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This study investigates the impact of heat flux induced by concentration gradients 
(Dufour effects) and temperature gradients (Soret effects) on the boundary layer flow 
of a Casson nanofluid over an inclined expanding surface. It also considers heat and 
mass transfer coupled processes, Brownian motion, thermal radiation, chemical 
reactions, and thermophoresis. A dimensionless problem is formulated using similarity 
transformations and solved using the homotopy analysis method (HAM). Tables and 
graphs are employed to illustrate the correlations between influencing factors and 
physical quantities. It is observed that an increase in the inclination parameter leads 
to a reduction in skin friction but an enhancement in Nusselt and Sherwood numbers. 
The inclination parameter causes a decline in velocity, while the opposite trend is 
observed in the concentration field for the chemical reaction parameter. The Casson 
parameter decelerates the velocity and accelerates the distributions of temperature 
and concentration. The findings provide valuable insights into the flow patterns, 
temperature distribution, and concentration profiles within the system. This 
information holds significant relevance for designing and optimizing heat transfer 
systems, energy-efficient processes, and catalytic reactors involving Casson 
nanofluids. Our claims are validated by comparison with published literature, 
demonstrating a high degree of agreement. 
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1. Introduction 
 

In a fluid flow and thermal analysis, traditional fluids like oil, water, glycol, etc., have a lower 
performance of heat transfer and low thermal conductivity. To find the innovations and research to 
enrich the thermal conductivity and heat transfer by using the metallic or nonmetallic additives with 
high thermal conductivity, nano-sized tiny particles called nanoparticles add in a base/pedestal fluid. 
This fluid dispersion of nanoparticles is called nanofluid. Nanofluid plays a significant role due to its 
wide range of applications in electronic and engine cooling, medical science, textile manufacturing, 
nuclear reactor, microelectronics, power saving, etc. Nanofluid has a better heat transfer rate due to 
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improved thermal conductivity by these nanoparticles. This type of new technology is very useful for 
development specially to make better lubricants and oil. This novel concept of nano-fluid was 
originally developed by Choi and Eastman [1]. In the early 21st century, this new type of nanofluid 
had a huge impact, attracting researchers to do more work on heat transfer analysis in various fields. 
Nakhchi and Esfahani [2] investigated the numerical solution of turbulent flow in copper-water 
nanofluids passing through heat exchanger tubes with conical rings of holes. Using the finite element 
method for different Reynolds numbers, they found that heat transfer was significantly enhanced. 
They found that heat transfer was significantly enhanced. Ambreen et al., [3] analyzed the properties 
of nanofluid-cooled micro-pin fins and water by implementing a two-phase model of the Euler- 
Langrangian method to simplify fluid flow under constant pressure and a heat sink. They investigated 
the effect of adding nanometer-sized particles to the fluid on heat transfer. Borah et al., [4] studied 
conjugate heat transfer in pipes with fixed wall thickness and non-uniform heat sources using the 
formulation of the two-phase model of the Euler-Langrangian method. They investigated the 
damping effect and found that heat transfer in nanofluids is reduced due to inhomogeneous heat 
sources. Javaherdeh et al., [5] analyzed the enrichment of laminar heat transfer for non-Newtonian 
fluids in parallel channels partially filled with porous media by employing the Darcy model, 
elucidating that developing in Reynolds number enhances the transfer of heat. Waqas et al., [6] 
deliberated the fluid motion and transfer of heat of nano fluid through a stretching porous cylinder 
with viscous dissipation and thermal radiation. Jha and Aina [7] presented the influences of 
temperature jump and slip conditions for established MHD-driven natural convection flow of viscous, 
fluid in the vertical microporous channel designed by an electrically non-conducting unbounded plate 
in the existence of an induced magnetic field. Elsaid and Abdel-wahed [8] studied and solved 
numerically the mixed convection of Ferro hybrid nano fluid through a perpendicular channel in the 
presence of a constant transverse magnetic field with thermal radiation and variable temperature. 
Iqbal et al., [9] analyzed the unsteady MHD nano fluid motion in a rotating channel with the effects 
of hall current and thermal radiation. Alharbi [10] studied and detected the characteristics of the 
laminar flow of nanofluid motion and transfer of heat to a permeable plate in magnetic induction 
with radiation effect which contributes to the cooling process of devices. Rheological behaviour and 
experimental study on hybrid nanofluids have been studied Sharma et al., [11]. 

