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Hybrid nanofluid is an improved kind of nanofluid that typically utilized to enhance the 
thermal efficiency in fluid flow regimes. It has a wide range of real-world applications. 
This opened up many new prospects to further investigate the two-dimensional hybrid 
nanofluid under different body geometries and physical parameters. A numerical study 
of a two-dimensional magnetized mixed convection hybrid nanofluid flow over a vertical 
exponentially shrinking sheet is considered in this paper. The main objective of this 
current study is to examine the influences of volume fraction of copper, mixed 
convection, and radiation on the reduced skin friction and reduced heat transfer against 
the effect of suction. Besides, the influences of radiation, volume fraction of alumina, 
velocity slip, thermal slip, magnetic parameter, and Eckert number on the velocity and 
temperature profiles are also considered in this paper. The governing system of partial 
differential equations (PDEs) is transformed into a system of nonlinear ordinary 
differential equations (ODEs) through exponential similarity variables. Then, the bvp4c 
solver for MATLAB is used to solve the transformed nonlinear ODEs. Numerous significant 
results are being observed. As the quantity of mixed convection was raised, the reduced 
skin friction improved in both solutions, and reduced heat transfer increased in the 
second solution but with no variation found in the first solution. Besides, the temperature 
profile grew when the volume fraction of alumina, radiation, magnetic parameter, and 
Eckert number were raised in both solutions. In terms of heat transfer rate, when the 
amount of the velocity slip parameter was increased, temperature reduced in the first 
solution but increased in the second solution. Whilst temperature dropped in both 
solutions as the thermal slip parameter was enhanced. In conclusion, the addition of 
hybrid nanoparticles boosted the heat transmission rate. In the assisting flow condition, 
dual solutions exist when the suction parameter value is greater or equal to its critical 
point. However, no fluid flow is conceivable when the indicated value is less than this 
critical point. 
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1. Introduction 
 

In the engineering and manufacturing industries, boundary layer flow generated through 
stretching or shrinking surface is usually employed. The notion of a two-dimensional boundary layer 
steady flow over a stretching surface was first explored by Sakiadis [1]. Subsequently, Crane [2] who 
had modified Sakiadis’ concepts and applied them to two-dimensional linear stretching and 
exponential surfaces in a steady flow. For the previous few decades, scientists have focused their 
efforts on improving the heat transfer rate in industrial and engineering applications. This is due to 
the fact that the performances of many devices such as electronic devices and heat exchangers, are 
highly dependent on the heat transfer rate. Normal fluids such as oil, ethylene glycol, and water have 
limited heat transfer rate due to their low thermal conductivity. In view this, the aforementioned 
normal fluids’ deficiencies could be solved by incorporating a single or more than one type of 
nanoparticles into the normal fluids. 

Choi and Eastman [3] was the first to describe such combination of nanoparticles and normal 
fluids as nanofluids. Nanofluids are composed of tiny quantities of solid particles measuring 100 nm 
or less in size. Solid nanoparticles have the ability to significantly upsurge the thermal conductivity 
and heat transfer rate of normal fluids. Metals (such as iron (Fe), aluminium (Al), copper (Cu)), metal 
oxides (such as copper (II) oxide (CuO), alumina (Al2O3)), and semiconductors (such as titanium 
dioxide (TiO2), silicon dioxide (SiO2)) are among those common nanoparticles being explored by many 
researchers in the existing literature. Known applications which involved nanofluids exist in the fields 
of solar energy, drug delivery, aircraft, agriculture, building cooling and heating, microchips, 
refrigerators, and vehicles [4]. Miklavčič and Wang [5] were acknowledged as being the first to 
employ suction to examine the viscosity of three-dimensional fluid flow across a shrinking surface. 
Moreover, Qayyum et al., [6] investigated the influences of copper and silver nanoparticles on the 
two-dimensional flow of homogeneous-heterogeneous processes in the occurrence of radiation. 
Ahmad and Pop [7] explored the notion of two-dimensional mixed convection steady flow on 
nanofluid and concluded that non-uniqueness of solutions exists only within certain parameter 
regions. Entropy generation minimization (EGM) of two-dimensional radiative nanofluid flow 
through a thin moving needle was studied by Khan et al., [8]. The two-dimensional flow across an 
exponentially stretched surface was studied by Magyari and Keller [9], and Elbashbeshy [10] followed 
up with a similar investigation which considered the mass suction on the exponentially surface. More 
recent studies of nanofluid at various physical parameters can be seen in the existing literature [11-
22]. 

On the other hand, hybrid nanofluid is a new type of nanofluid with a composition of more than 
one distinct type nanoparticles in a normal fluid. Such composition further improves the thermal 
characteristics exhibited by nanofluid. Paper production, air conditioning systems, warmth pipes, 
tube-shaped heat exchangers, helical coil heat exchangers, and other uses of hybrid nanofluids were 
described by Huminic and Huminic [23]. Suresh et al., [24] developed the concept of hybrid 
nanofluids through laboratory experiment. Devi and Devi [25] explored a two-dimensional boundary 
layer MHD steady flow of Al2O3-Cu/H2O hybrid nanofluid across a stretched surface employing novel 
thermophysical characteristic correlations which agreed with the findings of Suresh et al., [24]. They 
revealed that greater nanoparticle volume fractions would increase heat transfer rate in those 
investigations. Waini et al., [26] focused on a two-dimensional unsteady flow and heat transfer via a 
stretching/shrinking layer in a hybrid nanofluid. Besides, the heat transfer of a steady two-
dimensional hybrid nanofluid over an exponentially stretching/shrinking layer was investigated by 
Yashkun et al., [27] through the impact of Joule heating and mixed convection. Zainal et al., [28] 
examined the influence of heat generation/absorption on a three-dimensional MHD steady flow of 
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an Al2O3-Cu/H2O hybrid nanofluid over a bidirectional exponential stretching/shrinking layer. 
According to the findings by Yashkun et al., [27] and Zainal et al., [28], the heat transfer rate increased 
when the volume fraction nanoparticles is enhanced. Several reviews and findings on exponentially 
hybrid nanofluids can be found in the literature [29-32]. 

