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In order to enhance identification of objects in electrical imaging or metal detection, 
the polarization tensor is used to characterize the perturbation in electric or 
electromagnetic field due to the presence of the conducting objects. This is similar as 
describing the uniform fluid flow that is disturbed after a solid is immersed in the fluid 
during the study of fluid mechanics. Moreover, in some applications, it is beneficial to 
determine a spheroid based on the first order polarization tensor in order to 
understand what is actually represented by the tensor. The spheroid could share 
similar physical properties with the actual object represented by the polarization 
tensor. The purpose of this paper is to present how scaling on the matrix for the first 
order polarization tensor will affect the original spheroid represented by that first 
order polarization tensor. In the beginning, we revise the mathematical property 
regarding how scaling the semi axes of a conducting spheroid has an effect to its first 
order polarization tensor. After that, we give theoretical results with proofs on how 
scaling the matrix for the first order polarization tensor affects the volume and semi 
axes of the spheroid. Following that, some numerical examples are provided to further 
justify the theory. Here, different scalar factors will be used on the given first order 
polarization tensor before the new volume and semi axes of the spheroid are 
computed. In addition, we also investigate how the size of the scale on the first order 
polarization tensor influence the accuracy of computing the related volume and semi 
axes. In this case, it is found that a large error could occur to the volume and the semi 
axes when finding them by solving the first order PT with that has being scaled by a 
very large scaling factor or a too small scaling factor. A suggestion is then given on how 
to reduce the errors. 
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1. Introduction 
 

Polarization tensor (PT) is widely applied recently, as a consequence of the increasing number of 
researches in science and engineering. Generally, PT considered in this study is used to characterize 
the electric or electromagnetic field perturbation of in the existence of conducting objects and thus, 
PT can be adapted in order to identify the object’s position, dimensions, orientation or material 
properties [1]. It originates from the classical study in fluid mechanics and the theory of electricity, 
where, in Schiffer and Szegö [2], the terminology called as the virtual mass is used to describe the 
disturbance on the fluid flow when a solid is placed inside the fluid. On the other hand, if an 
electrically conducting solid is placed in an electrical field, another terminology called as polarization 
is used to describe the perturbation on an electrical field [2]. In Schiffer and Szegö [2], both virtual 
mass and polarization have been studied in a similar fashion, probably influenced at that time by the 
fluid theory of electricity, where, electricity has also been regarded as fluid. 

Polarization in Schiffer and Szegö [2] is also called as the polarization of Pólya-Szegö (see Polya 
and Szegö [3]) and in the advanced studies of that polarization, the word tensor is added after 
polarization to show that PT has more than a scalar or a vector and has many other information about 
the subject. The implementation of PT in enhancing identification of object can be seen for examples 
in the studies of electrosensing fish, metal detection and medical imaging [4-14]. The method of 
describing objects specifically using the PT has a lower computational cost as it does not demand on 
a full image of the object to represent it. 

Computational aspects of the PT are also investigated by previous researches. An investigation 
on the computation of the first order PT specifically for three dimensional objects can be found in 
the study by Khairuddin et al., [15]. The software BEM++ were later applied by the same authors to 
ease the computation of the PT for sphere in a study by Khairuddin et al., [16] while the numerical 
results regarding the PT for some ellipsoids obtained based on the method by Khairuddin et al., [15]  
and also generated by BEM++ were further compared by Khairuddin et al., [17]. BEM++ is a software 
in the languange C++, developed by Śmigaj et al., [18], to solve problems in the form of boundary 
integral equations. For complex geometries, the computation of the related PT using BEM++ can be 
found in the study by Amad et al., [19]. Besides, Sukri et al., [20] has investigated the different orders 
of Gaussian quadrature in solving integral equations when computing the PT. In contrast to 
Khairuddin et al., [15-17], Sukri et al., [20] that used linear element in geometrical modelling for all 
involved objects, Sukri et al., [21] has proposed to use quadratic element in presenting three 
dimensional objects before computing the related PT. 

On the other hand, the effects on a simpler form of PT, called as the first order PT, that is 
associated with any objects after the objects are transformed such as rotated, translated or scaled, 
have also been previously studied. The properties and formula for these transformations are given 
by Ammari and Kang [22]. By refering to Khairuddin et al., [23], we can found the numerical examples 
on the rotation of the first order PT for spheroids. They also mentioned that the determinant for the 
first order PT of the spheroid remains the same before and after the spheroid is rotated. Morever, 
the study by Sukri et al., [24] had numerically shown that the first order PT of a few objects do not 
depend on the location of objects that is, the first order PT for an object does not change even though 
the center of gravity for the object is changed. Similarly, the numerical examples of the first order PT 
for translated and rotated objects was also conducted by Khairuddin et al., [25]. Besides, by using 
both linear and quadratic elements in numerical method for computing the PT, Sukri et al., [26] have 
investigated how the first order PT associated to a few objects including sphere, ellipsoid and cube 
are effected after each object is scaled. 
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As previous studies concentrated on the transformation of the first order PT for an object after 
the object is transformed, this study reversely focus on the effect of the object after the first order 
PT is transformed. At this stage, we restrict this study in analyzing the scaling on the first order PT 
caused by the perturbation of electrical field by a conducting spheroid. Specifically, by scaling the 
first order PT, we analyze the effect on volume, depolarization factors, eccentricity, and semi axes of 
the spheroid. The findings of this study might increase the understanding on how scaling on the first 
order PT affect the original object represented by the PT for future applications. Here, we only 
concentrate on the spheroid since previous research has revealed that the first order PT for some 
objects may be compared to the first order PT for a spheroid [27]. 
 