Many researchers have focused on the concept of Casson fluid as they have gigantic applications 
in fields like polymer processing, biomechanics, drilling operations, metallurgy, etc. Casson fluid 
constitutive equation delineate a nonlinear relationship among stress and rate of strain and has been 
observed to be perfectly admissible to silicon suspensions, suspensions of bentonite in water, and 
lithographic varnishes used for printing inks. Casson fluid is a shear-thinning fluid that is supposed to 
have an infinite viscosity at zero shear rate, yield stress below which there is no flow and zero 
viscosity at an infinite shear rate. This means that if the shear stress is lower than the yield stress, it 
acts like a solid. However, Casson fluid tends to flow as the shear stress exceeds the yield stress. 
Some examples of Casson fluid are Jelly, salt solutions, ketchup, paints, shampoo, tomato sauce, 
honey, soup, concentrated fruit juices, and so on. Mintsa et al., [12] observed the effects of a 
magnetic field and an electrically conductive of an incompressible Casson nanofluid on heat and mass 
transfer through an accelerated stretched plate considering the nanofluid. Rafique et al., [13] 
explored the Soret and Dufour effects on Casson nanofluid flow using Keller box method, a numerical 
method for solving partial differential equations. Mukhopadhyay [14] reported that the Casson 
parameter depreciates the velocity field. Mustafa and Khan [15] discussed the magnetic field effect 
on Casson nanofluid over a nonlinearly stretched sheet. Gnanaprasanna and Singh [16] studied the 
rheological properties of Casson nanofluids flowing on a vertical plate. Hayat et al., [17] studied the 
Soret and Dufour effects on the magnetohydrodynamic (MHD) flow of the Casson fluid over a 
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stretched surface. Later various aspects of this problem have been studied by many researchers [18-
24]. 

The study of the boundary layer flow, heat and mass transfer is important due to its many 
applications in industries and many manufacturing processes such as aerodynamic extrusion of 
plastic sheets and cooling of metallic sheets in a cooling bath. During its manufacturing process a 
stretched sheet interacts with ambient fluid thermally and mechanically. Prasad et al., [25] discussed 
and analysed the diffusion thermo and chemical reaction effects on the free convection heat and 
mass transfer flow of nanofluid over a vertical plate embedded in a porous medium in the presence 
of radiation absorption and a constant heat source. Akbar et al., [26] presented the numerical study 
of heat and mass transfer analysis in a viscous unsteady MHD nanofluid flow. The steady boundary 
layer flow of nanofluid over an exponential stretching surface is investigated analytically by Nadeem 
and Lee [27]. The significance of thin fluid flow along an inclined plate in various physical and 
engineering contexts has come to be recognized in recent years, leading to increased research on the 
subject. These insights are essential because they will advance our theoretical and practical 
understanding of a variety of thin film-related situations that arise in the real world. Examples include 
heat exchangers, lubrication, electroplating, and the flow of fluid in connective tissue. Thin film flow 
analysis across a heated inclined plane was therefore proposed by Kay et al., [28] based on 
environmental model data. Srinivasulu and Bandari [29] deliberated the impact of non-linear thermal 
radiation and non-uniform heat source/sink on MHD boundary layer flow of Williamson nanofluid 
above an inclined stretching surface. Heat transfer of MHD flow over an inclined past stretching sheet 
is studied by Ali et al., [30]. Ramesh et al., [31] studied dust boundary layer flow of MHD fluid and 
heat transfer over an inclined stretching sheet with non-uniform heat source/sink. Nandeppanavar 
et al., [32] discussed the flow, heat and mass transfer of MHD Casson nanofluid due to an inclined 
stretching sheet. Rafique and Alotaibi [33] discussed the effects of heat generation/absorption and 
chemical reaction on magnetohydrodynamics (MHD) flow of non-Newtonian nanofluid over an 
inclined stretching surface. Nanofluid flow under the magnetic field effects over an inclined 
stretching sheet has been worked out by Shah et al., [34]. Saeed et al., [35] investigate the influences 
and features of magnetohydrodynamic thermophoresis and brownian motion of unsteady 2D non-
linear convective flow of thin film nanofluid over an inclined stretching sheet. Because most nonlinear 
differential equations do not have analytical solutions, approximation and numerical approaches are 
frequently used. Because many nonlinear equations do not have a small parameter, all classical 
perturbation techniques require it, which restricts the use of all traditional perturbation methods. 
The determination of a small parameter is a difficult operation that necessitates the employment of 
special techniques. The homotopy analysis method (HAM) is a semi-analytical technique that can be 
used to solve a wide range of nonlinear problems, including differential equations, integral equations, 
and boundary value problems. It is a powerful and versatile method that has been successfully 
applied to a variety of engineering and scientific problems. HAM has also been used to solve a variety 
of problems in other fields, such as electromagnetics, acoustics, and biology. For example, HAM has 
been used to study the propagation of electromagnetic waves, the sound waves in fluids and solids, 
and the diffusion of chemicals in biological systems. Many authors have employed HAM to overcome 
these challenges [36-40]. 