Magnetohydrodynamics (MHD) is a term that combines the words magneto (magnetic), hydro 
(fluids), and dynamics (motion). MHD is the study of electrically conducting fluid flow under the 
influence of magnetic field. Engineers employed MHD ideas in developing and designing a wide range 
of industrial applications, including generators, MHD pumps, flow meters, nuclear waste disposal, 
geothermal energy extractors, nuclear reactor cooling, and others [33]. Devi and Devi [34] expanded 
their findings in Devi and Devi [25] to a three-dimensional steady flow employing Newtonian heating. 
They revealed that hybrid nanofluid transfers heat more rapidly than nanofluid. Besides, a steady 
two-dimensional flow of a hybrid nanofluid across a stretching layer was then explored by Devi and 
Devi [35]. Lund et al., [36] investigated a two-dimensional unsteady MHD hybrid nanofluid flow over 
a stretching and shrinking sheet with the effect of radiation. Waini et al., [37] investigated the impact 
of radiation on a two-dimensional steady MHD hybrid nanofluid flow passes through an exponentially 
shrinking layer. Additional studies on MHD hybrid nanofluid were included in the references [38,39]. 

At high operating temperatures, thermal radiation has a considerable influence that must be 
taken into account. Thermal radiation sensitivity is crucial in designing a suitable apparatus since 
many industrial processes occur at extremely high temperatures. Solar radiations, ship compressors, 
internal combustion engines, spaceships, combustion processes, plasma physics, and spacecraft are 
among the many industrial applications in which it is used [40]. Sreedevi et al., [41] used radiation to 
study its impact on a two-dimensional unsteady hybrid nanofluid flow of mass and heat across a 
stretched sheet. Hayat and Nadeem [42] explored the heat transfer of a three-dimensional steady 
flow employing an Ag-CuO/water hybrid nanofluid. Anuar et al., [43] explained a three-dimensional 
steady rotating hybrid nanofluid flow over a stretching and shrinking sheet through radiation 
parameter. Recently, Dero et al., [44] examined the numerical analysis of a Cu-Al2O3/H2O hybrid 
nanofluid of cross and streamwise flows under the influence of thermal radiation. More researches 
have been conducted on hybrid nanofluid in the occurrence of thermal radiation [45,46]. 

Convective heat transfer, commonly known as convection, is a heat transfer process from one 
location to another through a moving heated fluid flow. Forced convection is the procedure in which 
flow pattern is created by an external source. Free or natural convection is a mechanism in which 
flow pattern is driven only by buoyant forces caused by density fluctuations. Mixed convection exists 
when both forced and natural convection processes are involved [47]. Due to its significance effect 
in solar collectors, nuclear reactors, vehicle radiators, and electronic devices, the phenomenon of 
mixed convection flow has piqued the interest of researchers [48]. Merkin [49] was the first to 
explore a two-dimensional mixed convection on boundary layer porous medium in the presence of 
multiple solutions. Later, in 1986, he continued his research on porous media and identified dual 
solutions [50]. Furthermore, Waini et al., [51] investigated a two-dimensional steady hybrid nanofluid 
flow along a vertical plate in a porous media utilizing mixed convection. Additionally, Yashkun et al., 
[27] explored a two-dimensional steady hybrid nanofluid flow by an exponentially 
stretching/shrinking layer, with the impact of mixed convection and Joule heating. However, they did 
not study the impact of the mixed convection parameter. Moreover, Waini et al., [48] considered a 
two-dimensional steady flow across a vertical exponential stretching and shrinking surface in hybrid 
nanofluid with the occurrence of mixed convection. Mixed convection investigations have been 
studied by several other researchers [52,53]. 

The technique of creating heat by carrying an electric current via a conductor is known as Joule 
heating, also being characterized as ohmic, resistance, or resistive heating. Joule heating can be seen 
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in the resistance ovens, incandescent light bulbs, cartridge heaters, electric warmers, electric fuses, 
soldering irons, and food processing equipment [27]. Khashi’ie et al., [54] also explored the behaviour 
of a steady two-dimensional MHD Cu-Al2O3/water nanofluid coupled with a radially 
stretching/shrinking sheet under the influence of Joule heating. Moreover, Yan et al., [55] 
investigated a two-dimensional magnetized steady hybrid nanofluid flow by an exponential surface 
with the existence of Joule heating and slip conditions. Besides, they also discovered that increasing 
the Eckert number raises the temperature in both solutions. 

Many significant applications of slip condition include the formation of heart valves and interior 
cavities, as well as the cleaning of artificial heart valves [56]. Andersson [57] was the first to propose 
the concept of slip influence on boundary flow. Hayat et al., [58] investigated a three-dimensional 
rotating steady hybrid nanofluid flow with partial slip and radiation effect. Additionally, Yan et al., 
[55], as mentioned above, investigated a two-dimensional magnetized steady hybrid nanofluid flow 
by an exponential surface with the presence of slip conditions and Joule heating. They noted that 
reduced heat transfer declines as in thermal slip parameter rises. More citations on the influence of 
slip parameter are presented in the literature [59,60]. 

Yashkun et al., [27] studied a two-dimensional hybrid nanofluid flow including an exponentially 
stretching/shrinking sheet under the influence of MHD, Joule heating, and mixed convection, but 
without considering the effect of velocity and thermal slip conditions, as well as thermal radiation. 
Waini et al., [48] explored a two-dimensional hybrid nanofluid flow across a vertical exponentially 
shrinking sheet using mixed convection without taking into account the effect of MHD, velocity and 
thermal slip conditions, Joule heating, and radiation. However, by using the Tiwari-Das model (see 
Tiwari and Das [61]), the present study aims to fill in the gaps reported in Yashkun et al., [27] and 
Waini et al., [48] by addressing the combined effect of MHD, mixed convection, radiation, Joule 
heating, as well as velocity and thermal slips conditions. Therefore, a novel physical model of two-
dimensional magnetized mixed convection hybrid nanofluid over a vertical exponentially shrinking 
sheet with the effect of thermal radiation, Joule heating, velocity and thermal slip conditions has 
been developed. In this study, the hybrid nanofluid being considered is a composition of alumina 
(Al2O3) and copper (Cu) as the solid nanoparticles, and water (H2O) as the base fluid. The research 
aims to explore the variation influence of volume fraction of copper, mixed convection and thermal 
radiation on reduced skin friction and reduced heat transfer against the suction effect. Moreover, 
the velocity and temperature profiles with respect to radiation, the volume fraction of alumina, 
velocity and thermal slip conditions, MHD, and Eckert number are also being examined and 
discussed. Additionally, numerical findings from the current study are compared with those findings 
found in previous studies. To the best of the authors’ knowledge, the findings of this study are novel 
and have yet to be examined and reported by any researcher. 
 