2. Mathematical Formulation 
2.1 The First Order Polarization Tensor for Spheroid 
 

Let 𝐵 be an ellipsoid, built by a material with conductivity 𝑘 in the three-dimensional space, 𝑅3. 
Assume that the conductivity for 𝑅3 − 𝐵 is equal to 1. When an electrical field passes both 𝑅3 and 
𝐵, the perturbation in the electrical field due to 𝐵 can be described by the first order PT, which 
depends on size and material of 𝐵. In the Cartesian coordinate system, where the origin is the center 

of ellipsoid 𝐵, the ellipsoid is described as (
𝑥

𝑎
)
2

+ (
𝑦

𝑏
)
2

+ (
𝑧

𝑐
)
2

= 1. The semi principal axes of 𝐵 are 

represented as 𝑎, 𝑏 and 𝑐. The simpler explicit formula of the first order PT of 𝐵 when conductivity, 
𝑘 satisfy 0 < 𝑘 ≠ 1 < ∞ proposed by Ammari and Kang [22] is as follows. 
 

𝑀(𝑘, 𝐵) = (𝑘 − 1)|𝐵|

[
 
 
 
 

1

(1−𝑃)+𝑘𝑃
0 0

0
1

(1−𝑄)+𝑘𝑄
0

0 0
1

(1−𝑅)+𝑘𝑅]
 
 
 
 

,        (1) 

 

where |𝐵| =
4

3
𝜋𝑎𝑏𝑐 denotes the volume 𝐵 while 𝑃, 𝑄 and 𝑅 are constants defined by 

 

𝑃 =
𝑏𝑐

𝑎2 ∫
1

𝑡2√𝑡2−1+(
𝑏

𝑎
)
2
√𝑡2−1+(

𝑐

𝑎
)
2

∞

1
𝑑𝑡,           (2) 

 

𝑄 =
𝑏𝑐

𝑎2 ∫
1

(𝑡2−1+(
𝑏

𝑎
)
2
)

3
2⁄

√𝑡2−1+(
𝑐

𝑎
)
2

∞

1
𝑑𝑡,          (3) 

 

𝑅 =
𝑏𝑐

𝑎2 ∫
1

√𝑡2−1+(
𝑏

𝑎
)
2
(𝑡2−1+(

𝑐

𝑎
)
2
)

3
2⁄

∞

1
𝑑𝑡.          (4) 

 
Apart from that, Mohamad Yunos and Khairuddin [28] had proposed an alternative explicit 

formula of 𝑀(𝑘, 𝐵) for a spheroid 𝐵 with conductivity 𝑘, described by (
𝑥

𝑎
)
2

+ (
𝑦

𝑏
)
2

+ (
𝑧

𝑏
)
2

= 1 in the 

following formula. 
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𝑀(𝑘, 𝐵) = (𝑘 − 1)|𝐵|

[
 
 
 
 

1

(1−𝑑1)+𝑘𝑑1
0 0

0
2

(1+𝑑1)+𝑘(1−𝑑1)
0

0 0
2

(1+𝑑1)+𝑘(1−𝑑1)]
 
 
 
 

,      (5) 

 
where |𝐵| is the volume 𝐵 and 𝑑1 is the alternative form of Eq. (9) for 𝑏 = 𝑐, which is now called as 
the depolarization factor of 𝐵 (further details in a study by Yunos et al., [29] about the depolarization 
factor for ellipsoids). 
2.2 The Method in Determining the Semi Axes of a Spheroid based on the First Order PT 
 

The method presented by Khairuddin et al., [30] and Bahuriddin et al., [31] for determining a 
spheroid 𝐵 subject to a specified first order PT is revised in this subsection. At the moment, only 

spheroid that can be represented as (
𝑥

𝑎
)
2

+ (
𝑦2+𝑧2

𝑏2 ) = 1 in the Cartesian coordinate will be 

considered. Thus, in this paper, we will only concentrate on the specified first order PT in the 
following form 
 

𝑀(𝑘0, 𝐵) = [
𝑀1 0 0
0 𝑀2 0
0 0 𝑀2

],            (6) 

 
where the conductivity 𝑘0 is fixed and satisfies 0 < 𝑘0 ≠ 1 < ∞. 

Given the first order 𝑀(𝑘0, 𝐵) in the form of Eq. (6), two cases will be considered, which are 
either 𝑀1 > 𝑀2 in identifying the semi axes of a prolate spheroid with 𝑎 > 𝑏 = 𝑐 or 𝑀1 < 𝑀2 when 
computing the semi axes 𝑎 < 𝑏 = 𝑐 for an oblate spheroid. However, as presented in Khairuddin et 
al., [30] and Bahuriddin et al., [31], several other parameters including the volume of the spheroid 
must be firstly obtained before all semi axes of the spheroid can be determined. Generally, the 
computation is done by solving the given matrix on the right hand side of Eq. (6) equal to right hand 
side of Eq. (5). 

In order to find the volume and all other parameters of the spheroid, the value of 𝑘0 is firstly 
specified such that 𝑘0 > 1 once 𝑀(𝑘0, 𝐵) is a positive definite matrix whereas 𝑘0 < 1 if 𝑀(𝑘0, 𝐵) is 
a negative definite matrix. These properties of the conductivity for spheroid that depend on its first 
order PT have been proven by Khairuddin et al., [32]. Any first order PT must be either a positive 
definite or a negative definite matrix, where, 𝑀(𝑘0, 𝐵) is a positive definite matrix if both 𝑀1 and 𝑀2 
are positive whereas 𝑀(𝑘0, 𝐵) is a negative definite matrix if both 𝑀1 and 𝑀2 are negative. 

After that, from Cramer’s rule, the volume of 𝐵 expressed as |𝐵| and its depolarization factor, 𝑑1 
are calculated as 
 

|𝐵| =
𝑀1𝑀2(𝑘0+2)

(𝑘0−1)(2𝑀1+𝑀2)
             (7) 

 
and 
 

𝑑1 =
𝑀2−2𝑀1+𝑀2𝑘0

(𝑘0−1)(2𝑀1+𝑀2)
             (8) 

 
where 𝑑1 must satisfy 0 < 𝑑1 < 1. In the studies by Stoner [33] and Milton [34], an explicit formula 
of 𝑑1 in terms of the eccentricity for the prolate spheroid has been given. Thus, by utilising the 
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calculated value of 𝑑1 in Eq. (8), the eccentricity for the prolate spheroid, 𝜓 is solved from the 
following equation 
 

