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1. Introduction

Recently, hybrid nanofluids have been developed to improve the thermophysical and heat-
transfer properties. But choosing the right nanoparticles is important in stabilising the composition
of hybrid nanofluid. Therefore, further research is needed to fully exploit the potential of this potent
nanofluid mixture. The effectiveness of hybrid nanofluids as heat-transfer fluids in a range of flows
and surfaces has recently been the subject of numerous investigations. One of the important areas
that are crucial in investigating fluid flow is stagnation flow. Due to its significance in the field of
engineering, the stagnation flow has drawn the attention of scholars. Greco et al., [1] analyzed the
flow control over the rear stagnation point and concluded that the first flow manipulation technique
of the contemporary age may be the control of a flow through the suction of the boundary layer.
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However, the previously cited studies are focused on steady flows. It is possible for the flow to
become unstable in some circumstances due to a change in the surface temperature and the free
stream velocity. Devi et al., [2] utilised boundary layer assumptions to examine how the buoyancy
factor may affect the unsteady flow. Fang and Jing [3] discovered the exact solutions in the unsteady
rear stagnation point flow. The analytical and numerical study of the heat transfer and boundary
layer flow in the unsteady flow of nanofluid may be obtained in Saidin et al., [4], Fathinia and Hussein
[5], Yahaya et al., [6], and Xu et al., [7].

The current work is concerned with filling a knowledge gap, notably in the area of unsteady rear
stagnation point flow with the effects of thermal radiation in a hybrid nanofluid. The main
contribution of this study is the formulation of a new mathematical hybrid nanofluids model with the
inclusion of the thermal radiation parameter, which also witnessed the appearance of several other
significant variables like the suction and unsteady effect. This study also noted the establishment of
numerous solutions. Given the considerable relevance practical of the boundary layer flow, this
important discovery could contribute to a better knowledge of this research. This study also
remarked on the appearance of multiple solutions.

2. Methodology

The unsteady magnetohydrodynamics (MHD) rear stagnation-point flow in hybrid nanofluids with
radiation impact is studied as depicted in Figure 1.
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(@) (b)
Fig. 1. The coordinate systems for (a) stretching (b) shrinking sheet

It is noted that U, = —uOX/(l—it), is velocity of free stream where u, and £ are constants that
calculate the unsteadiness strength. The moving velocity is U, :uox/(l—ft), the velocity and
temperature towards wall transpiration is v, (X,t) and T, (x,t)=T, +TX/L(1-¢t), respectively,

whilst T_ is a surrounding temperature. Based on the above assumption, the governing equations of
the hybrid nanofluids mathematical model can be written as [2,3]:

LI (1)
ox oy

2
au au+ ou au, 8uw+,uhnf O°U Oy Boz(u—uw), 2)
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—+U—+V—= - - (3)

Next, using the Rosseland approximation, the radiative heat flux q, is given by [8]:

46" OT*
qr:_sz* ayi (4)

where k" is the mean absorption coefficient and o is the Stefan-Boltzman constant. Now, assume
that temperature difference within the flow is such that T* may be expanded in Taylor’s series. Thus,
expanding T* about T_ and neglecting the higher-order terms we get

T*=4T°T -3T1°, (5)
hence,

oo _ 160 0T o
oy 3k oyt

Using Eq. (6) in Eq. (3) we obtain

oT oT _oT Kii 0T  16T.°%c 0°T
—+U—+V—=

ot OX 6y ('Ocp)hnf 8y2 +3k*<pCp)hnf 8y2 |

(7)

Meanwhile, the boundary conditions of the above mathematical assumption are given as follows

v=v,(xt),u=2u,(xt),T=T,(xt), aty=0,

u—u, (xt),T>T,(x), asy—>w

(8)

The transverse magnetic field is denoted as B,. Next, the thermophysical characteristic and
correlation coefficient of related fluids are portrayed in Table 1 and Table 2, respectively.

Table 1

Properties of the base fluid and nanoparticles [9]

Component p(kg/m®) k (W /mK) C, (J/kgK)
Al2O3 3970 40 765

H20 0.613 21 4179

Cu 8933 400 385
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Table 2
Nanofluids with hybrid thermal properties [10,11]
Thermophysical properties Alumina-Copper/Water (Al,03—Cu/H20)
Thermal conductivity, K Ku.o. + K
ermal conductivity, Kj ) (w}rzkf +2(¢1|<A|203+¢2ko)_2¢hnfkf
hnf nf
ki | ([ dKyo +dke,
f [W]+2kf _(¢lkAI203 +¢szu )+¢hnf kf
nf
Heat capacity, (pCP)hnf (pcp)hnf _(1_¢hnf )(’Ocp)f - ¢1(pcp)A|203 +¢2 (pCp)Cu
i GO0 + 0,0,
Electrical conductivity, O ALy TETC Ny 20 + 2(¢10-A|203 +$,0¢, )_ 20,10
Ot -
O PO 0, T P0¢,
[ Z;h +20, _(¢10-AI203 +¢,0¢, ) + G O
nf