Four novel aspects served as the basis for our current effort. The primary goal of this study was 
to simulate and analyze the Casson nanofluid flow over a nonlinear inclined stretching surface. The 
second objective is to examine the dynamics of this flow over an inclined surface. The third step is to 
examine characteristics of the thermal radiation, chemical reaction, Soret effect, Brownian motion, 
and thermophoresis. As a fourth goal, we intend to use the HAM method to generate numerical 
solutions for the velocity, temperature, and concentration fields. Also, graphical analyses of the skin 
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friction coefficient and the local Nusselt and Sherwood numbers have been performed. To our 
knowledge, the problem is new and no such articles reported yet in the literature. 
 
2. Mathematical Formulation 
 

In this study, we have considered a transfer of non-Newtonian fluid (Casson) nanofluid via 2D 
boundary layer flow over a non(linear), expanding surface with an inclined angle  . Being a valid 

coordinate along the presumed constancy of the expanding surface, and ‘a’ is the assumed constant, 

we take it that the continuing and free stream velocities are ( ) m

w axxu =  and ( ) 0= xu , respectively. 

The magnetic field ( )0B x  is a transverse external field, perpendicular to the direction of the flow. 

The effects of chemical reactions, heat radiation, and the Soret/Dufour impacts are all considered. 

Figure 1, illustrates the constant values wT  and wC  for the wall temperature T and nanoparticle 

fraction C, respectively, whereas the ambient forms C  and T  for the nanofluid mass and 

temperature fraction are achieved as approximations to infinity. The Joule heating term is omitted 
from the energy equation when the electrical conductivity of the fluid is low or when the electric field 
is weak. In these cases, the heat generated by Joule heating is negligible and can be omitted from the 
energy equation without introducing a significant error. 
 

 
Fig. 1. Related schematic flow of the model 

 
The mentioned problem is governed by the following equations. 
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Using the Rosseland’s approximation for radiation, the radiation heat flux is simplified as [34,35] 
 

.
y

T

k
q

*

*

r



−=

4

3

4
             (5) 

 

In the above system of equations,   (Stefan-Boltzmann constant), k  (mean absorption factor). 

It is presumed that the temperature variance concerning the free steam T  and local temperature T  

is insignificant adequate, escalating 4T  in Taylor series approximately T  and ignoring greater order 

terms for: 
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The remedy to Eq. (3) can be derived from Eq. (5) and Eq. (6) as follows: 
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In which u, v (velocity constituents in the x  and y  directions), g  (acceleration due to gravity), 

0B  (uniform magnetic field strength),   (electrical conductivity),   (dynamic viscosity), f  (density 

of the base fluid), p  (density of the nanoparticle),   (Casson parameter), t  (factor of thermal 

expansion), c (quantity of concentration expansion), BD  (Brownian diffusion factor), TD  

(thermophoresis diffusion factor), k  (thermal conductivity), ( )
p

C  (heat capacitance of the 

nanoparticles), ( )
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=  (fraction between the effective heat capacity of the nanoparticle and heat 

capacity of the fluid), and Kr (chemical reaction parameter). 
 