𝑑1 =
1−𝜓2

𝜓2
{

1

2𝜓
ln (

1+𝜓

1−𝜓
) − 1}            (9) 

 
specifically for 𝑀1 > 𝑀2 by using Newton’s method. Meanwhile, from the obtained value of 𝑑1 in Eq. 
(8), the eccentricity of the oblate spheroid, 𝜑 is solved from the equation 
 

𝑑1 =
1

𝜑2
{1 −

√1−𝜑2

𝜑
sin−1 𝜑}.                      (10) 

 
Lastly, the semi axes 𝑎 and 𝑏 of the prolate spheroid are computed such that 
 

𝑎 = √
3|𝐵|

4𝜋(1−𝜓2)

3
 ,                       (11) 

 

𝑏 = √1 − 𝜓2 √
3|𝐵|

4𝜋(1−𝜓2)

3
 .                      (12) 

 
when 𝑀1 < 𝑀2 by using Newton’s method while the semi axes 𝑎 and 𝑏 of the oblate spheroid are 
computed where 
 

𝑎 = √1 − 𝜑2 √
3|𝐵|

4𝜋√1−𝜑2

3
 ,                      (13) 

 

𝑏 = √
3|𝐵|

4𝜋√1−𝜑2

3
 .                       (14) 

 
After the semi axes of spheroid, 𝑎 and 𝑏 are obtained with the specified 𝑘0, the first order PT for 

the spheroid, denoted by 𝑀̂, is calculated back using Eq. (5). Then, the following difference is 
calculated as 
 

𝑀 − 𝑀̂ = [

𝑚̂11 0 0
0 𝑚̂22 0
0 0 𝑚̂33

].                     (15) 

 

The diagonals of Eq. (15) will be used to determine the matrix norm, 𝑒 = √𝑚̂11
2 + 𝑚̂22

2 + 𝑚̂33
2 

to calculate the relative error between the specified first order PT, 𝑀 and the computed first order 

PT, 𝑀̂. 
This method in determining the semi axes of a spheroid will be used throughout this study depend 

on the specified first order PT along with the implementation of the scaling on the first order PT. 
 
3. The Effect due to the Scaling on the Semi Axes of an Ellipsoid to its First Order PT 
 

In this section, we will present the mathematical property regarding the scaling effect of the semi 
axes of a conducting ellipsoid on its first order PT based on the previous properties given by Ammari 
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and Kang [22] and Kang [35]. In Ammari and Kang [22]and Kang [35], the effect of scaling the size of 
any object on its first order PT was investigated. We now prove the next proposition that explains 
how scaling on the semi axes of an ellipsoid will affect its first order PT where, our result here is a 
specific case of the result from Ammari and Kang [22] and Kang [35]. 
 
Proposition 1 
 

Let 𝐵 be an ellipsoid given by (
𝑥

𝑎
)
2

+ (
𝑦

𝑏
)
2

+ (
𝑧

𝑐
)
2

= 1 in the Cartesian coordinate system and 

𝑀(𝑘, 𝐵) is the first order PT for 𝐵 at any conductivity, 𝑘 where 0 < 𝑘 ≠ 1 < +∞. Suppose that 𝑝 >

0 is a scalar factor for 𝐵 such that 𝐵 becomes (
𝑥

𝑝𝑎
)
2

+ (
𝑦

𝑝𝑏
)
2

+ (
𝑧

𝑝𝑐
)
2

= 1, for any 𝑝 ∈ ℝ. If 𝑀(𝑘, 𝐵𝑝) 

is the first order PT for 𝐵 after it is scaled by 𝑝 then 𝑀(𝑘, 𝐵𝑝) = 𝑝3𝑀(𝑘, 𝐵). 

 
Proof 
 
By substituting 𝑎 = 𝑝𝑎, 𝑏 = 𝑝𝑏 and 𝑐 = 𝑝𝑐 in the formula of the first order PT for 𝐵 in Eq. (1), we 
have 
 

𝑀(𝑘, 𝐵𝑝) = (𝑘 − 1) ∙
4

3
𝜋(𝑝𝑎)(𝑝𝑏)(𝑝𝑐) ∙

[
 
 
 
 

1

(1−𝑃)+𝑘𝑃
0 0

0
1

(1−𝑄)+𝑘𝑄
0

0 0
1

(1−𝑅)+𝑘𝑅]
 
 
 
 

.                (16) 

 
Meanwhile, Eq. (2) now becomes 
 

𝑃 =
𝑝𝑏.𝑝𝑐

(𝑝𝑎)2
∫

1

𝑡2√𝑡2−1+(
𝑝𝑏

𝑝𝑎
)
2
√𝑡2−1+(

𝑝𝑐

𝑝𝑎
)
2

∞

1
𝑑𝑡,  

 

=
𝑏𝑐

𝑎2 ∫
1

𝑡2√𝑡2−1+(
𝑏

𝑎
)
2
√𝑡2−1+(

𝑐

𝑎
)
2

∞

1
𝑑𝑡,  

 
such that, P does not change after the semi axes is scaled. The same happens to each Q and R. 

Next, we have 
 

𝑀(𝑘, 𝐵𝑝) = 𝑝3. (𝑘 − 1)|𝐵|

[
 
 
 
 

1

(1−𝑃)+𝑘𝑃
0 0

0
1

(1−𝑄)+𝑘𝑄
0

0 0
1

(1−𝑅)+𝑘𝑅]
 
 
 
 

.                 (17) 

 
Therefore, multiplying Eq. (1) with 𝑝3, we can show that 
 

𝑀(𝑘, 𝐵𝑝) = 𝑝3𝑀(𝑘, 𝐵).                      (18) 

 
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4. The Effect due to the Scaling on the first order PT of a Spheroid to its Volume and Semi Axes  
 

In the previous section, after 𝐵 is scaled by 𝑝, we justify that the first order PT after the scaling, 

𝑀(𝑘, 𝐵𝑝) can be related to the original first order PT, 𝑀(𝑘, 𝐵). However, in this study, we will 

reversely investigate the scaling effect on the first order PT for spheroid to the volume, depolarization 
factors, eccentricity and semi axes of the spheroid. Our main result regarding this is presented here 
in the next theorem. 
 