2. Methodology 
2.1 Formulation of Mathematical Modelling 
 

The two-dimensional MHD mixed convection incompressible and steady flow on a vertical 
exponentially shrinking sheet in hybrid nanofluid is presented in Figure 1. The sheet movement is 
determined by the 𝑥-axis, whereas the 𝑦-axis is perpendicular to it. Along this 𝑥-axis, the surface 

velocity is 𝑢 = 𝑢𝑤(𝑥) = 𝑈𝑤 𝑒
𝑥

𝑙⁄ , where 𝑙 is the characteristic length while 𝑈𝑤 is a constant of the 

sheet. Moreover,  𝑇𝑤(𝑥) =  𝑇0 𝑒
2𝑥

𝑙⁄ + 𝑇∞, where 𝑇𝑤(𝑥) is the surface's temperature, 𝑇∞ is the free 
stream temperature and 𝑇0 being the characteristic temperature. 
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The following assumptions were also applied in this physical model. 
 

i. In the physical model, both the heated plate (𝑇𝑤(𝑥) > 𝑇∞) and cooled plate (𝑇𝑤(𝑥) <
𝑇∞) are taken into consideration. 

ii. A magnetic field with varying strength is being applied in the direction parallel to the 𝑦-

axis and being defined as 𝐵(𝑥) = 𝐵0𝑒𝑥/2𝑙  in which 𝐵0  denotes the magnetic field’s 
constant intensity. 

iii. The symbol 𝑔 represents the gravitational acceleration. 
 

 
Fig. 1. The physical model considered in this study 

 
The following are the governing equations for the abovementioned physical model [37,48,55] 
 
𝑢𝑥 + 𝑣𝑦 = 0,              (1) 

 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 =
𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝑢𝑦𝑦 + 𝛽ℎ𝑛𝑓𝑔(𝑇 − 𝑇∞) −

𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵2𝑢,        (2) 

 

𝑢𝑇𝑥 + 𝑣𝑇𝑦 =
𝑘ℎ𝑛𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

𝑇𝑦𝑦 −
1

(𝜌𝑐𝑝)
ℎ𝑛𝑓

(𝑞𝑟)𝑦 +
𝜎ℎ𝑛𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

𝐵2𝑢2        (3) 

 
The boundary conditions are as follows [55]: 
 
𝑣 = 𝑣𝑤(𝑥), 𝑢 = 𝑢𝑤 + 𝜁𝜈𝑓𝑢𝑦, 𝑇 = 𝑇𝑤 + 𝜉𝜈𝑓𝑇𝑦  as 𝑦 = 0,        (4) 

 
𝑢 → 0, 𝑇 → 𝑇∞, as  𝑦 → ∞.            (5) 
 

The variables 𝑢  and 𝑣  correspond to the velocities along the 𝑥- and 𝑦-axes, respectively. 𝑇  is 

defined as the fluid's temperature. Furthermore, 𝜁 = 𝜁1𝑒
−𝑥

2𝑙⁄  is the velocity slip factor, and 𝜁1 

symbolizes the initial values of the velocity factor. On the other hand, 𝜉 = 𝜉1 𝑒
−𝑥

2𝑙⁄  is the factor of 
thermal slip, and 𝜉1  signifies the initial values of the thermal factor. Besides, 𝑣𝑤 = −(𝑈𝑤𝜈𝑓/

2𝑙)1/2 𝑒
𝑥

2𝑙 ⁄ 𝑆 denotes the mass flux velocity where 𝑆 is the parameter of suction/injection, with 𝑆 >
0 indicating suction and 𝑆 < 0 showing injection. The radiative heat flux is 𝑞𝑟 [37]: 
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𝑞𝑟 = −
4𝜎1

3𝑘1

𝜕𝑇4

𝜕𝑦
 .             (6) 

 
The Stefan-Boltzmann constant and the mean absorption coefficient are denoted by the symbols 

𝜎1  and 𝑘1 , respectively. By excluding higher-order terms and expanding  𝑇4  with a Taylor series 
about 𝑇∞, these yields 𝑇4 ≅ 4𝑇∞

3  𝑇 − 3𝑇∞
4 , and readily to be substituted in Eq. (3) as follows [37] 

 

𝑢𝑇𝑥 + 𝑣𝑇𝑦 = [
𝑘ℎ𝑛𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

+
16𝜎1𝑇∞

3

3𝑘1(𝜌𝑐𝑝)
ℎ𝑛𝑓

] 𝑇𝑦𝑦 +
𝜎ℎ𝑛𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

𝐵2𝑢2.        (7) 

 
Besides, 𝜎 , 𝛽 , 𝜌,  𝑘 , 𝑐𝑝 , 𝜌𝑐𝑝 , and 𝜇  are constants which represent the electrical conductivity, 

thermal expansion coefficient, density, thermal conductivity, specific heat capacity, effective heat 
capacity, and dynamic viscosity, respectively. The subscripts 𝑓, 𝑛𝑓, ℎ𝑛𝑓, Al2O3, and Cu signify fluid, 
nanofluid, hybrid nanofluid, solid nanoparticle Al2O3, and solid nanoparticle Cu. The thermophysical 
properties of hybrid nanofluid utilized in Eq. (2) and Eq. (3) are presented in Table 1. Note that the 
volume fractions of Al2O3 and Cu are symbolized by 𝜑𝐴𝑙2𝑂3

 and 𝜑𝐶𝑢, respectively. On the other hand, 

the thermophysical properties of the base fluid (water/H2O) and nanoparticles (Al2O3 and Cu) are 
shown in Table 2. 
 