The corresponding BCs are: 
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For the above stream function, Eq. (1) is identically satisfied. The association conversions are 
defined as [13]: 
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The obtained dimensionless ordinary differential equations 
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Here, primes denote the differentiation with respect to  , Dufour number (Du), radiation 

parameter (R), Buoyancy parameter ( ),Brownian motion parameter (Nb), ), chemical reaction 
parameter ( ), Solutal buoyancy parameter ( ),Prandtl number (Pr), magnetic parameter called 

Hartmann number (M), kinematic viscosity of the fluid ( v ),thermophoresis parameter (Nt), Soret 
number (Sr), Lewis number (Le). 

The similarity transformations lead to the following conversion of boundary restrictions. 
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2.1 Parameters of Empirical Importance 
 

Local Skin-friction coefficients, local Nusselt number and local Sherwood number for the present 
problem are maintained as 
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(local Reynolds number) the above expressions in dimensionless form take the 
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3. HAM 
 

Homotopic solutions of Eq. (11) to Eq. (14) are obtained by selecting the initial guesses and linear 
operators as follows. 
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where )i(Ci 7to1=  are the arbitrary constants. 

 
We construct the zeroth-order deformation equations 
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When p = 0 and p = 1, we obtain 
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=

=

=


=




=




=



                       (26)

 
 
For the series (22) to (24), convergence can be guaranteed if the starting approximations, auxiliary 

linear operators, and non-zero auxiliary parameters are selected suitably. 
 

( ) ( ) ( )0

1

,n

n

f f f  


=

= +                       (27) 

 

( ) ( ) ( )0

1

,n

n

     


=

= +                       (28) 

 

( ) ( ) ( )0

1

.n

n

     


=

= +                       (29)

 

 
mth-charge distortion equations are as observes 
 

( ) ( )( ) ( )1 1 1 ,f

n n n nL f f R   −− =                      (30) 

 

( ) ( )( ) ( )2 1 2 ,n n n nL R     −− =                      (31) 

 

( ) ( )( ) ( )3 1 3 ,n n n nL R     −− =                      (32) 

 
with the following boundary conditions 
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' '
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n n n
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=  =

=  =

                    (33) 
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1 1 1
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1 1 1 1 1

0 0 0

1 4
1 ' ' Pr ,

Pr 3
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i i i

R
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= = =
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i

R Le f Sr Le     
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=
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






=

.1,1

,1,0

m

m
m                        (37) 

 
3.1 Convergence of HAM Solution 
 

1 2,  and 3 . To acquire the relevant values for these parameters,  -curves are portrayed in 

Figure 2. From the figure, it is scrutinized that the plausible region of the parameters is about 

[ 1.0,0.0]− . For 1 2 3 0.45= = = − , the series solutions are convergent in the whole region of   . 

Table 1 displays the convergence of the method. 
 

 
Fig. 2. ( )'' 0f ( )' 0  and '(0) -  -curves 
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Table 1 
Order of approximation at which the HAM solutions converge when 

1.0, 0.5, 0.1, 0.9, Pr 2.0, 0.2,

0.2, / 4.

fM m R Sr D Le Nb Nt  

 

= = = = = = = = = = = =

=  =
 

Order )0(''f−  )(' 0−  '(0)−  
5 0.979147 0.384462 1.79158 
10 0.979211 0.381463 1.792136 
15 0.979220 0.381102 1.792081 
20 0.979218 0.381058 1.792086 
25 0.979218 0.381051 1.792087 
30 0.979218 0.381050 1.792087 
35 0.979218 0.381050 1.792087 
40 0.979218 0.381050 1.792087 
45 0.979218 0.381050 1.792087 

 
4. Validation of the Work 
 

Values of )0('−  and ( )' 0  for different ranges of Nb  and Nt  are determined and compared to 

formerly existing work in Table 2. Comparison of the values of '(0)−  with the existing results of 

Srinivasulu and Bandari [29] has been given in Table 3. The current outcomes are observed to be in 
limiting sense agreement with the preceding results. 
 