Theorem 1 
 
Let 𝑘0 be fixed so that 𝑘0 > 1 if 𝑀(𝑘0, 𝐵) is a positive definite matrix or 0 < 𝑘0 < 1 if 𝑀(𝑘0, 𝐵) is a 
negative definite matrix, where 𝑀(𝑘0, 𝐵) is given by 
 

𝑀(𝑘0, 𝐵) = [
𝑀1 0 0
0 𝑀2 0
0 0 𝑀2

],  

 
for some values 𝑀1 and 𝑀2. Suppose that 𝑀(𝑘0, 𝐵) is the first order PT for a spheroid 𝐵 such that B 
has volume |𝐵|, depolarization factor 𝑑1, eccentricity 𝜓 when 𝑀1 > 𝑀2 (or eccentricity 𝜑 when 𝑀1 <

𝑀2) as well as semi axes a and b. For a fixed constant 𝑝 satisfying 𝑝 > 0, if 𝑀(𝑘0, 𝐵𝑝) = 𝑝3𝑀(𝑘0, 𝐵) 

such that 𝑀(𝑘0, 𝐵𝑝) is the first order PT for another spheroid 𝐵𝑝 that has volume |𝐵𝑝|, depolarization 

factor 𝑑1𝑝, eccentricity 𝜓𝑝 when 𝑝3𝑀1 > 𝑝3𝑀2 (or eccentricity 𝜑𝑝 when 𝑝3𝑀1 < 𝑝3𝑀2) as well as 

semi axes 𝑎𝑝 and 𝑏𝑝, then, each of the following holds. 

(a) |𝐵𝑝| = 𝑝3|𝐵| and 𝑑1𝑝 = 𝑑1. 

(b) 𝜓𝑝 = 𝜓 or 𝜑𝑝= 𝜑. 

(c) 𝑎𝑝 = 𝑝𝑎 and 𝑏𝑝 = 𝑝𝑏. 

 
Proof 
 
In order to prove part (a), first of all, note that |𝐵| and 𝑑1 are respectively given by Eq. (7) and Eq. 

(8). For 𝑀(𝑘0, 𝐵𝑝) = 𝑝3𝑀(𝑘0, 𝐵) such that 

 

𝑀(𝑘0, 𝐵𝑝) = [

𝑝3𝑀1 0 0

0 𝑝3𝑀2 0

0 0 𝑝3𝑀2

],                    (19) 

 

the associated |𝐵𝑝| and 𝑑1𝑝 can be obtained by replacing 𝑀1 and 𝑀2 respectively with 𝑝3𝑀1 and 

𝑝3𝑀2 in Eq. (7) and Eq. (8). This gives 
 

|𝐵𝑝| =
𝑝3𝑀1∙𝑝3𝑀2(𝑘0+2)

(𝑘0−1)(2𝑝3𝑀1+𝑝3𝑀2)
,                      (20) 

 

=
𝑝6𝑀1𝑀2(𝑘0+2)

𝑝3(𝑘0−1)(2𝑀1+𝑀2)
,                      (21) 

 
= 𝑝3|𝐵|.                        (22) 
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and 
 

𝑑1𝑝 =
𝑝3(𝑀2−2𝑀1+𝑀2𝑘0)

(𝑘0−1)(2𝑝3𝑀1+𝑝3𝑀2)
,                      (23) 

 
= 𝑑1.                        (24) 

 
For part (b), 𝜓𝑝 will satisfy the same Eq. (9) for 𝑑1𝑝 in terms of the eccentricity 𝜓𝑝. Meanwhile, 

𝜑𝑝 will satisfy the same Eq. (10) of 𝑑1𝑝 in terms of the eccentricity 𝜑𝑝. This implies 𝜓𝑝 = 𝜓 while 𝜑𝑝= 

𝜑 when 𝑑1𝑝 = 𝑑1 from part (a). 

In order to prove part (c), 𝑎𝑝 and 𝑏𝑝 are firstly determined when 𝑝3𝑀1 > 𝑝3𝑀2 by replacing |𝐵| 

and 𝜓 respectively with |𝐵𝑝| and 𝜓𝑝 in Eq. (11) and Eq. (12). This gives 

 

𝑎𝑝 = √
3|𝐵𝑝|

4𝜋(1−𝜓𝑝
2)

3
 ,                       (25) 

 

𝑏𝑝 = √1 − 𝜓2 √
3|𝐵𝑝|

4𝜋(1−𝜓𝑝
2)

3
 .                      (26) 

Moreover, since |𝐵𝑝| = 𝑝3|𝐵| and 𝜓𝑝 = 𝜓, we then have 

 

𝑎𝑝 = √
3𝑝3|𝐵|

4𝜋(1−𝜓2)
,

3
                       (27) 

 

𝑏𝑝 = √1 − 𝜓2 √
3𝑝3|𝐵|

4𝜋(1−𝜓2)
.

3
                      (28) 

 
On the other hand, when 𝑝3𝑀1 < 𝑝3𝑀2, the semi axes 𝑎𝑝 and 𝑏𝑝 are obtained by replacing |𝐵| 

and 𝜑 in (13) and (14) with |𝐵𝑝| and 𝜑𝑝. This implies 

 

𝑎𝑝 = √1 − 𝜑𝑝
2 √

3|𝐵𝑝|

4𝜋√1−𝜑𝑝
2

3  ,                      (29) 

 

𝑏𝑝 = √
3|𝐵𝑝|

4𝜋√1−𝜑𝑝
2

3  .                       (30) 

 

Similarly, since |𝐵𝑝| = 𝑝3|𝐵| and 𝜑𝑝= 𝜑, we then obtain 

 

𝑎𝑝 = √1 − 𝜑2 √
3𝑝3|𝐵|

4𝜋√1−𝜑2

3
 ,                      (31) 

 

𝑏𝑝 = √
3𝑝3|𝐵|

4𝜋√1−𝜑2

3
 .                       (32) 

 
Both Eq. (27) and Eq. (31) can be simplified to give 𝑎𝑝 = 𝑝𝑎 while Eq. (28) and Eq. (32) conclude 

that 𝑏𝑝 = 𝑝𝑏.                 
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The presented Theorem 1 suggests that the volume of the spheroid B denoted by |𝐵| is affected 
and becomes 𝑝3|𝐵| after the related first order PT, 𝑀(𝑘0, 𝐵) is scaled to 𝑝3𝑀(𝑘0, 𝐵), where p is a 
positive constant. On the other hand, the depolarization factor, 𝑑1 before and after the same scaling 
do not produce in any significant change, which lead to the eccentricity, 𝜓 or 𝜑 also has the same 
value even after the scaling. In addition, part (c) of Theorem 1 and its proof show that every semi 
axes of the spheroid B which are 𝑎 and 𝑏, has an effect due to the scaling, that is, after the first order 
PT is scaled by 𝑝3, the semi axes become 𝑝𝑎 and 𝑝𝑏. 

