38] furthered their study
by examining the influence of Joule, Soret, and Hall currents on MHD rotating mixed convection flow
adjacent to an infinite porous surface. Inspired by the previously published paper, a lot of
investigations have been carried out to focus on the magnetohydrodynamic [39-42]. Very recently,
Reddy et al., [43] examined the influence of the porosity on unsteady MHD mixed convection
stagnation point flow with radiation and viscous dissipation, meanwhile, Sharma et al., [44] analyzed
the influence of porosity, radiation, and viscous dissipation on unsteady MHD mixed convection flow
at the stagnation point.

Other than that, the researchers are devoted to discovering new energy technologies and energy
resources. The analysis of radiative heat flux is highly important in space technology and processes
that demand high temperatures [45]. There are numerous applications of radiation effects such as
electricity generation, astrophysical flows, and solar power technologies. The consideration of
radiation in the energy equation leads to a highly nonlinear partial differential equation. A lot of
research has been conducted to analyze the radiation effect on the flow. Rosca et al., [46] discussed
the theoretical and numerical outcomes for an axisymmetric hybrid nanofluid flow under the
influence of radiation past a stretching/shrinking plate. It is noticed from their study that the addition
of radiation effect enhances the fluid temperature. The variation of the energy dissipation, diameter
of nanoparticles, and mass flux caused by the temperature gradient in convective radiation of the
fluid, Darcy-Forchheimer model, and heat source has been investigated by Ali et al., [47] considering
cylindrical surface. Besides that, Bejawada et al., [48] examined computationally the effect of thermal
radiation, heat source and chemical reaction on magnetohydrodynamic Casson fluid flow with
velocity slip past a nonlinear inclined stretchable sheet in a Forchheimer porous medium. They noted
that the presence of radiation in the flow decreases the plate temperature. Recently, several
researchers have conducted various versions of these effects on flow fields [49-53].

From the published literature it is found that no study on lJeffrey nanofluid with hybrid
nanoparticles is performed under the imposed constraints. Hence to fill this gap, this study is carried
out. More exactly, in this work we have explored the analytical solutions of MHD Jeffrey hybrid
nanofluid flow under the effects of thermal radiation, heat absorption, and magnetic field. Two
different kinds of nanoparticles, namely, alumina and copper are taken into consideration. To the
best of knowledge, this problem has not been reported in recent literature yet. Further studies on
this topic should be conducted by more researchers. In this work, a set of appropriate dimensionless
variables are applied to reduce the partial differential equations into a non-dimensional form. The
analytical solutions for these governing equations are computed by the Laplace transform method.
Some interesting results of velocity and temperature fields for various pertinent parameters are
analyzed through plots with the help of MATHCAD software. The limiting cases are also provided to
validate the present work.
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2. Mathematical Formulation

Consider the unsteady free convection flow of incompressible Jeffrey hybrid nanofluid past an
infinite vertical plate with constant temperature. The vertical plate serves as the x —axis and y —axis
is chosen to be normal to it. This problem is modelled under the following assumptions [31,54-56]:

i The fluid is assumed electrically conducting under influence of uniform transverse magnetic
field of strength B, applied parallel to y —axis as shown in Figure 1.
ii. The low magnetic Reynolds number is taken, so that the effect of induced magnetic field
can be neglected.
iii. It is also assumed that the external electric field is negligible due to the fact that zero
applied and polarization voltage.

iv. Initially, at time t<0, the plate and the fluid are at rest to a constant free stream
temperature, Tw.

V. At time t > 0 the temperature of the plate is raised or lowered to a constant temperature,
Ty

Vi. The hybrid nanofluid flow phenomena are described using the Jeffrey fluid model.

Additionally, the effects of heat absorption and thermal radiation are accounted in the
energy equation.

vii. The nanoparticles are restricted to spherical shape and uniform size.

viii. Both nanoparticles and base fluid are considered in a stable condition with the same
velocity flow.

— Thermal Momentum 1
Boundary Layer  Boundary Layer

=1

[ox]
0, T(0,t)

lu

u(0,t)

Fig. 1. Schematic diagram of Jeffrey hybrid nanofluid
past an infinite vertical plate

Based on the above proposed assumptions and using the Boussinesq approximation, the
governing equations of momentum and energy equations for unsteady free convection flow of hybrid
nano-Jeffrey fluid adherence to Tiwari and Das Model past an infinite vertical plate with the impact
of thermal radiation and heat absorption can be expressed as [57-62]:

ou _ Hnn 2\ o2
Phnf a_Ltl = 1;{ (1 + 2, a) 7 oBiu + g(PBr) nng (T — Teo), (1)
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oT 9°T  dqy
(Pcp)hnfg = kpnys 57y Qo(T — Ty). (2)