Table 1 
Thermophysical properties of hybrid nanofluid [27,37] 
Names Properties 

Dynamic 
Viscosity 

𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1 − 𝜑𝐶𝑢)
5

2⁄ (1 − 𝜑𝐴𝑙2𝑂3
)

5
2⁄
 

 
Thermal 
expansion 
coefficient 
 

(𝛽)ℎ𝑛𝑓 = (1 − 𝜑𝐶𝑢)[(1 − 𝜑𝐴𝑙2𝑂3
)(𝛽)𝑓 + 𝜑𝐴𝑙2𝑂3

(𝛽)𝐴𝑙2𝑂3
] + 𝜑𝐶𝑢(𝛽)𝐶𝑢 

 

Density 𝜌ℎ𝑛𝑓 = (1 − 𝜑𝐶𝑢)[(1 − 𝜑𝐴𝑙2𝑂3
)𝜌𝑓 + 𝜑𝐴𝑙2𝑂3

𝜌𝐴𝑙2𝑂3
] + 𝜑𝐶𝑢𝜌𝐶𝑢 

 
Thermal 
conductivity 

𝑘ℎ𝑛𝑓 =
𝑘𝐶𝑢+2𝑘𝑛𝑓−2𝜑𝐶𝑢(𝑘𝑛𝑓−𝑘𝐶𝑢)

𝑘𝐶𝑢+2𝑘𝑛𝑓+𝜑𝐶𝑢(𝑘𝑛𝑓−𝑘𝐶𝑢)
× (𝑘𝑛𝑓), where 𝑘𝑛𝑓 =

𝑘𝐴𝑙2𝑂3+2𝑘𝑓−2𝜑𝐴𝑙2𝑂3(𝑘𝑓−𝑘𝐴𝑙2𝑂3)

𝑘𝐴𝑙2𝑂3+2𝑘𝑓+𝜑𝐴𝑙2𝑂3(𝑘𝑓−𝑘𝐴𝑙2𝑂3)
× (𝑘𝑓) 

 
Heat capacity (𝜌𝑐𝑝)

ℎ𝑛𝑓
= (1 − 𝜑𝐶𝑢) [(1 − 𝜑𝐴𝑙2𝑂3

)(𝜌𝑐𝑝)
𝑓

+ 𝜑𝐴𝑙2𝑂3
(𝜌𝑐𝑝)

𝐴𝑙2𝑂3
] + 𝜑𝐶𝑢(𝜌𝑐𝑝)

𝐶𝑢
 

 
Electrical 
conductivity 
 

𝜎ℎ𝑛𝑓 =
𝜎𝐶𝑢+2𝜎𝑛𝑓−2𝜑𝐶𝑢(𝜎𝑛𝑓−𝜎𝐶𝑢)

𝜎𝐶𝑢+2𝜎𝑛𝑓+𝜑𝐶𝑢(𝜎𝑛𝑓−𝜎𝐶𝑢)
× (𝜎𝑛𝑓), where (𝜎𝑛𝑓) =

𝜎𝐴𝑙2𝑂3+2𝜎𝑓−2𝜑𝐴𝑙2𝑂3(𝜎𝑓−𝜎𝐴𝑙2𝑂3)

𝜎𝐴𝑙2𝑂3+2𝜎𝑓+𝜑𝐴𝑙2𝑂3(𝜎𝑓−𝜎1𝐴𝑙2𝑂3)
× (𝜎𝑓) 

 
Table 2  
Thermophysical properties of copper, alumina and water [27,37]  
 𝜌 (kgm−3) 𝜎 (Sm−1) 𝑐𝑝 (Jkg−1K−1) 𝛽 × 10−5 (K−1) 𝑘 (Wm−1K−1) 𝑃𝑟 

Copper (Cu) 8933 5.96×107 385 1.67 400 - 
Alumina (Al2O3) 3970 3.69×107 765 0.85 40 - 
Water (H2O) 997.1 0.05 4179 21 0.613 6.2 
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The following similarity variables are considered [37,48,55] 
 

𝑢 = 𝑈𝑤𝑒
𝑥

𝑙⁄ 𝑓′(𝜂); 𝑣 = −√
𝑈𝑤𝜈𝑓

2𝑙
𝑒

𝑥
2𝑙⁄ (𝑓(𝜂) + 𝜂𝑓′(𝜂));  𝜃(𝜂) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
;  𝜂 = 𝑦√

𝑈𝑤

2𝜈𝑓𝑙
 𝑒

𝑥
2𝑙⁄ .   (8) 

 
As Eq. (1) is fully satisfied, Eq. (2) and Eq. (3) can be converted to ordinary differential equations 

(ODEs) by using the similarity variables in Eq. (8) as shown below 
 
𝜇ℎ𝑛𝑓 𝜇𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑓′′′ + 𝑓′′𝑓 − 2(𝑓′)2 + 2𝜆1 (

𝛽ℎ𝑛𝑓

𝛽𝑓
) 𝜃 −

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑀𝑓′ = 0,       (9) 

 
1

𝑃𝑟(𝜌𝑐𝑝)ℎ𝑛𝑓 (𝜌𝑐𝑝)𝑓⁄
[

𝑘ℎ𝑛𝑓

𝑘𝑓
 +  

4

3
𝑅𝑑] 𝜃′′ + 𝜃′𝑓 −  4𝜃𝑓′ +

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

(𝜌𝑐𝑝)
ℎ𝑛𝑓

(𝜌𝑐𝑝)
𝑓

⁄
𝑀𝐸𝑐(𝑓′2

) = 0.              (10) 

 
Similarly, the boundary conditions in Eq. (4) and Eq. (5) can be converted using the similarity 

variables in Eq. (8) and yield the following results 
 
𝑓(0) = 𝑆, 𝑓′(0) = −1 + 𝛿𝑓′′(0), 𝜃(0) = 1 + 𝛿𝑇𝜃′(0),                  (11) 
 
𝑓′(𝜂) → 0;   𝜃(𝜂) → 0 as 𝜂 → ∞.                     (12) 
 

The parameters 𝑀 =
2𝑙𝐵0

2𝜎𝑓

𝑈𝑤𝜌𝑓
, 𝜆1 =

𝑔𝛽𝑓𝑇0𝑙

𝑈𝑤
2 , 𝑃𝑟 =

𝜇𝑓(𝑐𝑝)
𝑓

𝑘𝑓
, 𝑅𝑑 =

4𝜎1𝑇∞
3

𝑘1𝑘𝑓
, and 𝐸𝑐 =

𝑢𝑤
2

(𝑇𝑤−𝑇∞)(𝑐𝑝)
𝑓

 are 

the magnetic parameter, mixed convection parameter, Prandtl number, thermal radiation 

parameter, and Eckert number, respectively. Additionally, 𝛿 = 𝜁1(
𝜈𝑓𝑈𝑤

2𝑙
)

1
2⁄  and 𝛿𝑇 = 𝜉1(

𝜈𝑓𝑈𝑤

2𝑙
)

1
2⁄  are 

the velocity and thermal slip parameters, respectively. 
The skin friction coefficient 𝐶𝑓 and the local Nusselt number 𝑁𝑢𝑥  are then defined as 

 

𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜌𝑓𝑢𝑤
2 (𝑢𝑦)

𝑦=0
, 𝑁𝑢𝑥 =

2𝑙

𝑘𝑓(𝑇𝑤−𝑇∞)
[−𝑘ℎ𝑛𝑓(𝑇𝑦)

𝑦=0
+ (𝑞𝑟)𝑦=0].                 (13) 

 
The following equations are obtained by employing Eq. (8) and Eq. (13) 
 

(𝑅𝑒𝑥)
1

2⁄ 𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜇𝑓 
 𝑓′′(0), (𝑅𝑒𝑥)

−1
2⁄ 𝑁𝑢𝑥 = − [

𝑘ℎ𝑛𝑓

𝑘𝑓
+  

4𝑅𝑑

3
] 𝜃′(0),                (14) 

 

where 𝑅𝑒𝑥 =
2𝑢𝑤𝑙 

𝜈𝑓
 is the local Reynolds number. 