In the next section 5.1, numerical explain are provided to further explain and justify Theorem 1. 
 
5. Numerical Results and Discussion 
5.1 General Examples 
 

For this section, we will discuss on the numerical results of the semi axes of a spheroid when the 
given first order PT, 𝑀(𝑘0, 𝐵) is scaled at 𝑝3, which is by multiplying 𝑝3 with Eq. (6). By utilizing the 
previous method discussed in subsection 2.2 with the existing examples from Khairuddin et al., [30], 
the numerical results of the volume, depolarization factors, eccentricity and semi axes for prolate 
spheroid and oblate spheroid calculated based on the positive and negative definite matrices of the 
first order PT are presented in this section. After choosing a few examples from the study by 
Khairuddin et al., [30], the volume, depolarization factors, eccentricity and semi axes of a few 
spheroids are determined after the chosen first order PT are scaled. Then, we make comparisons in 
a ratio form between the previous results (before scaling) and the current results (after scaling) for 
the volume, depolarization factors, eccentricity and semi axes of the spheroids. For each choosen the 
first order PT, we apply three randomly choosen different scalar factor, 𝑝 in order to investigate how 
scaling the first order PT affect the original spheroid represented by the first order PT. 

First and foremost, we will discuss on the prolate spheroid. The following first order PT indicates 
the positive definite matrix of a prolate spheroid by setting Eq. (6) equal to 
 

[
20 0 0
0 15 0
0 0 15

].                       (33) 

 
When the conductivity 𝑘0 is fixed at 𝑘0 = 2, from a study by Khairuddin et al., [30], the values for 

the volume, |𝐵|, depolarization factor, 𝑑1, eccentricity, 𝜓 and semi axes 𝑎 and 𝑏 for the given 
𝑀(𝑘0, 𝐵) in Eq. (33) are |𝐵| = 21.8182, 𝑑1 = 0.0909, 𝜓 = 0.9574, 𝑎 = 3.9664, 𝑏 = 1.1457 with 
relative error, 𝑒 = 0.0002. Meanwhile, the values for |𝐵|, 𝑑1, 𝜓, 𝑎, 𝑏 and 𝑒 when 𝑀(𝑘0, 𝐵) is scaled 

by 𝑝3, where 𝑝 = 0.5, 2, 7 3⁄ , computed based on the method discussed in subsection 2.2, are shown 

in Table 1. After that, we compute the ratios for |𝐵|, 𝑑1, 𝜓, 𝑎 and 𝑏 by dividing the current values 
(given in Table 1) with the previous values from Khairuddin et al., [30] and present the ratios in Table 
2. 
 

Table 1 
The values of |𝐵|, 𝑑1, 𝜓, 𝑎, 𝑏 and 𝑒 computed after 𝑀(𝑘0, 𝐵) for 
positive definite matrix of a prolate spheroid, given by Eq. (33), 

is scaled by 𝑝3 where 𝑝 = 0.5, 2, 7 3⁄ , at fixed 𝑘0 = 2 

𝑝 |𝐵| 𝑑1 𝜓 𝑎 𝑏 𝑒 
0.5 2.7273 0.0909 0.9574 1.9832 0.5729 0.0000 
2 174.5455 0.0909 0.9574 7.9328 2.2915 0.0005 
7

3⁄  277.1717 0.0909 0.9574 9.2549 2.6734 0.0010 
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Table 2 

The ratio values of |𝐵|, 𝑑1, 𝜓, 𝑎, and 𝑏 for 𝑝 = 0.5, 2, 7 3⁄  

when the positive definite first order PT of a prolate 
spheroid, given by Eq. (33), is scaled by 𝑝3 
𝑝 Ratio |𝐵| Ratio 𝑑1 Ratio 𝜓 Ratio 𝑎 Ratio 𝑏 

0.5 0.1250 1.0000 1.0000 0.5000 0.5000 
2 8.0000 1.0000 1.0000 2.0000 2.0001 
7

3⁄  12.7037 1.0000 1.0000 2.3333 2.3334 

 
Next, the following first order PT for the negative definite matrix of a prolate spheroid is given by 
 

[
−15 0 0
0 −20 0
0 0 −20

].                       (34) 

 
Firstly, the conductivity 𝑘0 is set to 𝑘0 = 0.2. The values for the volume, |𝐵|, depolarization 

factor, 𝑑1, eccentricity, 𝜓 and semi axes 𝑎 and 𝑏 of the spheroid, based on the given 𝑀(𝑘0, 𝐵), before 
it is scaled, as presented by Khairuddin et al., [30], are |𝐵| = 16.5000, 𝑑1 = 0.1500, 𝜓 = 0.8989, 
𝑎 = 2.7375, 𝑏 = 1.1993 with relative error, 𝑒 = 0.0002. Moreover, the values for |𝐵|, 𝑑1, 𝜓, 𝑎, 𝑏 

and 𝑒 computed after 𝑀(𝑘0, 𝐵) is scaled by 𝑝3, where 𝑝 = 2.2, 4, 13
3⁄ , are also computed and then 

shown in Table 3. Hence, we divide the current results by the previous results to get the ratios for 
|𝐵|, 𝑑1, 𝜓, 𝑎 and 𝑏, as presented in Table 4. 
 