Table 2 

Assessment of )0('−  for different estimates of Nb  and Nt  when 

0, , 1,Pr 10, / 2.fM R Sr D m Le    = = = = = = → = = = =  

Nb  Nt  Rafique et al., [13] HAM 

)0('−  ( )' 0−  )0('−  ( )' 0−  

0.1 0.1 0.9524 2.1294 0.952428 2.129471 
0.2 0.2 0.3654 2.5152 0.365436 2.515266 
0.3 0.3 0.1355 2.6088 0.135545 2.608814 

 
Table 3 

Assessment of )0('−  for different estimates of Pr  in the absence 

of remaining parameters 

Pr  Srinivasulu and Bandari [29] HAM 

0.2 0.196549 0.196552 
0.7 0.454442 0.454449 
2.0 0.911340 0.911358 

 
5. Results and Discussion 
 

In this section, we describe graphical and tabular perspectives of the characteristics of system 
boundaries, including flow, temperature, concentration, skin friction, and the Nusselt and Shewhart 
numbers. The figures are created by changing the quantity of a bound within a defined range to create 
new ones, while others, like the first images, are kept permanently in place. 
 

1.0, 0.5, 0.1, 0.9, Pr 2.0, 0.2, / 4.fM m R Sr D Le Nb Nt    = = = = = = = = = = = = =  =  
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Figure 3 portrays the impact of magnetic parameter M  on the flow fields for different values of 
M . An electrically conducting fluid in the presence of a magnetic field produces a force that resists 
the flow, causing the velocity profiles to decrease and the temperature and concentration profiles to 
increase. On the other hand, the velocity profile slows down for large values of the non-linear 
stretching parameter m , shown in Figure 4. Physically, the momentum boundary layer thickness 
reduces for higher values of m . 
 

 

 

 
Fig. 3. Variation in ( )'f   with M   Fig. 4. Variation in ( )'f   with m 

 
The impact of the buoyancy parameter is shown in Figure 5. It is observed that the velocity profile 

increases as the buoyancy parameter increases. This is because the buoyancy effect increases the 
strength of the fluid flow, which enhances the boundary layer thickness and velocity. Figure 6 
indicates that the velocity outline increases by enhancing the solutal buoyancy factor. Physically, the 
buoyancy parameter reduces the viscous forces whereby the velocity upturns. 
 

 

 

 
Fig. 5. Variation in ( )'f   with    Fig. 6. Variation in ( )'f   with   

 
The velocity field and inclination parameter correspond to an inverse relation drawn in Figure 7. 

Physically, by considering 0= , the gravitational force reaches its maximum value. On the contrary, 

in the case of 090= , the sheet will be in horizontal position, and that is why the power of the 
bouncy forces declines which is the reason behind the reduction in the velocity profile. 

The effect of the Casson parameter on the velocity parameter is presented in Figure 8. It is 
observed that for large values of the Casson parameter, the velocity profile decreases. The reason 
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behind this behavior is that by increasing the values of the Casson parameter,   increases the fluid 

viscosity i.e., reducing the yield stress. Therefore, the momentum boundary layer thickness reduces. 
 

 

 

 
Fig. 7. Variation in ( )'f   with    Fig. 8. Variation in ( )'f   with   

 
Figure 9 and Figure 10 show how the Brownian motion factor Nb  modifies temperature and 

concentration curves. The wider range of boosts nanoparticle kinetic energy, allowing more particles 
to transition beyond the surface, resulting in higher temperatures but lessening concentration. 
 

 

 

 
Fig. 9. Variation in ( )   with Nb  Fig. 10. Variation in ( )   with Nb 

 
From Figure 11, it can be noticed that the fluid temperature increases by increasing the 

thermophoresis parameter Nt . This is due to the fact that heated particles are drawn away from hot 
surfaces and toward colder areas by the thermophoresis force, causing an increase in the fluid 
temperature inside the boundary layer. It should be mentioned that the thermal conductivity 
increases with increasing Nt . This is the major reason that leads to the higher concentrations, as 
presented in Figure 12. 
 

0 2 4 6 8
0

0.2

0.4

0.6

0.8

1



f 
( 

)

 

 

 = /6

 = /4

 = /3

0 2 4 6 8
0

0.2

0.4

0.6

0.8

1



f 
( 

)

 

 

 = 0.5

 = 1.0

 = 5.0

0 2 4 6 8
0

0.2

0.4

0.6

0.8

1




( 

)

 

 

Nb = 0.1

Nb = 0.3

Nb = 0.5

0 2 4 6 8
0

0.2

0.4

0.6

0.8

1




( 

)

 

 

Nb = 0.1

Nb = 1.5

Nb = 2.5



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 112, Issue 1 (2023) 217-235 

230 
 

 

 

 

Fig. 11. Variation in ( )   with Nt  Fig. 12. Variation in ( )   with Nt 

 
Figure 13 shows that the temperature profile becomes large for larger values in Dufour parameter 

fD . This can be justified as an increase in the Dufour parameter, causing an increase in the 

concentration gradient, resulting in a mass diffusion taking place more rapidly. In this way, the rate of 
energy transfer related to the particles becomes higher. That is why the temperature profiles 
enhance. The impact of the Soret number on the concentration profile is observed similar to the 
impact of the Dufour number on the temperature profile. As parameter Sr  increases, the 
concentration profile increases as displayed in Figure 14. 
 