The following similarity variables is now presented as [3]

{uvf -1,
w(xyt /1§t y, 0(n (9)

thus,

Cuxt'(m) | gy UV

T T Y "

For further details, S in Eq. (10) is the parameter of mass flux and in this study, we only
considered the positive values where S >0 which represents the suction parameter. The following

ordinary (similarity) differential equations are then developed by utilising the similarity variables in
Eqg. (9) and Eqg. (10) thus

/uhnf//uf fm+ ﬁ:ﬂ_ f!2+1_é’(f’+zf”+lj_ahnf—mlvl( +l):O (11)
phnf/pf 2 ph”f/'of

Kiyot
S 1/ { ERdJGHf&’—f’0—5(0+g¢9’]=0, (12)

£(0)=S, F'(0)=4, 6(0)=1

3
£/(n) =L 0(n) -0, (13)

where M =0 B/u, p; represents MHD, Pr=.,C_ /k;, and {=¢&/a signifies the unsteady
characteristic. The radiation parameter is denoted as Rd :40'*T003/kfk*. The physical quantities
related to this study is declared as
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X oT Kot ou
Nu,=————| k.. | —| +(q)  |andC, = (—] . (14)
kf (TW _Too){ " (ayjy_o ( )y—0:| f pfuooz 8y y=0

Then, we get

k
Re¥’C, :ﬂf"(o), Re,"? Nux=—( il +%Rdj9’(0), (15)
My

where Re, =u X’ /v, (1-¢t).
3. Stability Analysis

In this section, the stability analysis is conducted in order to verify the solution reliability since
there is more than one solution in the obtained results. The following transformations are presented
based on the work reported by Weidman et al., [12], Harris et al., [13] and Merkin [14]:

Upx  of _ | YoV _T-T,
w0 T

(16)

uO
n=y /— ® =ut.
v, (1-&t) 0

By employing the new transformation in the above equation, now Eq. (7) to Eq. (9) are converting
into

3 2 2 2 ?
,uhnf/yfﬁerfafz_Eij +(1_§)[i+28f+1j_0hnf/0fM(8f+1] o

Pus [P O7° 0n* \on on  20n° Pt /P17 0nod

k 2
1 1 ( ARdJ@ 6;”%_&9_9{%@} 20, (15)
Pr (pCp)hnf/(pCp)f k., 3 Jon* on on 20n) oD

£(0,0)=S, %(o,m):z, 0(0,0)=1,

(19)

X (0,0) 51 6(0,0)—>0, as 7o

on

Next, we applied the perturbation functions described by Weidman et al., [12], where it is given
that

f(n,@)=f,(n7)+e Y (),

(20)
0(1.®) =6, () +& A (1, ®),
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where Y(77) and A(77) are relatively small as compared with f;,6, and the unknown eigenvalue is

assigned by Q. Next, we substitute Eq. (16) into Eq. (17) and Eq. (18) which transformed the
equations to the linear eigenvalue problem where

:uhnf /fuf Ym-l-(fo—gﬂjY”—(Zfol—i-g-qu_ O-hnf /O-f MJY"F fOHY:O, (21)
Phnt /Pf 2 Phnt /pf

1 1 K 4 ] ( 77) , ,

— L 2Rd (AT £, - A'—(f +§—Q)A—9Y’+0 Y=0, (22)
Pri (G, ), /(2C0), (kf 3 C2) v

Y(0)=0, Y'(0)=0, A(0)=0,

(23)
Y'(0)—>1 A(0)—>0, as n—>x.

Without losing generality, we fix the value of Y"(0) as Y"(0) =1 in the current study and derive

the value of QQ from the system of equations in (21) and (22) in addition to the boundary condition
(23). According to Eq. (16), as time passes, the flow is in a stable state if Q is positive and for negative
values of Q), the flow is said to be in a state of instability. Meanwhile, when Q approaches the critical
value or bifurcation point, the values of QO tend to zero for both positive and negative sides.

4. Results Interpretations

In this section, the results obtained is discussed thoroughly. The results validations are examined
with Bhattacharyya [15] and Turkyilmazoglu et al., [16] (see Table 3). It is found that the present
discoveries are very much in line with previous investigations. As a result, we are confident that the
intended computer model can accurately anticipate the behaviour of dynamic fluid flow. In this study,
a variety of ¢ is implemented i.e,, 0.00<d,¢ <0.01. Furthermore, a variety of controlling
parameter values are defined to the preceding scope where the value of the magnetic and
unsteadiness parameter is fixed to M =6.0, ' =-2.0, while the suction and radiation parameter are
set within 4.0<S<5.0and 0.0<Rd <0.5, respectively. It should be emphasised that, in order to
achieve the desired result, the values of the supplied parameter should be utilised to generate an
adequate result estimation.