Table 3 
The values of |𝐵|, 𝑑1, 𝜓, 𝑎, 𝑏 and 𝑒 computed after 𝑀(𝑘0, 𝐵) for 
negative definite matrix of a prolate spheroid, given by Eq. (34), is 

scaled by 𝑝3 where 𝑝 = 2.2, 4, 13
3⁄ , at fixed 𝑘0 = 0.2 

𝑝 |𝐵| 𝑑1 𝜓 𝑎 𝑏 𝑒 
2.2 175.6920 0.1500 0.8989 6.0224 2.6385 0.0002 
4 1056.0000 0.1500 0.8989 10.9498 4.7973 0.0038 
13

3⁄  1342.6111 0.1500 0.8989 11.8623 5.1971 0.0015 

 
Table 4 

The ratio values of |𝐵|, 𝑑1, 𝜓, 𝑎, and 𝑏 for 𝑝 = 2.2, 4, 13
3⁄  

when the negative definite first order PT of a prolate 
spheroid, given by Eq. (34), is scaled by 𝑝3 
𝑝 Ratio |𝐵| Ratio 𝑑1 Ratio 𝜓 Ratio 𝑎 Ratio 𝑏 

2.2 10.6480 1.0000 1.0000 2.2000 2.2000 
4 64.0000 1.0000 1.0000 3.9999 4.0001 
13

3⁄  81.3704 1.0000 1.0000 4.3333 4.3334 

 
In different circumstances, we will then discuss on the results for oblate spheroid. The given first 

order PT in Eq. (6) for the positive definite matrix of an oblate spheroid is set as follows 
 

[
15 0 0
0 20 0
0 0 20

]                       (35) 
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and the conductivity 𝑘0 used in this case is 𝑘0 = 10. The values of the volume, |𝐵|, depolarization 
factor, 𝑑1, eccentricity, 𝜑 and semi axes 𝑎 and 𝑏 for the given 𝑀(𝑘0, 𝐵) before it is scaled are |𝐵| =
8.0000, 𝑑1 = 0.4222, 𝜑 = 0.6890, 𝑎 = 1.0009, 𝑏 = 1.3811 with relative error, 𝑒 = 0.0001, as 
stated in the study by Khairuddin et al., [30]. In addition, Table 5 shows the values of |𝐵|, 𝑑1, 𝜑, 𝑎, 𝑏 
and 𝑒 for the oblate spheroid obtained based on the method discussed in subsection 2.2, when 

𝑀(𝑘0, 𝐵) is scaled by 𝑝3, where 𝑝 = 15
7⁄ , 4.1, 6. Then, we compute the ratios for |𝐵|, 𝑑1, 𝜑, 𝑎 and 

𝑏, before showing them in Table 6. 
 

Table 5 
The values of |𝐵|, 𝑑1, 𝜑, 𝑎, 𝑏 and 𝑒 computed after 𝑀(𝑘0, 𝐵) for 
positive definite matrix of an oblate spheroid, given by Eq. (35), is 

scaled by 𝑝3 where 𝑝 = 15
7⁄ , 4.1, 6, at fixed 𝑘0 = 10 

𝑝 |𝐵| 𝑑1 𝜑 𝑎 𝑏 𝑒 
15

7⁄  78.7172 0.4222 0.6890 2.1449 2.9594 0.0008 

4.1 551.3680 0.4222 0.6890 4.1039 5.6623 0.0028 
6 1728.0000 0.4222 0.6890 6.0057 8.2863 0.0105 

 
Table 6 

The ratio values of |𝐵|, 𝑑1, 𝜑, 𝑎, and 𝑏 at 𝑝 = 15
7⁄ , 4.1, 6 

when the positive definite first order PT of an oblate 
spheroid, given by Eq. (35), is scaled by 𝑝3 
𝑝 Ratio |𝐵| Ratio 𝑑1 Ratio 𝜑 Ratio 𝑎 Ratio 𝑏 
15

7⁄  9.8397 1.0000 1.0000 2.1430 2.1428 

4.1 68.9210 1.0000 1.0000 4.1002 4.0998 
6 216.0000 1.0000 1.0000 6.0003 5.9998 

 
Besides, the given first order PT for the negative definite matrix of an oblate spheroid is as follows 
 

[
−20 0 0
0 −15 0
0 0 −15

],                       (36) 

 
for 𝑘0 = 0.3. Before 𝑀(𝑘0, 𝐵) being scaled, the values of the volume, |𝐵|, depolarization factor, 𝑑1, 
eccentricity, 𝜑 and semi axes 𝑎 and 𝑏 of the spheroid, as mentioned in the study by Khairuddin et al., 
[30], are indicated by |𝐵| = 17.9221, 𝑑1 = 0.5325, 𝜑 = 0.8714, 𝑎 = 1.0098, 𝑏 = 2.0581 with 
relative error, 𝑒 = 0.0001. The obtained values for |𝐵|, 𝑑1, 𝜑, 𝑎, 𝑏 and 𝑒 after 𝑀(𝑘0, 𝐵) is scaled by 

𝑝3, where 𝑝 = 24
7⁄ , 5.9, 8 are shown in Table 7. Consequently, we obtain the ratios for |𝐵|, 𝑑1, 𝜑, 

𝑎 and 𝑏 and present them in Table 8. 
 

Table 7 
The values of |𝐵|, 𝑑1, 𝜑, 𝑎, 𝑏 and 𝑒 computed after 𝑀(𝑘0, 𝐵) for 
negative definite matrix of an oblate spheroid, given by Eq. (36), is 

scaled by 𝑝3 where 𝑝 = 24
7⁄ , 5.9, 8, at fixed 𝑘0 = 0.3 

𝑝 |𝐵| 𝑑1 𝜑 𝑎 𝑏 𝑒 
24

7⁄  722.3172 0.5325 0.8714 3.4620 7.0562 0.0018 

5.9 3680.8184 0.5325 0.8714 5.9575 12.1425 0.0014 
8 9176.1039 0.5325 0.8714 8.0780 16.4644 0.0061 
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Table 8 

The ratio values of |𝐵|, 𝑑1, 𝜑, 𝑎, and 𝑏 at 𝑝 = 24
7⁄ , 5.9, 8 

when the positive definite first order PT of an oblate 
spheroid, given by Eq. (36), is scaled by 𝑝3 
𝑝 Ratio |𝐵| Ratio 𝑑1 Ratio 𝜑 Ratio 𝑎 Ratio 𝑏 
24

7⁄  40.3032 1.0000 1.0000 3.4284 3.4285 

5.9 205.3787 1.0000 1.0000 5.8997 5.8999 
8 511.9994 1.0000 1.0000 7.9996 7.9998 

 
In the above examples, we choose the first order PT for spheroid from the study by Khairuddin et 

al., [30] to be equal to Eq. (33), Eq. (34), Eq. (35), and Eq. (36) because all of them will give small error, 
𝑒 for computing the related |𝐵|, 𝑑1, 𝜓 or 𝜑 and the semi axes 𝑎 and 𝑏. In each case, the value of 𝑒 is 
zero at four decimal places. This ensure us that accurate first order PT are used as the reference when 
doing the scaling. 