Provided that no-slip condition exists between the fluid and the plate. The appropriate initial and
boundary conditions have been chosen as follows [59]:

u(y,00=0; T({y0) =T, y=0. (3)
u(0,t)=0; T(,t)=T,; t>0, (4)
u(oo,t) =0; T(o0,t) = Te. (5)

Here, p is the density, u is the velocity component in the x —direction, u is the dynamic viscosity,
A4 is the ratio of relaxation time and retardation time, A, is the retardation time, o is the electrical
conductivity, g is the acceleration due to gravity, S is the volumetric coefficient of thermal
expansion, T is the temperature, C,, is the specific heat at constant temperature, k is the thermal
conductivity, g, is the radiative heat flux, Q, is the heat absorption coefficient, and the subscript hnf,
oo and w refer to hybrid nanofluid, free stream condition and condition at the surface, respectively.

Mathematically, the correlation of thermophysical properties for hybrid nanofluid are given by
[62,63]:

Prng = P11+ 9202 + (1 = Qpns )Py, Where Qs = 901 + @, (6)

Hpanfg = (1_4:#, (7)
(p.BT)hnf = @1(pPr)1 + ©2(pBr)2 + (1 - §0hnf)(P.BT)f: (8)
(PCo) s = 91(PCp), + 02(0Cp), + (1= @nns)(pCy) )

iy _ Uonp+2Ks)=20nn (Ky—knp) oo ky, = Lkatezks (10)
kg (knp+2kf)+@pns(kf—knp) 4 Q1+

Here, the subscripts f,1 and 2 stand for the base fluid, Alumina, (Al,05) and Copper, (Cu)
nanoparticles, respectively. The thermophysical features of base fluids and nanoparticles are
demonstrated in Table 1.

Table 1

The thermophysical features of base fluids and nanoparticles [62,64,65]

Physical Base fluid Nanoparticles

properties Ethylene Glycol Kerosene Water Al,04 Cu

p (kg/m3) 1115 780 997.1 3970 8933

¢, J/kgK) 2386 2090 4179 765 385

k (W/mK) 0.2499 0.149 0.613 40 400

B (K1) 3.41x 1073 9.9 x 107* 21x 1073 0.85 x 107° 01.67 x 1075
Pr 203 21 6.2 - -
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The radiation heat flux, g,- under Rosseland approximation can be defined as [66-68]

_ 4o oT*
qr - 3k1 ay

(11)

where ¢* and k; denote the Stefan-Boltzmann constant and the coefficient of Rosseland absorption
respectively. Since, the temperature differences within the flow are assumed to be very small, then
using Taylor series expansion, T* about T,, can be expressed as

T =T 422 4T°° 2 (T = To) + 5= 12T°° < (T = T)? + - (12)
Hence, by emitting higher order, Eq. (12) takes the form of
T* =Tk +4TS(T —T,) = Tt + AT3T — AT} = AT3T — 3T4:. (13)

Upon substituting Eq. (11) and Eq. (13) in Eq. (2), yields

aT _ Kk Kang | 16 0TS\ 02T
kg 3 Kkfkq

ot (pCp) s ayz (pCp)hnf Qo(T = Ten). (14)

Introducing the following dimensionless variables [59,60]:

tug U T-T,
u =_U' t*:—o' *=y—0, 9=—°°, (15)
0 vf Ur Tw—Teo

into Eq. (1) to Eq. (5) and make use of relations in Eq. (6) to Eq. (10), leads to the expressions of non-
dimensional partial differential equations (for simplicity, omit the star notations)

50 at (151/11) (1 + A%) 5z~ (Ha)u + 83 (Gr)e, (16)
90 _ m20%6

— Q6. (17)

1ot ™ pr dy?

Subject to initial and boundary conditions:

u(y,0) = 0; 0(y,0) = 0; y =0, (18)
u(0,t) = 0; 0(0,t) = 1; t>0, (19)
u(oo,t) = 0; 6(oo,t) = 0; t>0. (20)

In which, 1 is the dimensionless Jeffrey parameter, Ha is the Hartmann number, Gr is the Grashof
number, Pr is the Prandtl number and Q is the heat absorption parameter. These parameters can be
defined as follows:

1= /12U02’ H O'Bgi G g(ﬁTV)f(Tw_Too)

v
a= >, r=—, pr=-2L, Qzﬁ(L),
vy prUs Us ar Uo \PCp 7
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where