 
2.2 Numerical Method 
 

The bvp4c solver which runs on the MATLAB computational platform, is employed to solve the 
system of higher-order nonlinear ODEs described in Eq. (9) and Eq. (10) with the boundary conditions 
in Eq. (11) and Eq. (12) numerically. Numerous experts and researchers had used the bvp4c solver 
technique to solve fluid flow problems extensively. The bvp4c algorithm is a finite difference scheme 
that utilizes the three-stage Lobatto IIIA implicit Runge–Kutta method that yields fourth-order 
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numerical solutions [62]. We followed the procedures below to incorporate the bvp4c solver into our 
physical model. 
 
STEP 1: Define new variables for the system of nonlinear higher order (ODEs) in Eq. (9) and Eq. (10). 
 
𝑦(1) = 𝑓, 𝑦(2) = 𝑓′, 𝑦(3) = 𝑓′′, 𝑦(4) = 𝜃, 𝑦(5) = 𝜃′.                  (15) 
 
STEP 2: By using the new variables defined in Eq. (15), the system of higher-order nonlinear ODEs in 
Eq. (9) and Eq. (10) can be reduced to a system of first-order nonlinear ODEs as shown below 
 
𝑓′ = 𝑦(2),

𝑓′′ = 𝑦(3),

𝑓′′′ = [2(𝑦(2))
2

− 𝑦(1)𝑦(3) − 2𝜆1(𝛽ℎ𝑛𝑓 𝛽𝑓⁄ )𝑦(4) +
𝜎ℎ𝑛𝑓 𝜎𝑓⁄

𝜌ℎ𝑛𝑓 𝜌𝑓⁄
𝑀𝑦(2)]

𝜌ℎ𝑛𝑓 𝜌𝑓⁄

𝜇ℎ𝑛𝑓 𝜇𝑓⁄
,

𝜃′ = 𝑦(5),

𝜃′′ =
𝑃𝑟(𝜌𝑐𝑝)ℎ𝑛𝑓 (𝜌𝑐𝑝)𝑓⁄

(𝑘ℎ𝑛𝑓 𝑘𝑓+ 4𝑅𝑑 3⁄ )⁄
[4𝑦(2)𝑦(4) − 𝑦(1)𝑦(5) −

𝜎ℎ𝑛𝑓 𝜎𝑓⁄

(𝜌𝑐𝑝)
ℎ𝑛𝑓

(𝜌𝑐𝑝)
𝑓

⁄
𝑀𝐸𝑐(𝑦(2))

2
] .

               (16) 

 
STEP 3: The boundary conditions in Eq. (11) and Eq. (12) can be expressed in terms of the new 
variables in Eq. (15) 
 
𝑦(1)𝑎 = 𝑆, 𝑦(2)𝑎 = −1 + 𝛿𝑦(3)𝑎, 𝑦(4)𝑎 = 1 + 𝛿𝑇 ∗ 𝑦(5)𝑎,

𝑦(2)𝑏 = 0, 𝑦(4)𝑏 = 0.
                 (17) 

 
The subscript ‘𝑎’ indicates the position of a sheet at 𝜂 = 0 whereas the subscript ‘𝑏’ represents 

the location away from the sheet for a certain value of 𝜂. We used a value of 𝜂 = 20 for this study. 
 
STEP 4: Programme the system of first-order nonlinear ODEs in Eq. (16) and the boundary conditions 
in Eq. (17) in bvp4c solver. 
 
STEP 5: Obtain dual solutions by providing two separate initial guesses to the bvp4c solver, one at a 
time. The first solution can be gained with less restrictive initial guesses, but this is not always true 
when getting the second solution. This procedure is continued until the numerical solutions 
asymptotically satisfy the boundary conditions at infinity (i.e., Eq. (12)). 
 
3. Results and Discussion 
 

To validate the accuracy of the proposed physical model and algorithm, the current results are 
compared with those equivalent findings obtained from preceding research. Table 3 shows the values 
of 𝑓′′(0) and −𝜃′(0) under various values of 𝑃𝑟 when 𝜑𝐴𝑙2𝑂3

= 𝜑𝐶𝑢 = 𝛿 = 𝛿𝑇 = 𝑀 = 𝐸𝑐 = 𝑅𝑑 =

0, 𝜆1 = −0.5, and 𝑆 = 5. These values are compared with those obtained from Waini et al., [48] and 
Lund et al., [63]. It is noticed that current findings found comparable with those findings obtained by 
Waini et al., [48] and Lund et al., [63]. On the other hand, Table 4 compares the values of 𝑓′′(0) with 
those found in Hafidzuddin et al., [64], Ghosh and Mukhopadhyay [65], Waini et al., [37], and Yashkun 
et al., [27], for 𝜑𝐴𝑙2𝑂3

= 𝜑𝐶𝑢 = 𝜆1 = 𝛿 = 𝛿𝑇 = 𝑀 = 𝐸𝑐 = 𝑅𝑑 = 0 , 𝑆 = 3  and 𝑃𝑟 = 0.7 . An 

outstanding agreement among the values of 𝑓′′(0) can be seen in Table 4. 
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Table 3 
Values of 𝑓′′(0) and −𝜃′(0)  for several values of 𝑃𝑟  when 𝜑𝐴𝑙2𝑂3

= 𝜑𝐶𝑢 = 𝛿 = 𝛿𝑇 = 𝑀 = 𝐸𝑐 =

𝑅𝑑 = 0, 𝜆1 = −0.5, and 𝑆 = 5 
 Waini et al., [48] Lund et al., [63] Current Study 
𝑃𝑟 𝑓′′(0) −𝜃′(0) 𝑓′′(0) −𝜃′(0) 𝑓′′(0) −𝜃′(0) 