Based on Table 2, Table 4, Table 6 and Table 8, we can justify that the ratios for |𝐵| are 

approximately equal to 𝑝3 as suggested by Theorem 1 part (a) that |𝐵𝑝|/|𝐵| = 𝑝3.  

This means that the original |𝐵| for all four cases, are affected by the scaling. Meanwhile, the 
ratios 𝑑1, 𝜓 and 𝜑 are exactly equal to 1 as they remain the same values before the scaling as shown 
in Theorem 1 part (b). In addition, the ratio of semi axes 𝑎 and 𝑏 are approximately equal to 𝑝, 
indicating that, scaling the first order PT for a spheroid by 𝑝3 will have an effect on the semi axes of 
the original spheroid. This also agrees with Theorem 1 part (c). 
 
5.2 The Size of the Scaling Factor of the Scaled First Order PT for Spheroid 
 

According to Ammari and Kang [22], the first order PT is mathematically formulated based on a 
small object. Generally, the first order PT for a spheroid, that is a positive definite matrix in the form 
of Eq. (6), represents a large object if all coefficients of the first order PT are very large. On the other 
hand, it also represents a large object if all of its coefficients are very small when it is a negative 
definite matrix. In this case, large error could occur when solving these first order PT to identify the 
related volume, depolarization factors, eccentricity and also all semi axes of the spheroid. Therefore, 
this section will investigate how the size of the scaling factor on the first order PT for spheroid will 
affect the computation of the volume and all semi axes of the spheroid. 

First of all, the positive definite matrix given in Eq. (33) that represents the first order PT of a 
prolate spheroid is again considered. Solving Eq. (33) for 𝑘0 = 150 with the method presented in 
Section 2.2 gives |𝐵| = 5.5644, 𝑎 = 1.2911 and 𝑏 = 1.0141 with relative error, 𝑒 = 0.0002. Next, 
after Eq. (33) is scaled with 𝛼3 = 10−6, 10−4, 10−2, 102, 104 and 106, the same method is used to 
find the volume and all semi axes for every spheroid at each scaling factor 𝛼. For each 𝛼, these values 
are respectively denoted by |𝐵|𝑁𝑝, 𝑎𝑁𝑝 and 𝑏𝑁𝑝. In this case, we can regard |𝐵|𝑁𝑝, 𝑎𝑁𝑝 and 𝑏𝑁𝑝 as 

numerical values based on the numerical method. At the same time, using the results in Theorem 1, 
the values |𝐵| = 5.5644, 𝑎 = 1.2911 and 𝑏 = 1.0141 of Eq. (33) are scaled accordingly for each 
scaling factor 𝛼 where, the values after the scaling are respectively denoted by |𝐵|𝑇𝑝, 𝑎𝑇𝑝 and 𝑏𝑇𝑝. 

These values can be regarded as the actual values for |𝐵|, 𝑎 and 𝑏 after Eq. (33) is scaled by 𝛼3, that 
is based on theoretical result of the first order PT for spheroid. Next, the absolute difference |𝐵|𝑁𝑝 −

|𝐵|𝑇𝑝, 𝑎𝑁𝑝 − 𝑎𝑇𝑝 and 𝑏𝑁𝑝 − 𝑏𝑇𝑝 are calculated for each 𝑝 = 𝛼3. After that, all values for the 

difference |𝐵|𝑁𝑝 − |𝐵|𝑇𝑝 are then plotted in the same graphs against the scaling factor 𝑝 in Figure 1 

while all differences for 𝑎𝑁𝑝 − 𝑎𝑇𝑝 and 𝑏𝑁𝑝 − 𝑏𝑇𝑝 each is also plotted in the same graphs against the 

scaling factor 𝑝 in Figure 2. 
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Next, the negative definite matrix that is the first order PT of an oblate spheroid given by Eq. (36) 
is again solved with the method presented in Section 2.2 but now for 𝑘0 = 0.1, which gives |𝐵| =
12.7273, 𝑎 = 1.0323 and 𝑏 = 1.7148 with relative error, 𝑒 = 0.0001. Similarly, after Eq. (36) is 
scaled by 𝛼3 = 10−6, 10−4, 10−2, 102, 104 and 106, |𝐵|𝑁𝑝, 𝑎𝑁𝑝 and 𝑏𝑁𝑝 are determined based on 

the method presented in section 2.2 while |𝐵|𝑇𝑝, 𝑎𝑇𝑝 and 𝑏𝑇𝑝 are obtained based on the properties 

in Theorem 1. For each 𝑝 = 𝛼3, all values for each of the absolute difference |𝐵|𝑁𝑝 − |𝐵|𝑇𝑝, 𝑎𝑁𝑝 −

𝑎𝑇𝑝 and 𝑏𝑁𝑝 − 𝑏𝑇𝑝 are then plotted in the same graphs against the scaling factor 𝑝 in Figure 3 and 

Figure 4. 
From Figure 1 and Figure 2, as the size of the scaling, 𝑝 increased, the difference for each |𝐵|𝑁𝑝 −

|𝐵|𝑇𝑝, 𝑎𝑁𝑝 − 𝑎𝑇𝑝 and 𝑏𝑁𝑝 − 𝑏𝑇𝑝 also increased. Similarly, each |𝐵|𝑁𝑝 − |𝐵|𝑇𝑝, 𝑎𝑁𝑝 − 𝑎𝑇𝑝 and 𝑏𝑁𝑝 −

𝑏𝑇𝑝 also increased when 𝑝 increased in Figure 3 and Figure 4. This shows that, at a fixed conductivity, 

the size of the first order PT for the spheroid has an effect when solving the first order PT to obtain 
the volume and all semi axes of the spheroid. In this case, a large error could occur to the volume 
and the semi axes when finding them by solving the positive definite first order PT with very large 
coefficients or solving the negative definite first order PT with very small coefficients. In these 
examples, the coefficients of the first order PT become very large or very small due to the scaling on 
the original first order PT. 
 