 

 

 
Fig. 13. Variation in ( )   with Df  Fig. 14. Variation in ( )   with Sr 

 
The influence of Prandtl number Pr  on temperature and concentration profiles for various values 

of Pr  are reported in Figure 15 and Figure 16. Pr  is the ratio of kinematic viscosity to the thermal 
diffusivity of the fluid. For larger quantities of Pr , have less thermal diffusion. Hence temperature 
and concentration curves decrease with enhances in Pr . 
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Fig. 15. Variation in ( )   with Pr  Fig. 16. Variation in ( )   with Pr 

 
The effect of radiation parameter R  on temperature is displayed in Figure 17. It is noticed that 

the temperature increases with the increase of R . This is due to the fact that the thermal boundary 
layer thickness increases with the increase of radiation parameter. 

Figure 18 shows the concentration profile for various estimates of Lewis Number Le . 
Concentration profile diminishes with gain in Le . Le  is dependent on the Brownian diffusion 
coefficient. The larger values of Le  leads to weaker Brownian diffusion coefficient. Thus, 
concentration profile diminishes with increase in Le . 
 

 

 

 
Fig. 17. Variation in ( )   with R  Fig. 18. Variation in ( )   with Le 

 
The effect of chemical reaction   on the resulting concentration profile is depicted in Figure 19. 

There is a decreasing concentration profile observed as the value of the chemical parameter 
increases. This happens because the presence of a destructive chemical reduces the thickness of the 
solutal boundary layer and increases the mass transfer rates. Development in the inclination 
parameter reduces the skin friction factor but has the reverse effect on the Nusselt and Sherwood 
numbers. This is shown in Figure 20 to Figure 22. 
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Fig. 19. Variation in ( )   with    Fig. 20. Variation in fC  with   and M 

 

 

 

 
Fig. 21. Variation in xNu  with   and M  Fig. 22. Variation in xSh  with   and M 

 
Figure 23 depicts a comparison of velocity profiles using HAM and numerical findings (NDSolve 

function in Mathematica) and indicates that the results are comparable across a range of different 
value of M. 
 

 
Fig. 23. Comparison of ( )'f   for NDSolve and 

HAM with M  
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6. Conclusion 
 

In this article, the effects of a Casson nanofluid boundary layer flow over an inclined expanding 
surface with Soret-Dufour chemical reaction are investigated. The important results are the following: 

 
i. The velocity profile decreases as the inclination parameter increases. An increase in the 

Casson fluid parameter decreases the velocity profile. 
ii. Improving the buoyancy and solutal buoyancy parameters cause an enhancement in the 

velocity profile.  
iii. Thermal radiation boosts temperature field. 
iv. Temperature profile upturns when increasing the radiation factor. Dufour effect causes the 

enhancement in the temperature profile. 
v. Mass diffusion and energy of the fluid upturns by enhancing the Brownian motion factor. The 

thermophoresis factor increases the temperature profile and decreases the concentration 
profile. 

vi. The boundary layer viscosity decreases against Lewis number which relates to a drop in the 
concentration profile. 

vii. Skin friction coefficient decreases with increasing values inclination parameter. But Nusselt 
number and Sherwood numbers decrease with the increasing values of inclination 
parameter. 

 
Several scientific and practical applications involving electric fluids are expected to build on the 

groundwork laid by the present research of flow physics over an exponential stretching regime. The 
findings may have implications for understanding the migration of subsurface water and the efficacy 
of various filtration and purification techniques, as well as the flow of oil and gas through a reservoir 
in an oil or gas field. Finding a solution to this issue may have far-reaching implications, including 
improvements to heat shifter designs, glass fibre outlining, and nuclear engineering's use of the 
findings in combination with reactor cooling. 
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