—
= o, 24

The arbitrary constants are given by

£, = <<P1P1[:PZP2) +(1- P — (,02); (22)
1
1% e >
(PBT)1+92(pBT)
£, = @1(pPT)1+92(pBT)2 +(1— @, — @), (24)
(pBT)f
C. + C.
N, = (p1(p p)1 <P2(P p)z + (1 — @, — <P2): (25)
(pCp)f
knnf

Here, Rd is the radiation parameter which can be written as

16 0*TS
Rd = ——=,
3 kfk1

(27)

3. Solution of the Problem

There are two methods to solve the above partial differential equations, namely analytical
method, and numerical approach. However, in this study, an analytical method is chosen to solve the
present problem with the help of Laplace transform technique. Thus, applying the Laplace transform
to Eqg. (16) to Eqg. (20) leads to the following transformed system in (y, g) —plane:

Solan(y, @) - 1(,0] = () 522 + (£2) L qu(y, @) - 20, 0)] - (H)a(, 9) +

_ 1+ll dyZ 1+ll
52(67')9(}/1 CI); (28)
— _ dze : ) _
mla8(y,q) - 00y, 0)] = 2228 — 08(y, q), (29)

together with the transform initial and boundary conditions below:

u(y,0) = 0; 6(y,0) =0, (30)
u(0,q) = 0; U(o0,q) =0, (31)
60,)==;  8(0,q)=0. (32)
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Here, 7i(y, q) and 8(y, q) denotes the Laplace transforms of u(y,t) and 8(y, t). Now, using Eq.
(30) into Eqg. (28) and Eq. (29), yields to

_ P00 | (M1 | ) _ 5
£0q78(y, @) = (£5) S22+ (F2q) 522 - Ha)u(, @) + &G0, ), (33)
da?6(y,q) [pr ~ _
- ZQ+ |66 =o. (34)

Since there exists the term of energy equation in Eq. (33), therefore, it is much simpler to solve
the energy equation first rather than the momentum equation. Invoking Eq. (32) into Eq. (34), then

—y [mPT o Q
6(y,q) = ze N (35)

the inverse Laplace transform of Eq. (35), gives the required temperature distribution as

QPT QPT
O(y,t) = —e erfc /nlpr \f +1 _y erfc /nlpr ( (36)

In Eq. (36), erfc(-) is the complementary error function which can defined as
1 _ ) _ © 1 g2
erf(x) =1—erfc(x); erfc(x) =2 fx e du. (37)

Plugging Eq. (35) into Eq. (33) and make use of Eq. (31) gives

1, 0) = (22) [0, 0) - %0, ) (38)
where,
Ha+&pq

1 -y |ao(—5 %

1 —y 111Pr
w9 = ( )((q+b0)2 b1) " (40)
Here arbitrary constants are given by:

_ 1t _ S0 — — 9 _ (@3)’~4aza,

Ao = z, a; = 3 1+ 2y), a, = An,Pr, by = 2a,’ b, = ()2 (41)
In which,
az = (N + AQ)Pr — agn;éo, a, = QPr —agn,Ha. (42)

In order to determine the inverse Laplace transform of Eq. (39), we set up it in the form of

(v, q) = Fi().-F.(y, 9). (43)
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In which,

- 1
Fi(q) = EETRE (44)

_ Ha+&pq
Fz(y' q) =%e y\JaO( 1+/12 ) (45)

Taking the inverse Laplace transform of Eq. (44) implies

1 _pto
F(t) = N bot sinh(,/byt). (46)
Now, split Eq. (45) into

1
_J
q

_ _ . |agHa+agéoq
Fa(y,q)=e N (48)

The inversion Laplace transform of Eq. (47) is given by

Fy1(q) = (47)

Fp1 () = 1. (49)

Let Eq. (48) as

Fyy(y,q) = e VW@, where w(q) = —a"Ha;Tf")q. (50)

Following Nazar et al., [69], the inverse Laplace transform of Eq. (50) can be determined using
the inversion formula of compound function such that

Fp(,0) = [ f(y, W) g(u, t)du, (51)
where

_(¥2
Fon) = 2= Ga), 52)

t
g(u,t) = e 4d§(t) + /u—fle_ud"_ill(Z,/udlt). (53)

Here, §(+) is Dirac delta function, I;(*) is the modified Bessel function of the first kind of order
one and the arbitrary constants are given as follows

do =, d =gt (54)
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Hence, make use of Eq. (52) and Eq. (53) into Eq. (51) yielding the following simplified form:

Fro(3,8) = 6(0)e B 4+ [7 2 \/%e_z_u_”d‘)_ill(zw/_udlt)du. (55)

In order to determine the function F,(y, t) in Eq. (45), we need to use the convolution theorem
as being given by:

F(y,t) = (Fp1 x Fpp)(8) = fot Fp1(t — 5). F2(y, s)ds. (56)

Incorporating Eq. (49) and Eq. (55) into Eq. (56), and after further simplification, the function
F,(y, t) takes the following form:

F(y,t) = e W 4 [1[7 qu;e o 1(2\/ud;s)duds. (57)

Since, Eq. (43) involves multiplication of two functions of F;(q) and F,(y,q), again the
convolution theorem is utilized. Hence it can be written as

t

w3, 0) = (Fy F)(6) = f Fy(t — p). Fy (v, p)dp
0
t1q

_ _ e—bo(t—P)-Y\/d—Osinh (\/Ih(t——P)) dp

o Vb

+f fp fo 2 ,nblse—bo(t p)-% udo isinh <\/—(t — p)) x I, (2y/ud;s)dudsdp. (58)

Furthermore, to evaluate the function i, (y, g), we split Eq. (40) into

i, (y,q) = F1(q). F3(y,9), (59)

where F;(g) as in Eq. (44) and
_ /"1” / Q
F(,q = ie e N, (60)

Following Hetnarski [70], The inversion Laplace transform of Eq. (60) can be obtained as follows:

QPr B &
F;(y, t) = —e n2 erfc ’nlpr \/a t2e Nm erfc ’mPr \/a (61)

Since, Eq. (40) involves multiplication of two functions of F;(q) and F;(y,q), again the
convolution theorem

U, (y,0) = (Fy * F3)(t) = [ Fy(t — 5). F5(y,5)ds (62)

is used. Then,
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—ba(t— ,%
u(y,t) = f;ﬁe Pot=+y 5, sinh[,/bl(t - s)]erfc (g /%+ /%) ds +
t 1 —bot-s)-y /ﬂ . y ’anr Qs
foﬁe 2 smh[,/bl(t—s)]erfc (E E— a) (63)

Thus, the solution of velocity profile in Eq. (38) can be written as

u,0) = (22) 0,0 - w7, (64)
In which the functions of u, (y, t) and u,(y, t) are given by Eq. (58) and Eq. (63) respectively.
4. Nusselt Number and Skin Friction

The rate of heat transfer or Nusselt number, Nu and the coefficient of skin friction, T are defined as

69
Nu =
> N (65)

T=—2 (1+;13)6—” . (66)

142, at) ayl,,_,

Plugging Eq. (36) into Eq. (65) and Eq. (64) into Eq. (66), therefore

Nu=—2\/m J& /P”“ J_1+ \/aef \/7 (67)

v = o (B2) [0 + %,(0) = Ws (0 + W4 (0)]

14214

LN (“;—’f) [©1(8) + ®5(8) — P3(t) + D4(2)] (68)

In which the components of ¥; (i = 1,2,3,4) and d)j(j = 1,2,3,4) are given by

W, (f) = — \/? [J— e b0t cosh(y/bst)~\/b; +boe'b°fsmh(Jb_1t)]' (69)

by—b?

W, (t) _f fp fo ™ /nbls gPo(P=t)—udo= /1Xsmh[\/_(t—p)]]l(Z,/udls)dudsdp, (70)

’ Qs ’ T

Y, (t) = fotz_\/lb—leb()(s_t)smh[\/b_l(t — s)] X [ %erfc (\/%) —\/%eﬂz %] ds, (71)
_Q9s

W, (t) = f gPo(s— t)smh[,/bl(t - s)] X [\/Eerfc (—\/?) + \/ge 712] ds, (72)

and

48



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences
Volume 112, Issue 1 (2023) 38-61

do [pZe~Potsinh(\/bit)—b e Potsinh(\ /byt
®, (t) = ﬁ_[ e s (50)beefoinn( 550 (73)

D, (t) = ftfpfoo [boe‘botsinh[\/b_(p — t)] + y/brePotcosh[ /by (p — t)]] X
21u ’bfnseb"p udo=7 5 I,(2\/ud,s)dudsdp, (74)

O, (t) = ftb"eb:( O\/:[\/—erfc \/7 \/76”72] [Sth[m]+J_cosh[J_(s—

t)]] ds, (75)

d,(t) = fot% = [\/_erfc< \/7> \/?nle 2 [b ePo=Dsinh[ /b (s — t)] +
\/b_lebo(s_t)cosh[w/bl (s—1t) ] ds. (76)

5. Special Cases

In this section, closed-form solutions for two special cases are provided by taking suitable
parameters equal to zero.