1 4.449204 4.447507 4.449203 4.447507 4.4492038 4.4475074 
1.6 4.540536 7.334578 4.540536 7.334577 4.5405362 7.3345777 
2 4.570373 9.284829 4.570372 9.284828 4.5703728 9.2848287 
2.4 4.590011 11.247348 4.590011 11.247347 4.5900111 11.2473478 
3.5 - - - - 4.6203020 16.6805390 
4.5 - - - - 4.6346512 21.6444129 
5.5 - - - - 4.6436342 26.6201308 
6.2 4.648147 30.107416 - - 4.6481472 30.1074164 

 
Table 4 
Values of 𝑓′′(0)  when 𝜑𝐴𝑙2𝑂3

= 𝜑𝐶𝑢 = 𝜆1 = 𝛿 = 𝛿𝑇 = 𝑀 = 𝐸𝑐 = 𝑅𝑑 = 0 , 𝑆 =

3, and 𝑃𝑟 = 0.7 
 First solution, 𝑓′′(0) Second solution, 𝑓′′(0) 

Hafidzuddin et al., [64] 2.3908 −0.9722 
Ghosh and Mukhopadhyay [65] 2.39082 −0.97223 
Waini et al., [37] 2.390814 −0.972247 
Yashkun et al., [27] 2.390813 −0.972247 
Current Study 2.3908165 −0.9722473 

 
The effect of various parameters on reduced skin friction 𝑓′′(0)  and reduced heat transfer 

−𝜃′(0) are depicted in Figure 2 to Figure 6, while the velocity profile 𝑓′(𝜂) and temperature profile 
𝜃(𝜂) are shown in Figure 7 to Figure 16. The reduced skin friction 𝑓′′(0) and reduced heat transfer 
−𝜃′(0) are considered to determine the shear stress and heat transfer rate on the boundary layer 
surface, respectively. On the other hand, velocity profile 𝑓′(𝜂) and temperature profile 𝜃(𝜂) show 
interest in boundary layer thickness on momentum and thermal boundary layers, respectively. Figure 
2 and Figure 3 depict the variation of 𝑓′′(0) and −𝜃′(0) with respect to 𝑆, respectively, using three 
fixed values of 𝜑𝐶𝑢 = 0, 0.04, 0.08 with parameters 𝜑𝐴𝑙2𝑂3

= 0.01; 𝑃𝑟 = 6.2; 𝛿 = 𝛿𝑇 = 0.1; 𝑀 =

𝑅𝑑 = 0.01; 𝜆1 = −0.5; and 𝐸𝑐 = 0.1. This study chooses 𝜑𝐶𝑢 values ranging from 0 to 0.08, which 
was shown to be suitable within the range of 𝜑𝐶𝑢 previously explored by Yan et al., [55] (i.e., 0 ≤
 𝜑𝐶𝑢  ≤  0.1). It’s worth mentioning that the hybrid nanofluid flows until it reaches 𝑆𝑐𝑖 , 𝑖 = 1,2,3. 𝑆𝑐𝑖 
is the critical point of 𝑆 where both solutions meet each other. Dual solutions exist when 𝑆 ≥ 𝑆𝑐𝑖. No 
solutions exist when 𝑆 < 𝑆𝑐𝑖. Furthermore, when 𝜑𝐶𝑢 = 0, it is purely Al2O3/water-based nanofluid 
and  𝑆𝑐1 = 1.9503 . Subsequently, if 4% of 𝜑𝐶𝑢  is added, then 𝑆𝑐2 = 1.8650 . Moreover, 𝑆𝑐3 =
1.7870 is obtained as a result of adding 8% of 𝜑𝐶𝑢. In Figure 2, the value of 𝑓′′(0) upsurges in the 
first solution and declines in the second solution as the value of 𝜑𝐶𝑢 rises. From Figure 3, it is noticed 
the value of −𝜃′(0) drops in both solutions when 𝜑𝐶𝑢 is enhanced. The addition of 𝜑𝐶𝑢 extended the 
boundary layer separation physically. This also showed that a sufficient suction strength is required 
to maintain flow along a shrinking sheet. The same findings were reported by Waini et al., [48]. 
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Fig. 2. Influence of 𝜑𝐶𝑢 on 𝑓′′(0) 

 

 
Fig. 3. Influence of 𝜑𝐶𝑢 on −𝜃′(0) 

 
Figure 4 and Figure 5 demonstrate the effect of mixed convection parameter 𝜆1 =

−0.5, −0.3, −0.1 on the reduced skin friction 𝑓′′(0) and reduced heat transfer −𝜃′(0) with respect 
to the parameter 𝑆  when 𝜑𝐴𝑙2𝑂3

= 0.01 , 𝜑𝐶𝑢 = 0.08 , 𝑃𝑟 = 6.2 , 𝛿 = 𝛿𝑇 = 0.1 , 𝑀 = 𝑅𝑑 = 0.01 , 

and 𝐸𝑐 = 0.1, respectively. The chosen values of mixed convection parameter 𝜆1  in Figure 4 and 
Figure 5 are inside the range of 𝜆1 ∈ [−1,1] as recommended by Waini et al., [48]. Dual solutions are 
noticed in the suction region when 𝑆𝑐1 = 1.7870, 𝑆𝑐2 = 1.8401 and 𝑆𝑐3 = 1.9001 are critical points 
against 𝜆1 = −0.5, −0.3, −0.1 , respectively. According to Figure 4, both solutions of 𝑓′′(0)  are 
enhanced when the value of mixed convection 𝜆1 is increased. Moreover, in Figure 5, it can be seen 
that the first solution of −𝜃′(0) does not vary significantly, but only the second solution rises as the 
value of mixed convection parameter 𝜆1  being raised from −0.5 to −0.1. Therefore, the assisted 
flow is possible on the physical surface. Similar result can be seen in Waini et al., [52]. 
 



 Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 95, Issue 2 (2022) 159-179 

169 
 

 
Fig. 4. Influence of 𝜆1 on 𝑓′′(0) 

 

 
Fig. 5. Influence of  𝜆1 on −𝜃′(0) 

 
Figure 6 portrays the influence of radiation 𝑅𝑑 = 0.01, 0.05, 0.1 with respect to 𝑆 on the reduced 

heat transfer  −𝜃′(0) using the setting 𝜑𝐴𝑙2𝑂3
= 0.01, 𝜑𝐶𝑢 = 0.04 , 𝑃𝑟 = 6.2, 𝛿 = 𝛿𝑇 = 0.1, 𝑀 =

0.01, 𝜆1 = −0.5, and 𝐸𝑐 = 0.1. Radiation parameter 𝑅𝑑 only occurs in Eq. (3). Consequently, the 
values of 𝑅𝑑 have no influence on 𝑓′′(0) since it is uncoupled from the momentum Eq. (2). In Figure 
6, it is seen that the magnitude of reduced heat transfer −𝜃′(0) drops in both solutions as the value 
of radiation 𝑅𝑑  rises. For all quantities of 𝑅𝑑, the critical value is revealed to be equal i.e., 𝑆𝑐 =
1.8650. It is worth to declare that the dual solutions happen when 𝑆 < 𝑆𝑐, and no solution occurs 
beyond 𝑆𝑐 . Physically, it means that higher radiation 𝑅𝑑 reduces the rate of heat transfer at the 
surface. These similar conclusions were also reported in Anuar et al., [43]. 
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Fig. 6. Influence of 𝑅𝑑 on −𝜃′(0) 

 
On the other hand, Figure 7 illustrates the influence of 𝑅𝑑 = 0.01, 0.03, 0.05 on the temperature 

profile 𝜃(𝜂) using the setting 𝜑𝐴𝑙2𝑂3
= 𝜑𝐶𝑢 = 0.01, 𝑃𝑟 = 6.2, 𝛿 = 0.1, 𝛿𝑇 = 0.2, 𝑆 = 3, 𝜆1 = −0.1, 

𝑀 = 0.01, and 𝐸𝑐 = 0.1. The thickness of the thermal boundary layer grows with increasing values 
of 𝑅𝑑  in both solutions, hence, indicating physically that larger 𝑅𝑑 values result in a lower 
temperature gradient at the surface of the sheet. Due to the occurrence of extreme radiation, a 
massive quantity of heat energy is generated in the system, which reasons the temperature of the 
fluid 𝜃 (𝜂) to rise. Similar findings in the temperature profile 𝜃(𝜂) can also be observed in Lund et 
al., [36] and Waini et al., [37]. The radiation parameter 𝑅𝑑 picked to generate the results in Figure 7 
and Figure 8 are within the range of 𝑅𝑑 ∈ [0,1] proposed by Waini et al., [37]. 
 

 
Fig. 7. Influence of 𝑅𝑑 on 𝜃(𝜂) 

 
The graphs of velocity profile 𝑓′(𝜂)  and temperature profile 𝜃(𝜂)  for solid volume fraction 

𝜑𝐴𝑙2𝑂3
= 0.01, 0.02, 0.03 are shown in Figure 8 and Figure 9, respectively. This study selects the 

𝜑𝐴𝑙2𝑂3
 parameter values to go between 0.01 and 0.03, which was noticed to be acceptable inside a 

wider range value of the 𝜑𝐴𝑙2𝑂3
 parameter previously used by Yan et al., [55] (i.e., 0 ≤ 𝜑𝐴𝑙2𝑂3

≤

0.07). In Figure 8, it is found that both solutions reduce with the growing values of 𝜑𝐴𝑙2𝑂3
. Besides, 
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in Figure 9, both solutions are upsurges when 𝜑𝐴𝑙2𝑂3
 is enhanced, but the opposite tendency takes 

place subsequently for 𝜂 > 0.6. In terms of physical significance on the surface, the thickness of the 
momentum boundary layer reduced while the thickness of the thermal boundary layer enhanced. 
Yan et al., [55] observed similar findings. 
 

 
Fig. 8. Influence of  𝜑𝐴𝑙2𝑂3

 on 𝑓′(𝜂) 

 

  
Fig. 9. Influence of  𝜑𝐴𝑙2𝑂3

 on 𝜃(𝜂) 

 
Figure 10 and Figure 11 portray the influence of various velocity slip parameters 𝛿 = 0.1, 0.3, 0.5 

on the velocity 𝑓′(𝜂) and temperature 𝜃(𝜂) profiles, respectively using 𝜑𝐴𝑙2𝑂3
= 0.1, 𝜑𝐶𝑢 = 0.02, 

𝑃𝑟 = 6.2, 𝛿𝑇 = 0.1, 𝑆 = 2.7, 𝜆1 = −0.3, 𝑀 = 0.01, 𝐸𝑐 = 0.1, and 𝑅𝑑 = 0.1. These investigations 
choose a range of 0.1 to 0.5 for the velocity parameter 𝛿, which was shown to be acceptable within 
the range of values for the same parameter previously used in Hayat et al., [58] (i.e., 0 ≤ 𝛿 ≤ 2). 
From Figure 10, the increasing behaviour of the velocity profile 𝑓′(𝜂) for both solutions are noticed 
when improving the values of 𝛿. Moreover, from Figure 11, the decreasing behaviour of the first 
solution and the increasing behaviour of the second solution for temperature profile 𝜃(𝜂)  are 
observed when enhancing the values of 𝛿. Physically, it is pragmatic that no-slip condition (when 𝛿 =
0) has a lower effect on the boundary layer separation than the occurrence of velocity slip 𝛿 in the 
hybrid nanofluid. Hayat et al., [58] also obtained this similar finding. 
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Fig. 10. Influence of 𝛿 on 𝑓′(𝜂) 

 

  
Fig. 11. Influence of 𝛿 on 𝜃(𝜂) 

 
Figure 12 and Figure 13 continue to study on the behaviour of the velocity 𝑓′(𝜂) and temperature 

𝜃(𝜂)  profiles, respectively, for various values of the thermal slip parameter 𝛿𝑇 = 0.1, 0.3, 0.5 . 
Parameters that are fixed in these investigations are 𝜑𝐴𝑙2𝑂3

= 0.1, 𝜑𝐶𝑢 = 0.02, 𝑃𝑟 = 6.2, 𝛿𝑇 = 0.1, 

𝑆 = 2.7, 𝜆1 = −0.3, 𝑀 = 0.01, 𝐸𝑐 = 0.1, and 𝑅𝑑 = 0.1. This study picks the thermal slip parameter 
to vary between the values of 0.1 and 0.5, which fall within a wider range of thermal slip parameter 
𝛿𝑇  suggested by Hayat et al., [58] (i.e., 0 ≤ 𝛿𝑇 ≤ 2). Based on Figure 12, it is observed that the 
velocity of the first solution increases along with the increment of the values of 𝛿𝑇, but an opposite 
trend is spotted for the velocity of the second solution. On the other hand, temperature for both 
solutions decline when increasing the value of the thermal slip 𝛿𝑇, as shown in Figure 13. Physically, 
it means that when the thermal slip parameter 𝛿𝑇 increases, less heat is transferred from the surface 
to the hybrid nanofluid, and hence lowering the temperature of the fluid. Hayat et al., [58] reported 
a similar outcome on temperature profile. 
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Fig. 12. Influence of 𝛿𝑇  on 𝑓′(𝜂) 