Table 3
Results generation of Re,Y” C, with various 2 when e=M =5=S=¢ =¢, =0
A Present result Bhattacharyya [15] Turkyilmazoglu et al., [16]

FS SS FS SS FS SS
—1.00 1.3288169 0.0000000 1.3288169 0.0000000 1.3288168 0.0000000
—1.15 1.0822312 0.1167021  1.0822316 0.1167023 1.0822312 0.1167021
—1.20 0.9324733 0.2336497  0.9324728 0.2336491 0.9324733 0.2336497
—1.2465 0.5842817 0.5542962  0.5842915 0.5542856 0.5842813 0.5542947
—1.24657 0.5745257 0.5640125 0.5745268 0.5639987 0.5774525 0.5640081
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Figure 2 describes the influence of suction parameter S as the sheet shrinks. The improvement
in velocity profiles f'(?]) in the first solution (FS) is displayed when the value of S improves over

the shrinking sheet, as illustrated in Figure 2(a). Meanwhile, the trend of the temperature
distributions profile 9(17) corresponds to the increment of S is accessible in Figure 2(b). In Figure
2(b), both solutions show a downward trend of 9(77) as hybrid nanofluid is endorsed. Overall, both

velocity and temperature distribution profiles met the far-field boundary conditions (13)
asymptotically when 77, =6 is implemented.

-1 — R 1 .
V\/ ,e’:::,::' }
al I,-:f,*‘\ T 08 —First Solution - - -Second Solution
||Iflr."lf . "ff, .
|Ill :,{ ’,()
i f’;"‘l 0.6 0Ly A |
' £=-2.0,1l=—63
§=40,45,50 Sooal zos b4 AN | RI=03.M=60
& =-20,A=65,Rd=03,M=60 = | R ) §=404550
02 | Dhe e
i / 02 1.4 0
\l‘ .
il bl Ty,
—Furst Solution - --Second Solution
] I 2 3 4 5 & 0 y) 2 4 < 6

] ;.I]
(a) (b)

Fig. 2. Distribution profiles with different S in contrast to 7 (a) velocity and (b) temperature profile

Figure 3(a) and Figure 3(b) depict the characteristics of f'(77) and 6(77) with respect to the

addition of magnetic parameter, M . Figure 3(a) apparently showed that the increasing values of M
specifically in Al,03—Cu/H20, lessen the thickness of boundary layer in the FS. However, the second

solution (SS) showed the reduction trend asM increases. Meanwhile, it is observed that (9(77)

presents a downward trend in both solutions, as exhibited in Figure 3(b). As can be seen, the
characteristics of temperature distribution profile which also remark the thermal boundary layer
thickness declines in both solutions. The effect of unsteadiness parameter  are portrayed in Figs.

4(a) and 4(b) concerning f’(n) and 6’(77), respectively. Figure 4(a) displays that as ¢ improved,
f '(77) decrease in the FS, while the alternative solutions point out the opposite. On the other hand,

Figure 4(b) illustrates a decreasing pattern of (9(77) when ¢ improves in FS and SS, hence we can

conclude that the thermal performance has progressed as ¢ enhances and also decreased the
thickness of the boundary layer.
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Fig. 3. Distribution profiles with different M in contrast to 7 (a) velocity profile (b) temperature profile
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Fig. 4. Distribution profiles with different £ in contrast to 7 (a) velocity profile (b) temperature profile

Figure 5 illustrates the dimensionless temperature profile 9(77) in relation to the thermal

radiation parameter Rd. It has been observed that Rd exerts a discernible influence on the
temperature of hybrid nanofluids. This phenomenon is primarily due to the conversion of thermal
energy, resulting in a thicker thermal boundary layer. Additionally, it can be attributed to the
increased generation and release of heat into the flow, resulting in the augmentation of the boundary
layer thickness due to the presence of radiation components. Consequently, this also indicating a
higher rate of energy transfer to the hybrid nanofluids, which leads to an elevation in the
temperature of the hybrid nanofluids. Figure 6 demonstrates the results of stability analysis to test
the reliability of the solutions. When e ® — 0 as ® —» o, it is recorded that Q generates positive
eigenvalues. Meanwhile, e ® — o is recorded to be negative eigenvalues. These findings suggest

that the FS is long-term stable, whereas the SS is unstable and therefore not long-term physically
dependable.
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1 T 1
—First Solution - --Second Solution

Rd =0.1,03,05, ¢ =¢,=0.01
M=60,5=4.0,{=-2.0,A=-6.5

-0.2 : : : '
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Fig. 5. Different values of Rd for temperature profile
1.5
A =-7012,A=-5.0
1 + d=¢=1%
0.5 ¢ First solution
(stable)
o R —
" Second solution
0.5 " (unstable)
-1k
-1.5 : L :
1.8 2 2.2 2.4 2.6
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Fig. 6. Smallest eigenvalue for various S

5. Conclusions

The recent study verified a numerical simulation of Al,03-Cu/H20 hybrid nanofluid's response to
several impact along a shrinking sheet in unsteady rear stagnation point flow. The results of
increasing suction and magnetic parameter driven the decrement of boundary layer thickness.
Meanwhile, the enhancement of unsteadiness parameter leads to increment of boundary layer
thickness. Through the stability analysis, the FS has been demonstrated to be in a stable state, while
the SS responds the opposite way.
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