51Case1: 1, =0

Surprisingly, by taking 1; = 0, the obtained velocity profile in Eq. (64) can be reduced to the
problem of second grade hybrid nanofluid with heat absorption and radiation effects. This implies:

er [ 1 ’d
u(y,t) = ;2:—2/“; \/— u1 (3, t) T2 - u12()’, t) — 2\/_u13(y, t) — 2\/_u14,(y, t)] (77)
where
Uy (0, ) =, e?r®=0-%orsinh(\[by; (t — p))dp, (78)

u,(y, t) = f fp fo wsC ghorP” t)__ udo1~ Asmh (\/K(t—p)) Xll(Zw/udlls)dudsdp, (79)
us(y, t) = ft Por(s= t)+y\/_ lnh[\/f(t—s)]erfc ’anr \/& (80)

QPr
wa(y,t) = ft Por(s=0= y\/z sinh (,/bll(t — s)) erfc (% /%— \/%) ds. (81)

In which the arbitrary parameters are given by
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12§ n.Ha
as; =N Pr+ AQPr — ;10, 41 = QPr — 2561 )
_ Q31 _ (a31)* — 4aza4,
01 2 2' 11 4(a2)2 )
1
d01 —_ f?o dll E (E_O - Ha) (82)

5.2Case2: ¢, =@, =0
In addition, substituting ¢; = @, = 0, into Eq. (64) leads to the following expression:

(1+A1)(1+Rd)GTr

1 1 ’ dis 1 1
Pr [\/b—lzuu(}’; t) + 2| 7bey Uz, (Y, t) — Z\/_b?um(y, t) — Z\/leum(% t)]. (83)

u(y, t) =
Here,

U (y,t) = ft boz(p=0) y\/_smh(\/ b1 (t — )dp, (84)

1+).1 S

u,(y,t) = fot fop fooouiﬁeb”(p_t)_iv_u_u ) Asink (,/bl (t— p)) X I;(2\/udy,s)dudsdp,  (85)

_ QP
s (9, ) = fot eboz(S t)+y1I1+RdSinh[\/b12(t — s)] Xerfc <§ ’:;d + ,/Qs) ds, (86)

U (3, t) = ft Doz (s=)~ y\/E sinh (\/H(t — s)) X erfc( (1+Rd)s \/—s> (87)

and
CPr(1+2Q) + (1 + 2,)(1 + Rd)
02 = 2APT
[PrA+2Q)+ A+ A)A+RD]" 1
12 = P l —1[Q+(1+Rd)Ha],
dy, = 22 (; - Ha). (88)

It corresponds to the general unsteady MHD free convection flow of Jeffrey fluid with the effects
of radiation and heat absorption. However, by taking Rd = 0 and Q = 0 into Eq. (36) and Rd = 0,
Q = 0and Ha = 0 into Eq. (83), leads to

0(y,t) = erfc <§ ?) (89)
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Pr+1+24 1+A1
u(y, t) ZGr(1+/11)f ZAPT (p—-t)— y/ sin h[(Pr+1+/11) (t—p)] dp+

Pr+1+44 A

Gr(1+14) 1+;11 Priitdi, o) y (1”1)_5 . [(Pr+1+11)
—_ 2APTr A D¢ —
A(Pr+1+24) ff f e sinh 2APT (t
PT+1+Z.1

p)] I G,/u(l + /11)5) dudsdp — %f;e( 22PT )(S_t)sinh [(M;A—:ll) (t— s)] X
1
erfc (% \/ﬂ) d Gr(1+/11)f (PT;)L:LF;_Al)(S_t)Sinh I:(PT+—1+/11) (t — S)] X e-r'fc (% \/?) dS, (90)

Pr+1+44 2APT

respectively, which is identical to the previous work obtained by Khan [59].
6. Results and Discussions

This section discussed several connected parameters such as radiation parameter Rd, heat
absorption parameter Q, Hartmann number Ha, Grashof Number Gr, dimensionless material
parameter 4, volume fraction of hybrid nanofluid ¢y, dimensionless time t and Prandtl number Pr
on velocity and temperature distributions. The physical model is given in Figure 1. The results of
temperature and velocity profiles in Eq. (36) and (64) are computed using MATHCAD software. Figure
2 illustrates the radiation impact on the hybrid nanofluid flow. As can be seen in the graph, velocity
of the hybrid nanofluid increases when radiation parameter increases. This phenomenon is observed
since the bond of nanofluid’s particles are easily disrupted due to the increases of rate energy
transmission when radiation parameter rises. Hence, it reduces the nanofluid’s viscosity and enhance
hybrid nanofluid flow. The variation of heat absorption influence velocity profile is presented in
Figure 3. It is found that increases of heat absorption cause velocity profiles to decrease. The
occurrence of heat absorption (heat sink) reduces the thermal energy of fluid which leads to increase
the viscous force of fluid. Thus, the velocity of hybrid nanofluid is decelerated.