 

  
Fig. 13. Influence of 𝛿𝑇  on 𝜃(𝜂) 

 
The plots of the velocity profile 𝑓′(𝜂) and temperature profile 𝜃(𝜂)  for 𝑀 = 3.0, 4.0, 5.0 are 

represented in Figure 14 and Figure 15, respectively. The different quantities of 𝑀 utilised in Figure 
14 and Figure 15 are very frequent used in the literature as Aly and Pop [39] employed a larger range 
of 𝑀 (i.e., 1 ≤ 𝑀 ≤ 10) in their research. As seen in Figure 14, the velocity profile 𝑓′(𝜂) grows in the 
first solution but falls in the second solution, indicating the rate of movement significantly decreases 
as 𝑀 rises. This is owing to the Lorentz force created by the physical magnetic field, which caused the 
movement mechanism to be more resistant. As a result, 𝑀 decreases the shear stress of the surface. 
Moreover, temperature for both first and second solution increases along with a rising value of 𝑀, 
as noticed in Figure 15. Similar outcome has been observed in the work of Yashkun et al., [27]. 
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Fig. 14. Influence of 𝑀 on 𝑓′(𝜂) 

 

  
Fig. 15. Influence of 𝑀 on 𝜃(𝜂) 

 
By setting 𝜑𝐴𝑙2𝑂3

= 0.1 , 𝜑𝐶𝑢 = 0.05 , 𝑃𝑟 = 6.2 , 𝛿 = 0.1 , 𝛿𝑇 = 0.2 , 𝑆 = 2.5 , 𝜆1 = −0.1 , 𝑀 =

0.1, and 𝑅𝑑 = 0.01, the temperature profile 𝜃 (𝜂) for the values of Eckert number 𝐸𝑐 = 0, 0.5, 1 is 
illustrated in Figure 16. This study chooses the Eckert number 𝐸𝑐 ranging from 0 to 1, following the 
similar choice previously applied in Khashi’ie et al., [54] (i.e., 0.01 ≤  𝐸𝑐 ≤  1 ). Figure 16 has 
witnessed an increment in the temperature of both first and second solution when the value of 𝐸𝑐 is 
increased. This indicates physically that the strength of heat transfer grows as the quantity of 𝐸𝑐 
increases due to the increasing heat created by Joule heating. The result shown in Figure 16 agreed 
with the finding obtained by Asghar and Ying [33]. 
 



 Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 95, Issue 2 (2022) 159-179 

175 
 

 
Fig. 16. Influence of 𝐸𝑐 on 𝜃(𝜂) 

 
4. Conclusions 
 

This paper has proposed a two-dimensional magnetized and mixed convection Al2O3-Cu/H2O 
hybrid nanofluid flow with thermal radiation, Joule heating, velocity and thermal slip conditions over 
an exponential vertical shrinking sheet. This study has investigated the behaviour of the reduced skin 
friction 𝑓′′(0), reduced heat transfer −𝜃′(0), velocity and temperature profiles of hybrid nanofluid 
under the influence of suction/injection, MHD, mixed convection, Joule heating, thermal radiation, 
velocity and thermal slip conditions. The physical model proposed in this study has been validated. 
All numerical and graphical results have been obtained by solving the system of higher-order 
nonlinear ODEs and its corresponding boundary conditions using the bvp4c solver which runs on the 
MATLAB computing platform. The main conclusions of the present study are as follows 

 
i. Multiple solutions are proved to be possible given a reasonable set of specified 

parameters. 
ii. The hybrid nanofluid continues to flow until it reaches a critical point 𝑆𝑐𝑖 such that 𝑆 ≥

𝑆𝑐𝑖, while no fluid flow is possible for 𝑆 < 𝑆𝑐𝑖. 
iii. The inclusion of hybrid nanoparticles has raised the heat transfer rate. 
iv. The addition of 𝜑𝑐𝑢 prolonged the boundary layer separation. 
v. When the mixed convection parameter 𝜆1 is enhanced, the value of 𝑓′′(0) also increased 

in both solutions. 
vi. The value of −𝜃′(0) upsurged in the second solution but no variation is observed in the 

first solution when the mixed convection parameter 𝜆1 is increased. 
vii. The temperature profile 𝜃(𝜂) increased in both solutions when enhancing the parameters 

𝑅𝑑, 𝑀, 𝐸𝑐, and solid volume fraction 𝜑𝐴𝑙2𝑂3
. 

viii. The temperature profile 𝜃(𝜂) decreased in both solutions as thermal slip parameter 𝛿𝑇 
increased. However, when the velocity slip parameter 𝛿 is enhanced, temperature profile 
declined in the first solution but upsurged in the second solution. 

 
This study is motivated by the many useful applications of hybrid nanofluid. This study has 

revealed several previously unknown behaviour of hybrid nanofluid under the combined influence of 
Joule heating, thermal radiation, velocity and thermal slip conditions, magnetic field, and mixed 
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convection when it flows across a vertical exponentially shrinking sheet. Such physical situation has 
not been examined in the existing literature. The suggested model has the potential to be used in the 
air conditioning system. The hybrid nanofluid which acts as the refrigerant is circulated throughout 
the air conditioning system by a compressor. At specific point, the hot refrigerant will pass through 
the micro heat exchanger where slip condition occurs to decrease the fluid flow’s resistance. A fan 
which comprises a spinning motor powered by magnetic field, is installed near the micro heat 
exchanger. The fan will blow towards the exchanger so that heat from the hot refrigerant can be 
transferred to the surrounding air through mixed convection. The surrounding warm air will then be 
released outside the building through radiation. The air conditioning system has an overload 
protector, which prevents the air conditioning system from overheating. Consequently, Joule heating 
happened as the overload protector works as a resistor. 

Finally, various recommendations for future studies include updating the present proposed 
model utilizing other types of physical parameters such as viscous heating, heat source/absorption, 
and thermal convective condition, or reconsidering the proposed model in three-dimensional space. 
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