 
Fig. 1. The absolute difference in the volume, |𝐵|𝑁𝑝 − |𝐵|𝑇𝑝 against the 

scaling factor, 𝑝. Here, each |𝐵|𝑁𝑝 is obtained by solving Eq. (33) for 𝑘0 =

150 after Eq. (33) is scaled by 𝛼3 = 10−6, 10−4, 10−2, 102, 104 and 106. 
On the other hand, all |𝐵|𝑇𝑝 are calculated by scaling |𝐵| = 5.5644 with 𝛼 

as in Theorem 1, after |𝐵| = 5.5644 is obtained by solving Eq. (33) with 
the method presented in section 2.2 
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(a) 

 

 
(b) 

 

Fig. 2. The absolute difference in the semi axes (a) 𝑎𝑁𝑝 − 𝑎𝑇𝑝 and (b) 

𝑏𝑁𝑝 − 𝑏𝑇𝑝 against the scaling factor, 𝑝. Here, 𝑎𝑁𝑝 and 𝑏𝑁𝑝 are obtained by 

solving Eq. (33) for 𝑘0 = 150 after Eq. (33) is scaled by 𝛼3 = 10−6, 10−4, 
10−2, 102, 104 and 106. On the other hand, 𝑎𝑇𝑝 and 𝑏𝑇𝑝 are calculated by 

scaling 𝑎 = 1.2911 and 𝑏 = 1.0141 with 𝛼 as in Theorem 1, after each 
𝑎 = 1.2911 and 𝑏 = 1.0141 is obtained by solving Eq. (33) with the 
method presented in section 2.2 
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Fig. 3. The absolute difference in the volume, |𝐵|𝑁𝑝 − |𝐵|𝑇𝑝 against the 

scaling factor, 𝑝. Here, every |𝐵|𝑁𝑝 is obtained by solving Eq. (36) for 𝑘0 =

0.1 after Eq. (36) is scaled by 𝛼3 = 10−6, 10−4, 10−2, 102, 104 and 106. 
On the other hand, all |𝐵|𝑇𝑝 are calculated by scaling |𝐵| = 12.7273 with 

𝛼 as in Theorem 1, after |𝐵| = 12.7273 is obtained by solving Eq. (36) 
with the method presented in section 2.2 

 

Moreover, only the differences in the volume and all semi axes of the spheroid are investigated 
here due to the size of the scaling. The values of the depolarization factor and the eccentricity of the 
spheroid are not considered because they do not change although the first order PT for the spheroid 
is scaled. 

Based on our finding in this section, we can now propose a method to improve the computation 
of the volume and all semi axes of the spheroid when the positive definite first order PT has too large 
coefficients or when the negative definite first order PT has too small coefficients at a fixed 
conductivity. Note that the results in Figure 1 until Figure 4 have suggested that there is no difference 
or only small difference in |𝐵|𝑁𝑝 − |𝐵|𝑇𝑝, 𝑎𝑁𝑝 − 𝑎𝑇𝑝 and 𝑏𝑁𝑝 − 𝑏𝑇𝑝 when 𝑝 are small. Thus, the 

positive definite first order PT with too large coefficients can be firstly scaled by a small 𝑝 so that all 
coefficients become smaller before being solved to obtain the volume and the semi axes of the 
spheroid. After that, the obtained volume and semi axes can then be used with Theorem 1 to reobtain 
the volume and the semi axes that are related to the original first order PT with the large coefficients. 
On the other hand, when the negative definite first order PT with too small coefficients is given, this 
first order PT can also be scaled by a small 𝑝 so that all coefficients become larger before being solved 
to obtain the volume and the semi axes. Similarly, these volume and semi axes together with 
Theorem 1 can then be used to regenerate the volume and the semi axes that are related to the 
original first order PT with the small coefficients. In each case, more accurate results can be obtained 
by ensuring small value for 𝑒 when solving for the volume and semi axes after the first order PT is 
scaled by the appropriate small 𝑝, before the volume and semi axes being reused with Theorem 1. 
 

 
 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 94, Issue 1 (2022) 1-18 

16 
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(b) 

 

Fig. 4. The absolute difference in the semi axes (a) 𝑎𝑁𝑝 − 𝑎𝑇𝑝 and (b) 

𝑏𝑁𝑝 − 𝑏𝑇𝑝 against the scaling factor, 𝑝. Here, 𝑎𝑁𝑝 and 𝑏𝑁𝑝 are obtained 

by solving Eq. (36) for 𝑘0 = 0.1 after Eq. (36) is scaled by 𝛼3 = 10−6, 
10−4, 10−2, 102, 104 and 106. On the other hand, 𝑎𝑇𝑝 and 𝑏𝑇𝑝 are 

calculated by scaling 𝑎 = 1.0323, 𝑏 = 1.7148 with 𝛼 as in Theorem 1, 
after each |𝐵| = 12.7273, 𝑎 = 1.0323, 𝑏 = 1.7148 is obtained by 
solving Eq. (36) with the method presented in section 2.2 
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6. Conclusions 
 

In this paper, we have investigated how the semi axes and other properties of the prolate and 
oblate spheroid are generated after the scaling on the matrix for the first order PT. In conclusion, 
some properties of the spheroid such as the volume and the semi axes do have an effect when its 
first order PT is scaled. Specifically, we found that the scaling factor on the semi axes of the spheroid 
is proportional to the scaling factor on the related first order PT. 
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