01} g 0.08f
Q=0,0.514
- Rd=0,0.5,14 0.06}
s =
=1 >
0.05 s = 0.04
0.02
L n 0 I I
Ug 1 2 3 4 5 0 1 2 g B % 2

y
Fig. 2. Velocity profile for different value of Rd, Fig. 3. Velocity profile for different value of Q,

whenl; =1,A=1,Ha=2,Q0Q=2,Pr=6.2, when A; =1,A=1,Ha=2,Rd =0.5, Pr =
Gr =1.5,t = 1and @p,r = 0.04 6.2,Gr = 1.5,t = 1 and @p,r = 0.04

Figure 4 displays the effect of the MHD on the velocity profiles. It is shown that velocity profiles
with the existence of the MHD effect, Ha = 1,2,3 are higher than velocity profile with no MHD effect,
Ha = 0. Besides that, velocity profiles diminish with the increasing of MHD parameter. It is due to
the drag force produced from the induced current retard the hybrid nanofluid flow when electrical
conducting fluid flow across the external magnetic field. The Grashof number effect on the velocity
profiles is depicted in Figure 5. Based on the graph observation, velocity distribution inclined with
the increment of the Grashof number. It is because buoyancy force rises as temperature gradient

51



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences
Volume 112, Issue 1 (2023) 38-61

increases and causes reduction of viscous force acting on a fluid. Thus, it enhances the hybrid
nanofluid flow.

02} J
0.04} :
e e Gr=05147
2 =1
> 0.1
0.02 ]
0 y . bg 1 2 3 4 5
y y
Fig. 4. Velocity profile for different value of Ha, Fig. 5. Velocity profile for different value of Gr,
when 4, =1, A=1, Q =2, Rd=0.5, Pr= when 1, =1, A=1, Q =2, Rd=0.5, Pr=
6.2,Gr = 1.5,t = 1 and @p,r = 0.04 6.2, Ha = 2,t = 1 and @p,s = 0.04

Figure 6 to 8 are represented the Jeffrey parameters impact on the velocity profiles. For both
cases of increasing the relaxation to retardation time ratio, A and A = A,. As shown in Figure 6 and
7, the velocity profiles decrease at y < 1.5. However, velocity profiles increase at y > 1.5. Inversely
as can be seen in Figure 8, the velocity field is an increasing function of retardation time, 4; aty <
1.5 while the velocity field is a decreasing function of A; at y > 1.5. It is because A and A, are
viscoelastic parameters that exhibit both elastic and viscous behavior which influence the fluid flow
velocity.

0.06
.04 f \™ 1
& : __0.04
& =
5 o
0.02} .
0.02
A=1,=08125 —
0% 1 2 3 4 % 2 4 6
y y

Fig. 6. Velocity profile for different value of A and Fig. 7. Velocity profile for different value of A,
A1, when Q =2, Rd = 0.5, Pr = 6.2, Gr = 1.5, when A, =1.5,6r=150 =2,Rd =0.5,Pr =
t = land @p,r = 0.04 6.2, Ha = 2,t = 1 and @p,s = 0.04
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Fig. 8. Velocity profile for different value of 44,

whenA =1.5,6r=15,Q0 =2,Rd =0.5,Pr =

6.2,Ha = 2,t = 1 and @p,r = 0.04

Figure 9 demonstrates the effects of several base fluid types (water, kerosene, and ethylene
glycols (EG)) on the velocity profiles. It is found that water has maximum velocity, followed by
kerosene, and ethylene glycols. It indicates that water has the lowest viscosity when compared with
other types of base fluid. The influence of the hybrid nanofluid in the regular Jeffrey fluid can be seen
in Figure 10. It is found that by increasing the nanoparticle volume fraction of hybrid nanofluid, @, s
the velocity profiles fall. It is justified by rising @p,r, the hybrid nanofluid got denser and
concentrated. Hence, thermal conductivity of hybrid nanofluid is dominated by the effective density
of hybrid nanofluid, which causes the velocity profile to decline.

Pr=6.2 (water),21 (Kerosene), 203 (EG) s = 0.01,0.02,0.03,0.04

0.04
0.04

U(y.t)
U(y.t)

0.02 0.02

4 5 0 1 2 3 4 5
y

Fig. 9. Velocity profile for different value of Pr, Fig. 10. Velocity profile for different value of
when 4, =1=1, Gr=15, Q =2, Rd =0.5, @nnf, When 43 =1, =1, Ha=2, Q=2,
Ha =2,t =1and @y = 0.005 Pr=6.2,Gr=15t=1andRd = 0.5

The comparison of velocity distribution between nanofluids and regular Jeffrey fluid can be seen
in Figure 11. It is discovered that regular Jeffrey fluid has the highest amplitude, followed by
nanofluids and then hybrid nanofluids. This indicates that the viscosity of the regular Jeffrey fluid is
the lowest among other nanofluids. Hence, regular Jeffrey fluid is the fastest flow while the hybrid
nanofluid is the slowest flow.
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0.04}

U(y.t)

0.02

0 1 2

Fig. 11. Comparison of velocity profile for
different nanofluids and regular leffrey fluid,
when 1, =1, 1=1, Ha=2,Q =2, Pr=6.2,
Gr=15,t=1,Rd =0.5and Pr = 6.2

Figure 12 and 13 are plotted to evaluate the differences velocity profiles between Al,0; — H,0
and Cu — H,0 . Both graphs shown that when nanoparticles volume fraction rise, velocity profiles
drop. It is due to the increment of the nanofluid viscosity which causes the nanofluid flow to slower
down. Besides that, graph observation revealed Al,0; — H,0 has a greater velocity than Cu — H,0.
It is because Cu has higher density (8.92g/cm3) compared to Al,05 (3.95g/cm3). Density of the
nanoparticles affects the fluid’s viscosity. Hence, fluid velocity consists of Cu slower than fluid consists

ofAl,05.

(a0, = 0.002,0.015,0.025,0.035

0.04F

U(y.t)

0.02

Fig. 12. Comparison of velocity profile for
different values of @,;,0,, when ¢¢, = 0.005,
M=1,1A=1,Ha=2,Q=2, Pr=62 6r=
1.5,t=1,Rd =0.5and Pr = 6.2

¢, =0.002,0.015,0.025,0.035

0.04
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0.02]
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Fig. 13. Comparison of velocity profile for
different values of @c,, when @,;,0, = 0.005,
M=1,1=1,Ha=2,Q=2 Pr=62 Gr=
1.5 t=1,Rd =0.5and Pr = 6.2

Moreover, the influence of radiation on temperature field is plotted in Figure 14. As shown,
higher values of Rd will increase the temperature distributions. This is because radiation effect
signifies the relative contribution of conduction heat transfer to thermal radiation transfer. Figure 15
shows the effect of t on temperature profiles. It is clearly shown that temperature is an increasing
function of t. This is because the temperature will increase as time increases due to a large amount

of heat energy being released into the fluid.
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Rd=0,0514

6(y.t)

Fig. 14. Temperature profile for different value
of Rd,when Q =05, Pr=6.2, t=1 and
@nnf = 0.04

t=0.10.513

Fig. 15. Temperature profile for different value
of t,when Q = 0.5, Pr=6.2, Rd = 0.5 and

Priny = 0.04

The variation of heat absorption influence temperature profile is presented in Figure 16. It is
found that, the behavior of parameter Q in temperature is like velocity profiles. It shown that the
temperature decreases when heat absorption increases due to high viscous force in fluid flow which
reduces the thermal energy of fluid. The effect of ¢, s can been seen in Figure 17 and it is shown
that, increase in @,r will increase the temperature fields. The reason for this is that as more
nanoparticles are added, the thermal conductivity of the nanofluid is improved, leading to an
increase in the thermal boundary layer. This results in the dominance of thermal conduction in the
flow and allows heat to diffuse rapidly from the heated surface, resulting in a high rate of heat
transfer.

N \1‘_\\ Gpor = 0.01,0.02,0.03, 0.04]

Q=0.511.52

8(yt)

05

Fig. 16. Temperature profile for different value
of Q,when Rd=10.5, Pr=6.2,t=1 and
QDhnf =0.04

Fig. 17. Temperature profile for different value
of @pns, when Rd = 0.5, Pr = 6.2,t =1 and
Q =0.5

The influence of Pr on temperature profiles is shown in Figure 18. Here, three physical values,
Pr = 6.2 (water), Pr = 21 (Kerosene) and Pr = 203 (EG) have been chosen. As clearly shown, when
Pr is increased, the temperature decreases. Prandtl number is the ratio of kinematic viscosity to
thermal diffusivity. Therefore, when Pr is increased, the kinematic viscosity increases but thermal
diffusivity decreases. Thus, temperature decreases due to the increase in kinematic viscosity.
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Pr=6.2 (water), 21 (Kerosene), 203 (EG)

o(y.t)

0.5 =
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Fig. 18. Temperature profile for different

value of Pr,when Rd =0.5,Q =05,t=1

and §0hnf = 0.005

Comparison of temperature profile for different nanofluids and regular Jeffrey fluid is also
discussed in Figure 19. Physically, the addition of sufficient volume of nanoparticles leads to the
enhancement of nanofluid's thermal conductivity. The more nanoparticles being inserted, the higher
the thermal conductivity, which increases the temperature profiles. Besides, the results shown that,
Cu — H,0 is enhanced more heat energy compared to Al,0; — H,0 due to its properties which has
higher thermal conductivity and heat diffusion. But both nanoparticles are still significantly
enhancing the temperature profiles as can see in Figure 20 and 21.

The accuracy of the obtained solution is verified by comparing solution in Eqg. (89) and (90) with
the solution obtained by Khan [59] in Eqg. (18) and (31). The comparison is conducted by letting
nanoparticle volume fraction, thermal radiation, heat absorption and Hartmann number are equal to
zero which are @p,s = Rd = Q = Ha = 0, respectively. This comparison shows the velocity and
temperature profiles for both present and previous works are identical to each other as clearly
presented in Figure 22 and 23, which thus proves that the accuracy of obtained solutions are verified
and in excellent agreement. Meanwhile, another verification is also carried out to verify the validity
of present solutions by comparing the values of both profiles from the present work by choosing
Pnns = 0, and @p,r = 0.04. Physically, the addition of sufficient volume of nanoparticles leads to
the enhancement of nanofluid's thermal conductivity. The more nanoparticles being inserted, the
higher the thermal conductivity, which increases the velocity and temperature profiles.

1 : : . —
1 ; . : 00, =0.002,0.015,
Regular «—— - CUZHIO ok o |
Jeffrey fluid : 0.025,0.035
v» ALO,-H,0
= ) \\\
L - ‘ \»_\ i 05F i T
— 3 =
0 L %35 s
y
0 ) .
0 0.5 1 15 2
y
Fig. 19. Comparison of temperature profile for Fig. 20. Temperature profile for different value
different nanofluids and regular Jeffrey fluid when, of @ a1,0,, when @, = 0.005, Pr = 6.2,t =1,
Pr=62,t=1,Rd =0.5and Q = 0.5 Rd =05andQ =0.5
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Fig. 21. Temperature profile for different value
of @cy, when @4,0, = 0.005, Pr =6.2,t =1,
Rd =0.5and Q = 0.5

1',_ —— Published result [59]. — Published Result, [59]
= m Present result, when ¢, =0, .06 = m Present result, when ¢, =0,
Rd=0 and Q=0. Ha=0, Rd=0 and Q=0.
— Present result, when ¢, =0.04, —— Present result, when ¢, =0.04,
_ ] Rd=0 and Q=0. e [ Ha=0, Rd=0and Q=0. |
Sos5F u M Present result, when ¢, = 0.04, = o\ Present result, when ¢, =0.04,
® : Rd=2 and Q=2. > E Ha=1 Rd=2and Q=1.
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y
Fig. 22. Comparison of temperature profile in Fig. 23. Comparison of velocity profile in
Eqg. (36) and Eq. (89) with Eq. (18) by Khan [59], Eg. (64) and Eg. (90) with Eqg. (31)
whenPr =6.2andt = 3 published by Khan [59], when 4; = A1 =0,

Ha=1,Gr=1,Pr=62andt =1

7. Conclusions

This article presented an analytical solution to an unsteady Jeffrey hybrid nanofluid with heat
absorption and radiation effects. This problem is tackled by the Laplace transform method. The
impacts of the embedded parameters on the Jeffrey hybrid nanofluid velocity and temperature are
illustrated in graphs and discussed in detail. Moreover, the main findings from the discussion above
are as follows:

i.  The limiting case of the obtained result Eq. (89) and Eq. (90) are found in excellent mutual
agreement with the previous study by Khan [59]. Thus, the accuracy of the obtained result is
validated.

ii.  Enhancement of the Jeffrey hybrid nanofluid velocity when Rd and Gr are increased.

iii.  Jeffrey hybrid nanofluid velocity decreases as @, Pr and @y, increase.
iv.  Temperature profiles increase when Rd, t and @y, increase.

v. Interestingly, when A1; = 0, the present study can be reduced to unsteady free convection
flow of MHD second grade hybrid nanofluid under influence of radiation and heat absorption
effects as mentioned in Eq. (77).
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The analysis of this analytical solution can be a reference for numerical and experimental works,
as it could reduce the time and cost required to conduct an experiment as well as numerical study
validation.
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